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Preface 

0.1. Algebraic geometry 

As the name suggests, algebraic geometry is the linking of algebra to geometry. 
For example, the circle, a geometric object, can also be described as the points 

0-1 : circle I 



Figure 1 . The unit circle centered at the origin 

( x , y) in the plane satisfying the polynomial 

x 2 + y 2 - 1 = 0, 

an algebraic object. Algebraic geometry is thus often described as the study of 
those geometric objects that can be described by polynomials. Ideally, we want a 
complete correspondence between the geometry and the algebra, allowing intuitions 
from one to shape and influence the other. 

The building up of this correspondence is at the heart of much of mathematics 
for the last few hundred years. It touches area after area of mathematics. By now, 
despite the humble beginnings of the circle 

(x 2 + y 2 ~ 1 = 0), 

algebraic geometry is not an easy area to break into. 


V 
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Hence this book. 


0.2. Overview 

Algebraic geometry is amazingly useful, and yet much of its development has 
been guided by aesthetic considerations: some of the key historical developments 
in the subject were the result of an impulse to achieve a strong internal sense of 
beauty. 

One way of doing mathematics is to ask bold questions about concepts you 
are interested in studying. Usually this leads to fairly complicated answers having 
many special cases. An important advantage of this approach is that the questions 
are natural and easy to understand. A disadvantage is that, on the other hand, the 
proofs are hard to follow and often involve clever tricks, the origin of which is very 
hard to see. 

A second approach is to spend time carefully defining the basic terms, with 
the aim that the eventual theorems and their proofs are straightforward. Here, 
the difficulty is in understanding how the definitions, which often initially seem 
somewhat arbitrary, ever came to be. And the payoff is that the deep theorems are 
more natural, their insights more accessible, and the theory is more aesthetically 
pleasing. It is this second approach that has prevailed in much of the development 
of algebraic geometry. 

By an equivalence problem we mean the problem of determining, within a 
certain mathematical context, when two mathematical objects are the same. What 
is meant by the same differs from one mathematical context to another. In fact, 
one way to classify different branches of mathematics is to identify their equivalence 
problems. 

A branch of mathematics is closed if its equivalence problems can be easily 
solved. Active, currently rich branches of mathematics are frequently where there 
are partial but not complete solutions. The branches of mathematics that will only 
be active in the future are those for which there is currently no hint for solving any 
type of equivalence problem. 

To solve, or at least set up the language for a solution to an equivalence problem 
frequently involves understanding the functions defined on an object. Since we will 
be concerned with the algebra behind geometric objects, we will spend time on 
correctly defining natural classes of functions on these objects. This in turn will 
allow us to correctly describe what we will mean by equivalence. 

Now for a bit of an overview of this text. In Chapter One, our motivation will 
be to find the natural context for being able to state that all conics (all zero loci of 
second degree polynomials) are the same. The key will be the development of the 
complex projective plane P 2 . We will say that two curves in this new space P 2 are 
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the “same” (we will use the term “isomorphic”) if one curve can be transformed 
into the other by a projective change of coordinates (which we will define). 

Chapter Two will look at when two cubic curves are the same in P 2 (meaning 
again that one curve can be transformed into the other by a projective change of 
coordinates). Here we will see that there are many, many different cubics. We will 
further see that the points on a cubic have incredible structure; technically we will 
see that the points form an abelian group. 

Chapter Three turns to higher degree curves. From our earlier work, we still 
think of these curves as “living” in the space P 2 . The first goal of this chapter 
is Bezout’s theorem. If we stick to curves in the real plane 1 R 2 , which would be 
the naive first place to work in, one can prove that a curve that is the zero loci 
of a polynomial of degree d will intersect another curve of degree e in at most de 
points. In our claimed more natural space of P, we will see that these two curves 
will intersect in exactly de points, with the additional subtlety of needing to also 
give the correct definition for intersection multiplicity. We will then define on a 
curve its natural class of functions, which will be called the curve’s ring of regular 
functions. 

In Chapter Four we look at the geometry of more complicated objects than 
curves in the plane P 2 . We will be treating the zero loci of collections of polynomials 
in many variables, and hence looking at geometric objects in C”. Here the exercises 
work out how to bring much more of the full force of ring theory to bear on geometry; 
in particular the function theory plays an increasingly important role. With this 
language we will see that there are actually two different but natural equivalence 
problems: isomorphism and birationality. 

Chapter Five develops the true natural ambient space, complex projective 71- 
space P n , and the corresponding ring theory. 

Chapter Six moves up the level of mathematics, providing an introduction to 
the more abstract (and more powerful) developments in algebraic geometry in the 
nineteen fifties and nineteen sixties. 

0.3. Problem book 

This is a book of problems. We envision three possible audiences. 

The first audience consists of students who have taken a courses in multivariable 
calculus and linear algebra. The first three chapters are appropriate for a semester 
long course for these people. If you are in this audience, here is some advice. You are 
at the stage of your mathematical career of shifting from merely solving homework 
exercises to proving theorems. While working the problems ask yourself what is the 
big picture. After working a few problems, close the book and try to think of what 
is going on. Ideally you would try to write down in your own words the material 
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that you just covered. What is most likely is that the first few times you try this, 
you will be at a loss for words. This is normal. Use this as an indication that you 
are not yet mastering this section. Repeat this process until you can describe the 
mathematics with confidence, ready to lecture to your friends. 

The second audience consists of students who have had a course in abstract 
algebra. Then the whole book is fair game. You are at the stage where you know 
that much of mathematics is the attempt to prove theorems. The next stage of 
your mathematical development is in coming up with your own theorems, with the 
ultimate goal being to become creative mathematicians. This is a long process. 
We suggest that you follow the advice given in the previous paragraph, with the 
additional advice being to occasionally ask yourself some of your own questions. 

The third audience is what the authors referred to as “mathematicians on an 
airplane.” Many professional mathematicians would like to know some algebraic 
geometry. But jumping into an algebraic geometry text can be difficult. For the 
pro, we had the image of them taking this book along on a long flight, with most of 
the problems just hard enough to be interesting but not so hard so that distractions 
on the flight will interfere with thinking. It must be emphasized that we do not 
think of these problems as being easy for student readers. 

0.4. History of book 

This book, with its many authors, had its start in the summer of 2008 at the 
Park City Mathematics Institute’s Undergraduate Faculty Program on Algebraic 
and Analytic Geometry. Tom Garrity led a group of mathematicians on the the 
basics of algebraic geometry, with the goal being for the participants to be able to 
teach an algebraic geometry at their own college or university. 

Since everyone had a Ph.D. in math, each of us knew that you cannot learn 
math by just listening to someone lecture. The only way to learn is by thinking 
through the math on ones own. Thus we decided to try to write a new beginning 
text on algebraic geometry, based on the reader solving many, many exercises. This 
book is the result. 


0.5. An aside on notation 

Good notation in mathematics is important but can be tricky. It is often the 
case that the same mathematical object is best described using different notations 
depending on context. For example, in this book we will sometimes denote a curve 
by the symbol 6 while at other time denote the curve by the symbol V(P), where 
the curve is the zero loci of the polynomial P(x , y). Both notations are natural and 
both will be used. 
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zero set 


CHAPTER 1 

Conics 


Linear algebra studies the simplest type of geometric objects, such as straight 
lines and planes. Straight lines in the plane are the zero sets of linear, or first 
degree, polynomials, such as {{x,y) € R 2 : 3x + 4y — 1 = 0}. But there are far more 
plane curves than just straight lines. 

We start by looking at conics, which are the zero sets of second degree polyno- 
mials. The quintessential conic is the circle: 


{(x, y) <E R 2 : x 2 + y 2 - 1 = 0}. 



Despite their seeming simplicity, an understanding of second degree equations and 
their solution sets are the beginning of much of algebraic geometry. By the end of 
the chapter, we will have developed some beautiful mathematics. 


1.1: Conics : OverR 


1.1. Conics over the Reals 


The goal of this section is to understand the properties and to see how to graph 
conics in the real plane R 2 . 


For second degree polynomials, you can usually get a fairly good graph of the 
corresponding curve by just drawing it “by hand” . The first series of exercises will 
lead you through this process. Our goal is to develop basic techniques for thinking 
about curves without worrying about too many technical details. 

We start with the polynomial P(x, y) = y — x 2 and want to look at its zero set 

C = {(x,y) € R 2 : P(x,y) = 0}. 

We also denote this set by V(P). 

l 
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parabola 


Exercise 1.1.1. Show that for any (x,y) £ C, then we also have 

(~x,y) £ 6. 

Thus the curve C is symmetric about the y- axis. 

Solution. Let (x, y) £ 6, so y — x 2 = 0. Then y — (—a:) 2 = y — x 2 = 0. Thus 
(—a :,y) £ C also. 

Exercise 1.1.2. Show that if (x,y) £ 6, then we have y > 0. 

Solution. If (a;, y) £ 6, then y — x 2 = 0. Thus y = x 2 > 0, since x £ R. 

Exercise 1.1.3. For points (x,y) £ C, show that if y goes to infinity, then 
one of the corresponding x-coordinates also approaches infinity while the other 
corresponding x-coordinate must approach negative infinity. 


Solution. Let ( x,y ) £ C. Then x = +y/y or x = —y/y. As y — > oo, we have 
+ y/y — > oo and — y/y — > — oo. 

These two exercises show that the curve C is unbounded in the positive and 
negative x-directions, unbounded in the positive ^-direction, but bounded in the 
negative y-direction. This means that we can always find (x,y) £ 6 so that x is 
arbitrarily large, in either the positive or negative directions, y is arbitrarily large 
in the positive direction, but that there is a number M (in this case 0) such that 
y > M (in this case y > 0). 

Exercise 1.1.4. Sketch the curve C = {(x,y) £ M 2 : P(x,y) = 0}. (The reader 
is welcome to use Calculus to give a more rigorous sketch of this curve.) 

Solution, {(x, y) £ R 2 : y - x 2 = 0} 



Conics that have these symmetry and boundedness properties and look like 
this curve C are called parabolas. Of course, we could have analyzed the curve 
{(x, y) : x — y 2 = 0} and made similar observations, but with the roles of x and y 
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reversed. In fact, we could have shifted, stretched, and rotated our parabola many 
ways and still retained these basic features. 

We now perform a similar analysis for the plane curve 

e = {(i,!,)€l 2 :^J + ^J-l = 0}. 

Exercise 1.1.5. Show that if (x, y) £ C, then the three points (—a;, y), (x, —y), 
and (—x, —y) are also on C. Thus the curve 6 is symmetric about both the x and 
y- axes. 

Solution. Let (x, y) £ 6, so ^ — 1 = 0. Then — b ^ — 1 = 0 so 

(—x, y) £ 6, and ^ 1 = 0 so (x, —y) £ C, and — b ^pp 1 = 0 so 

{- x ,- y ) £ e. 

Exercise 1.1.6. Show that for every (x,y) £ C, we have |x| < 2 and \y\ < 3. 

Solution. Let (x,y) £ C. Then x = ±2 \J 1 — and since y 2 > 0, we know 
1 — p- < 1. So 2y/ 1 — p < 2, while —2 < —2 1 — Thus —2 < x < 2. Also 
y = ±3^/l — p, and since x 2 > 0, and hence 1 — p < 1, we have — 3 < y < 3. 

This shows that the curve C is bounded in both the positive and negative x 
and y-directions. 

Exercise 1.1.7. Sketch 6 = {(x,y) £ R 2 : + (jg^ -1 = 0}. 

Solution. {( x , y ) £ M 2 : ~ 1 = 
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ellipse 


Conics that have these symmetry and boundedness properties and look like this 
curve 6 are called ellipses. 

There is a third type of conic. Consider the curve 


6 = {(x, y) £ R 2 : x 2 - y 2 - 4 = 0}. 


Exercise 1.1.8. Show that if (x, y) £ 6 , then the three points (—a;, y), (x, —y), 
and (— x , —y) are also on 6. Thus the curve G is also symmetric about both the x 
and y-axes. 


Solution. Let (x,y) £ G, so x 2 — y 1 — 4 = 0. Then (— x) 2 — y 2 — 4 = 0 so 
(— x, y) £ C, and x 2 — (— y) 2 — 4 = 0 so (x, —y) £ G, and (— x) 2 — (— y) 2 — 4 = 0 so 
(~x,~y) £ e. 


hypertwocomponents 


Exercise 1.1.9. Show that if (x,y) £ G, then we have \x\ > 2. 


Solution. For (x,y) £ C, we have x = ±y/4 + y 2 . Also \J \ + y 1 > y/4 > 2, 
while — y/ A + y 2 < — \f\ = 2. Thus x < —2 or x > 2. 


This shows that the curve G has two connected components. Intuitively, this 
means that C is composed of two distinct pieces that do not touch. 


Exercise 1.1.10. Show that the curve G is unbounded in the positive and 
negative x-directions and also unbounded in the positive and negative //-directions. 


Solution. If (x, y) £ G, then x = ± \J\ + y 2 . As y — > oo, we have +\/4 + y 2 — 
oo and — \/4 + y 2 — > — oo. Also, y = ±y/x 2 — 4, and as x — > oo, we have 
+Vx 2 — 4 — > oo and —\/x 2 — 4 — > —oo. 


Exercise 1.1.11. Sketch G = {(x, y) £ R 2 : x 2 - y 2 - 4 = 0}. 


Solution, {(x, y) £ R 2 : x 2 - y 2 - 4 = 0} 
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hyperbola 



Conics that have these symmetry, connectedness, and boundedness properties 
are called hyperbolas. 

In the following exercise, the goal is to sketch many concrete conics. 

Exercise 1.1.12. Sketch the graph of each of the following conics in R 2 . Iden- 
tify which are parabolas, ellipses, or hyperbolas. 

(1) V(x 2 - 8y) 

(2) V ( x 2 + 2x — y 2 — 3y — 1) 

(3) V(4x 2 + y 2 ) 

(4) V (3x 2 + 3y 2 — 75) 

(5) V(x 2 — 9 y 2 ) 

(6) V(4x 2 + y 2 — 8) 

(7) V(x 2 + 9y 2 — 36) 

(8) V(x 2 — 4 y 2 — 16) 

(9) V{y 2 — x 2 — 9) 

Solution. (1) V(x 2 -8 y) 
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( 2 ) V ( x 2 + 2x — y 2 — 3y — 1 ) 



(3) V(4a : 2 + y 2 ) 


1 - 

1 1 


* 1 

-1 

1 

-1 - 




(5) V(x 2 — 9 y 2 ) 
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(6) V ( 4x 2 + y 2 — 8) 



(7) + 9y 2 - 36) 



(8) V(x 2 — 4y 2 — 16) 
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(9) V(y 2 - z 2 - 9) 



A natural question arises in the study of conics. If we have a second degree 
polynomial, how can we determine whether its zero set is an ellipse, hyperbola, 
parabola, or something else in R 2 . Suppose we have the following polynomial. 

P(x , y ) = ax 2 + bxy + cy 2 + dx + ey + h 

What are there conditions on a, b , c, d , , e, h that determine what type of conic V (P) 
is? Whenever we have a polynomial in more than one variable, a useful technique 
is to treat P as a polynomial in a single variable whose coefficients are themselves 
polynomials. 
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Exercise 1.1.13. Express the polynomial P(x,y) = ax 2 +bxy+cy 2 +dx+ey+h 
in the form 

P(x, y) = Ax 2 + Bx + C 

where A, B, and C are polynomial functions of y. What are A , B , and Cl 

Since we are interested in the zero set V(P), we want to find the roots of 
Ax 2 + Bx + C = 0 in terms of y. As we know from high school algebra not all 
quadratic equations in a single variable have real roots. The number of real roots 
is determined by the discriminant of the equation, so let’s find the discriminant 
of Ax 2 + Bx + C = 0 as a function of y. 

Exercise 1.1.14. Show that the discriminant of Ax 2 + Bx + C = 0 is 
A x (y) = {b 2 — 4 ac)y 2 + {2bd — 4 ae)y + ( d 2 — 4 ah). 

Exercise 1.1.15. 

(1) Suppose A x (y 0 ) < 0. Explain why there is no point on V(P) whose 
y-coordinate is yo- 

(2) Suppose A x (y 0 ) = 0. Explain why there is exactly one point V(P) whose 
y-coordinate is yo- 

(3) Suppose A x (y 0 ) > 0. Explain why there are exactly two points V(P) 
whose y-coordinate is yo- 

This exercise demonstrates that in order to understand the set V(P) we need 
to understand the set {y | A x (y) > 0}. 

Exercise 1.1.16. Suppose b 2 — 4ac = 0. 

4ah — d 2 

(1) Show that A x (y) is linear and that A x (y) > 0 if and only if y > — — , 

2 bd — 4ae 

provided 2 bd — 4ae yf 0. 

(2) Conclude that if b 2 — 4ac = 0 (and 2 bd — 4ae yf 0) , then V ( P ) is a 
parabola. 

Notice that if b 2 — 4ac y^ 0, then A x (y) is itself a ciuadratic function in y, 
and the features of the set over which A x (y) is nonnegative is determined by its 
quadratic coefficient. 

Exercise 1.1.17. Suppose b 2 - 4ac < 0. 

(1) Show that one of the following occurs: {y | A x (y) > 0} = 0, {y | A x (y) > 
0} = {yo}, or there exist real numbers a and f3, a < f3, such that {y | 
A x (y) > 0} = {y | a < y < 0}. 

(2) Conclude that V(P) is either empty, a point, or an ellipse. 

Exercise 1.1.18. Suppose b 2 - 4ac > 0. 
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1 . lclassif ytheorem 


1 . lclassifycorollary 


(1) Show that one of the following occurs: {y | A x (y) > 0} = R and A x (y) ^ 
0: {y I A x (y) = 0} = {yo} and {y | A x (y) > 0} = {y \ \y\ > y 0 }, or there 
exist real numbers a and /3, a < /3, such that {y | A x (y) > 0} = {y \ y < 
a}U{y\y> /?}. 

(2) Show that if there exist real numbers a and f3, a < (3, such that {y \ 
A x (y) > 0} = {y | y < a} U {y \ y > /3}, then V (P) is a hyperbola. 

Above we decided to treat P as a function of x, but we could have treated P as 
a function of y. P(x , y) = A'y 2 + B'y + C' each of whose coefficients is a polynomial 
in x. 

Exercise 1.1.19. Show that the discriminant of A'y 2 + B'y + C = 0 is 
A y (x) = ( b 2 — 4ac)a: 2 + (2 be — 4 cd)x + (e 2 — 4 ch). 

Note that the quadratic coefficient is again b 2 — 4 ac, so our observations from 
above are the same in this case as well. In the preceding exercises we were inten- 
tionally vague about some cases. For example, we do not say anything about what 
happens when b 2 —4ac = 0 and 2bd — 4ae = 0. This is an example of a “degenerate” 
conic. We treat degenerate conics later in this chapter, but for now it suffices to 
note that if b 2 — Aac = 0, then V (P) is not an ellipse or hyperbola. If b 2 — 4 ac < 0, 
then V (P) is not a parabola or hyperbola. And if b 2 — 4 ac > 0, then V (P) is not 
a parabola or ellipse. This leads us to the following theorem. 

Theorem 1.1.20. Suppose P(x, y) = ax 2 + bxy + cy 2 + dx + ey + h. If V (P) is 
a parabola in R 2 , then b 2 — Aac = 0; if V(P) is an ellipse in R 2 , then b 2 — Aac < 0; 
and if V(P) is a hyperbola in R 2 , then b 2 — Aac > 0. 

In general, it is not immediately clear whether a given conic V (ax 2 + bxy + 
cy 2 + dx + e + h) is an ellipse, hyperbola, or parabola, but if the coefficient b = 0, 
then it is much easier to determine whether C = V (ax 2 + cy 2 + dx + ey + h) is an 
ellipse, hyperbola, or parabola. 

Corollary 1.1.1. Suppose P(x,y) = ax 2 + cy 2 + dx + ey + h. If V(P) is a 
parabola in R 2 , then ac = 0; if V(P) is an ellipse in R 2 , then ac < 0, i.e. a and 
c have opposite signs; and if V(P) is a hyperbola in R 2 , then ac > 0, i.e. a and c 
have the same sign. 


1.2. Changes of Coordinates 


The goal of this section is to sketch intuitively how, in R 2 , any ellipse can be 
transformed into any other ellipse, any hyperbola into any other hyperbola, and 
any parabola into any other parabola. 
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Here we start to investigate what it could mean for two conics to be the “same” ; 
thus we start to solve an equivalence problem for conics. Intuitively, two curves 
are the same if we can shift, stretch, or rotate one to obtain the other. Cutting or 
gluing however is not allowed. 

Our conics live in the real plane, R 2 . In order to describe conics as the zero 
sets of second degree polynomials, we first must choose a coordinate system for the 
plane R 2 . Different choices for these coordinates will give different polynomials, 
even for the same curve. (To make this concrete, have 10 people separately go to 
a blank blackboard, put a dot on it to correspond to an origin and then draw two 
axes. There will be 10 quite different coordinate systems chosen.) 

Consider the two coordinate systems: There is a dictionary between these 


y > 

' V > 



X 

u 

1-2 : coord 


Figure 1 . xy and uu-coordinate systems 


coordinate systems, given by 

u — x — 3, 

v = y- 2. 

Then the circle of radius 4 has either the equation 

u 2 + v 2 - 4 = 0 


or the equation 


(x — 3) 2 + (y — 2) 2 — 4 = 0, 


which is the same as x 2 — 6x + y 2 — 4y + 9 = 0. These two coordinate systems 
differ only by where you place the origin. Coordinate systems can also differ in 
their orientation. Consider two coordinate systems where the dictionary between 
the coordinate systems is: 


u = x — y 
v = x + y. 

Coordinate systems can also vary by the chosen units of length. Consider two 
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affine change of 
coordinates 



1-3 : circle_u-v 


Figure 2. Circle of radius 4 centered at the origin in the in- 
coordinate system 



Figure 3. xy and un-coordinate systems with different orientations 

coordinate systems where the dictionary between the coordinate systems is: 

u = 2x 
v = 3 y. 

All of these possibilities are captured in the following. 

Definition 1.2.1. A real affine change of coordinates in the real plane, M 2 , is 
given by 

u = ax + by + e 
v = cx + dy + /, 
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1-5 :u-vcoord3 


y > 



V > 





1 ■ 


l ■ 






l 

X 


l 


Figure 4. xy and till-coordinate systems with different units 


where a, 6, c, d, e, / € R and 


ad — be 0. 


In matrix language, we have 



where a, 6, c, d,e, f € R, and 

det (c d)* 0 ' 

Exercise 1.2.1. Show that the origin in the xy-coordinate system agrees with 
the origin in the un-coordinate system if and only if e = / = 0. Thus the constants 
e and / describe translations of the origin. 


Solution. The origin (0, 0) xy in the ny-system corresponds to the point (e, f) uv 
in the uu-system. Thus, if e = / = 0, the origin (0,0) X!/ agrees with (0, ())„„. Con- 
versely, if (0, 0 ) xy agrees with (0, 0) u „, then (e, f) uv = (0, 0) u „, so e = / = 0. 


real affine inverse 


Exercise 1.2.2. Show that if u = ax + by + e and n 
of coordinates, then the inverse change of coordinates is 


cx + dy + / is a change 


x=( , 1 . ) ( du - bv) - ( 1 ) {de - bf) 

v “ ( wlfc) - (jiA) ( -“ + a/) - 

This is why we require that ad — be ^ 0. There are two ways of working this 
problem. One method is to just start fiddling with the equations. The second is to 
translate the change of coordinates into the matrix language and then use a little 
linear algebra. 
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Solution. The inverse of the matrix 


is 


1 


ad — be J \ — 


d -&> 


I . Solv- 


ing for 


in the matrix equation 



gives the inverse transformation 



This is matrix language for the given change of coordinates. 


We frequently go back and forth between using a change of coordinates and its 
inverse. For example, suppose we have the ellipse V(x 2 + y 2 — 1) in the xy-plane. 
Under the real affine change of coordinates 


u = x + y 
v = 2x — y, 

this ellipse becomes V (5 u 2 — 2 uv + 2v 2 — 9) in the uu-plane (verify this). To change 
coordinates from the xy-plane to the uu-plane we replace x and y with f + | and 
^ respectively. In other words to change from the ary-coordinate system to 
the uv-coordinate system, we use the inverse change of coordinates 

1 1 

x =r + r 


2 1 

y = -u v. 

3 3 

Since any affine transformation has an inverse transformation, we will not worry too 
much about whether we are using a transformation or its inverse in our calculations. 
When the context requires care, we will make the distinction. 

It is also common for us to change coordinates multiple times, but we need 
to ensure that a composition of real affine changes of coordinates is a real affine 
change of coordinates. 


realaf fine composition 


Exercise 1.2.3. Show that if 


and 


u = ax + by + e 
v = cx + dy + f 
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s = Au + By + E 
t = Cu + Dy + F 

are two real affine changes of coordinates from the xy-plane to the un-plane and 
from the MM-plane to the sf-plane, respectively, then the composition from the xy- 
plane to the st-plane is a real affine change of coordinates. 

Exercise 1.2.4. For each pair of ellipses, find a real affine change of coordinates 
that maps the ellipse in the xy-plane to the ellipse in the MM-plane. 

(1) V ( x 2 + y 2 — 1), V (16m 2 + 9v 2 — 1) 

(2) V((x - l) 2 + y 2 — 1), G(16u 2 + 9(u + 2) 2 - 1) 

(3) V (4a? 2 + y 2 — 6y + 8), V ( u 2 — 4m + v 2 — 2v + 4) 

(4) E(13a? 2 — 10 xy + 13 y 2 — 1), E(4m 2 + 9m 2 — 1) 

Solution. (1) x = 4m, y = 3m 

(2) x = 4m + 1, y = 3(v + 2) 

(3) x = \{u - 2), y = v + 2 

(4) x= |(m + m), y = \{u-v) 

We can apply a similar argument for hyperbolas. 

Exercise 1.2.5. For each pair of hyperbolas, find a real affine change of coor- 
dinates that maps the hyperbola in the ary-plane to the hyperbola in the MU-plane. 

(1) V ( xy — 1), V ( m 2 — v 2 — 1) 

(2) VlyX 2 — y 2 — 1), E(16m 2 — 9m 2 — 1) 

(3) V{(x - l) 2 — y 2 — 1), E(16m 2 - 9(m + 2) 2 - 1) 

(4) V(x 2 — y 2 — 1), V(v 2 — m 2 — 1) 

(5) V(8 xy - 1), V(2u 2 - 2v 2 - 1) 

Solution. (1) x = u + v,y = u — v 

(2) x = 4m, y — 3m 

(3) x = 4m + 1, y = 3(m + 2) 

(4) x = m, y = v 

(5) x= \{u + v), y= \(u-v) 

Exercise 1.2.6. Give an intuitive argument, based on number of connected 
components, for the fact that no ellipse can be transformed into a hyperbola by a 
real affine change of coordinates. 

Solution. An affine change of coordinates maps a connected set to a connected 
set. No affine change of coordinates can map an ellipse, which has one connected 
component, to a hyperbola, which has two connected components. 
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Now we move on to parabolas. 

Exercise 1.2.7. For each pair of parabolas, find a real affine change of coor- 
dinates that maps the parabola in the cry-plane to the parabola in the Mii-plane. 

(1) V(x 2 — y), V(9v 2 — 4 u) 

(2) V((x-l) 2 -y),V(u 2 ~9(v + 2)) 

(3) V(x 2 — y), V(u 2 + 2uv + v 2 — u + v — 2). 

(4) V{x 2 — 4x + y + 4), V(4u 2 — (v + 1)) 

(5) V ( 4x 2 + 4 xy + y 2 — y + 1), V (4 u 2 + v ) 

Solution. (1) x = 3u, y = 4v 

(2) x = u + 1, y = 9(v + 2) 

(3) x = u + v, y = u — i> + 2 

The preceding three problems suggest that we can transform ellipses to ellipses, 
hyperbolas to hyperbolas, and parabolas to parabolas by way of real affine changes 
of coordinates. This turns out to be the case. Suppose C = V (ax 2 +bxy+cy 2 + dx + 
ey + h) is a smooth conic in R 2 . Our goal in the next several exercises is to show 
that if C is an ellipse, we can transform it to V(x 2 + y 2 — 1); if C is a hyperbola, we 
can transform it to V(x 2 — y 2 — 1); and if 6 is a parabola, we can transform it to 
V(x 2 — y). We will pass through a series of real affine transformations and appeal 

Irealaf f inecomposition 

to Exercise If. 2. 3. This result ensures that the final composition of our individual 
transformations is the real affine transformation we seek. This composition is, 

I conics vial inear 

however, a mess, so we won’t write it down explicitly. We will see in Section li.iO 
that we can organize this information much more efficiently by using tools from 
linear algebra. 

We begin with ellipses. Suppose G = V (ax 2 + bxy + cy 2 + dx + ey + h) is an 
ellipse in R 2 . Our first transformation will be to remove the xy term, i.e. to find a 
real affine transformation that will align our given curve with the coordinate axes. 

By Theorem If . 1 .20 we know that b~ — 4 ac < 0. 



Exercise 1.2.8. Explain why if b 2 — 4ac < 0, then ac > 0. 
Exercise 1.2.9. Show that under the real affine transformation 



G in the cry-plane becomes an ellipse in the itr-plane whose defining equation is 
Au 2 + Cv 2 + Du + Ev + H = 0. Find A and C in terms of a, b , c. Show that if 
b 2 — 4ac > 0, then ^4^0 and C ^ 0. 
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Now we have a new ellipse V ( Au 2 + Cv 2 + Du + Ev + H) in the rtu-plane. If 
our original ellipse already had 6 = 0, then we would have skipped the previous 
step and gone directly to this one. 


Exercise 1.2.10. Complete the square two times on the left hand side of the 
equation 


Au 2 + Cv 2 + Du + Ev + H = 0 
to rewrite this in the factored form 


A(u - R ) 2 + C( v - S) 2 - T = 0. 
Express R, S, and T in terms of A, C, D , E, and H. 


To simplify notation we revert our notation to x and y instead of u and v, 
but we keep in mind that we are not really still working in our original xy-plane. 
This is a convenience to avoid subscripts. Without loss of generality we can assume 
A, C > 0, since if A, C < 0 we could simply multiply the above equation by —1 
without affecting the conic. Note that we assume that our original conic is an 
ellipse, i.e. it is nondegenerate. A consequence of this is that T/0. 

Exercise 1.2.11. Suppose A, C > 0. Find a real affine change of coordinates 
that maps the ellipse 

V(A(x — R) 2 + C(y — S) 2 — T), 

to the circle 

V(u 2 + v 2 - 1). 

Hence, we have found a (composition) real affine change of coordinates that 
transforms any ellipse V (ax 2 + bxy + cy 2 + dx + ey + h) to the circle V (u 2 + v 2 — 1). 

We can repeat this process in the case of parabolas. 

Suppose C = V(ax 2 + bxy + cy 2 + dx + ey + h) is an parabola in R 2 . By Theorem 

1 1 . lclassifvtheorem 

11.1.20 we know that 6 2 — 4 ac = 0. As before our first task is to eliminate the xy 
term. Suppose first that 6^0. Since b 2 > 0 (b £ R) and 4ac = b 2 we know ac > 0, 

[ellipse alignment 

so we repeat Exercise 172797 

|e 11 ip s e al i gnment 

Exercise 1.2.12. Consider the values A and C found in Exercise If. 2. 9. Show 
that if b 2 — 4ac = 0, then either A = 0 or C = 0, depending on the signs of a, 6, c. 
[Hint: Recall, Va 2 = — a if a < 0.] 

Since either A = 0 or C = 0 we can assume C = 0 without loss of generality, so 
our transformed parabola is V (Au 2 + Du + Ev + H) in the wu-plane. If our original 
parabola already had 6 = 0, then we also know, since 6 2 — 4ac, that either a = 0 or 
c = 0, so we could have skipped ahead to this step. 
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Exercise 1.2.13. Complete the square on the left hand side of the equation 

Au 2 + Du + Ev + H = 0 

to rewrite this in the factored form 

A(u — R) 2 + E(v — T) = 0. 

Express R and T in terms of A , D, and H. 

As above we revert our notation to x and y with the same caveat as before. 

Exercise 1.2.14. Suppose A, B 0. Find a real affine change of coordinates 
that maps the parabola 

V(A(x-R) 2 -E(y-T)), 

to the parabola 

V(u 2 — v). 

Hence, we have found a (composition) real affine change of coordinates that 
transforms any parabola V (ax 2 + bxy + cy 2 + dx + ey + h) to the parabola V(u 2 — v ) . 
Finally, suppose 6 = V(ax 2 + bxy + cy 2 + dx + ey + h) is a hyperbola in R 2 . By 

I I . lclg.ssif ytheorem _ 

Theorem 11.1.20 we know that b 2 — 4ac > 0. Suppose first that b ^ 0. Unlike before 
we could have ac > 0, ac < 0, or ac = 0. 

Exercise 1.2.15. Suppose ac > 0. Use the real affine transformation in Exer- 

|e 11 ip s e al i gnment 9 

cise 11.2.9 to transform 6 to a conic in the uu-plane. Find the coefficients of rr and 
v 2 in the resulting equation and show that they have opposite signs. 

Exercise 1.2.16. Suppose ac < 0. Use the real affine transformation 



to transform C to a conic in the wu-plane. Find the coefficients of u 2 and v 2 in the 
resulting equation and show that they have opposite signs. 

Exercise 1.2.17. Suppose ac = 0 (so b ^ 0). Since either a = 0 or c = 0 we 
can assume c = 0. Use the real affine transformation 

x = u + v 
2 a 

y = u- —v 

to transform C = V (ax 2 + bxy + dx + ey + h) to a conic in the un-plane. Find the 
coefficients of u 2 and v 2 in the resulting equation and show that they have opposite 


signs. 
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In all three cases we find the 6 is transformed to V ( Au 2 — Cv 2 + Du + Ev + H ) 
in the ww-plane. We can now complete the hyperbolic transformation as we did 
above with parabolas and ellipses. 


Exercise 1.2.18. Complete the square two times on the left hand side of the 
equation 


Au 2 -Cv 2 + Du + Ev + H = 0 
to rewrite this in the factored form 

A{u - R ) 2 - C\v -Sf-T = 0. 


Express R, S, and T in terms of A, C, D, E, and H. 


Exercise 1.2.19. Suppose A , C > 0. Find a real affine change of coordinates 
that maps the hyperbola 

V(A(x — R) 2 — C(y — S) 2 — T), 

to the hyperbola 

V{u 2 -v 2 - 1). 

We have now shown that in R 2 we can find a real affine change of coordinates 
that will transform any ellipse to V ( x 2 + y 2 — 1), any hyperbola to V ( x 2 — y 2 — 1), 
and any parabola to V ( x 2 — y). Thus we have three classes of smooth conics in R 2 . 
Our next task is to show that these are distinct, that is, that we cannot transform 
an ellipse to a parabola and so on. 


Exercise 1.2.20. Give an intuitive argument, based on number of connected 
components, for the fact that no ellipse can be transformed into a hyperbola by a 
real affine change of coordinates. 

Exercise 1.2.21. Show that there is no real affine change of coordinates 

u = ax + by + e 
v = cx + dy + f 

that transforms the ellipse V(x 2 + y 2 — 1) to the hyperbola V(u 2 — v 2 — 1). 

Exercise 1.2.22. Give an intuitive argument, based on boundedness, for the 
fact that no parabola can be transformed into an ellipse by a real affine change of 
coordinates. 


Exercise 1.2.23. Show that there is no real affine change of coordinates that 
transforms the parabola V{x 2 — y) to the circle V(u 2 + v 2 — 1). 
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conics 


Exercise 1.2.24. Give an intuitive argument, based on the number of con- 
nected components, for the fact that no parabola can be transformed into a hyper- 
bola by a real affine change of coordinates. 

Exercise 1.2.25. Show that there is no real affine change of coordinates that 
transforms the parabola V{x 2 — y) to the hyperbola V{u 2 — v 2 — 1). 

Definition 1.2.2. The zero loci of two conics are equivalent under a real affine 
change of coordinates if the defining polynomial for one of the conics can be trans- 
formed via a real affine change of coordinates into the defining polynomial of the 
other conic. 

Combining all of the work in this section, we have just proven the following 
theorem. 

Theorem 1.2.26. Under a real affine change of coordinates, all ellipses in R 2 
are equivalent, all hyperbolas in R 2 are equivalent, and all parabolas in R 2 are 
equivalent. Further, these three classes of conics are distinct; no conic of one class 
can be transformed via a real affine change of coordinates to a conic of a different 
class. 

I conicsvialinear 

In Section ll.lu we will revisit this theorem using tools from linear algebra. 
This approach will yield a cleaner and more straightforward proof than the one 
we have in the current setting. The linear algebraic setting will also make all of 
our transformations simpler, and it will become apparent how we arrived at the 
particular transformations. 

1.3. Conics over the Complex Numbers 

The goal of this section is to see how, under a complex affine changes of coordinates, 
all ellipses and hyperbolas are equivalent, while parabolas are still distinct. 


While it is certainly natural to begin with the zero set of a polynomial P(x, y ) 
as a curve in the real plane R 2 , polynomials also have roots over the complex 
numbers. In fact, throughout mathematics it is almost always easier to work over 
the complex numbers than over the real numbers. This can be seen even in the 
solutions given by the quadratic equation, as seen in the following exercises: 

Exercise 1.3.1. Show that x 2 + 1 = 0 has no solutions if we require ieR but 
does have the two solutions, x = ±i, in the complex numbers C. 

Solution. The square of any real number is always nonnegative and can never 
equal —1. The complex number i was created so that 

i 2 = -1. 
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We then also have 

{-if = (~1)V = -I- 

Exercise 1.3.2. Show that the set 

{(x,y)eM 2 :x 2 +y 2 = - 1} 

is empty but that the set 

e = {(x,y)GC 2 :x 2 + y 2 = -l} 

is not empty. If fact, show that given any complex number x that there must exist 
a y € C such that 

(x,y) G 6. 

Then show that if x y ±z, then there are two distinct values y G C such that 
(x, y) G C, while if x = ±i, there is only one such y. 

Solution. Whenever i,|/Gl, we have 

x 2 >0,y 2 >0 


and hence 

x 2 +y 2 > 0. 

Thus {(a;, y) £ M 2 : x 2 + y 2 = — 1} must be empty. 

Now let x, y G C. We want to look at the solutions for 

x 2 + y 2 + 1 = 0. 


Think of this as a one-variable polynomial in the ^-coordinate, treating the r as a 
constant. Then we can use the quadratic equation to find the roots: 

± V -4(® 2 + 1) 

2 


If x = ±i, then 


V = 


± v /= 4(i2 + l) 


= 0, 


a unique solution for y. If x ^ ±1, then 


\/^4(a: 2 + 1) ^ 0, 


giving us two different solutions for y. 


Thus if we only allow a solution to be a real number, some zero sets of second 
degree polynomials will be empty. This does not happen over the complex numbers. 
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Exercise 1.3.3. Let 

P(x, y) = ax 2 + bxy + cy 2 + dx + ey + / = 0, 

with a / 0. Show that for any value y £ C, there must be at least one x € C, but 
no more than two such ads, such that 

P(x,y) = 0. 

[Hint: Write P(x,y) = Ax 2 + Bx + C as a function of x whose coefficients A, B , 
and C are themselves functions of y. and use the quadratic formula. This technique 
will be used frequently.] 

Solution. We have 

P(x, y) = ax 2 + bxy + cy 2 + dx + ey + f 

= ax 2 + (by + d)x + (cy 2 + ey + /). 

Given any y £ C, we have that 

-( by + d)± \J (by + d) 2 - Aa(cy 2 + ey + f) 

x = . 

2 a 

This gives as at least one solution x and exactly two solutions, unless 

(by + d) 2 - 4 a(cy 2 + ey + f) = 0 

Thus for any second order polynomial, its zero set is non-empty provided we 
work over the complex numbers. 


But even more happens. We start with: 

Exercise 1.3.4. Let C = V ((x) + (V) ~ l) C C 2 . Show that 6 is un- 
bounded in both x and y. (Over the complex numbers C, being unbounded in x, 
say, means, given any number M, there will be point (x, y) € C such that |x| > M.) 

Solution. For any (x,y) € C, we must have that 



and hence, by solving for x, 



If we were working over the real numbers, then we could only allow y’s such that 



but since we are working now over the complex numbers, where square roots are 
always defined, there is a solution x € C for any y € C, no matter how large is |y|. 
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The same argument works for showing that we can let \x\ be arbitrarily large. 

Hyperbolas in R 2 come in two pieces. In C 2 , it can be shown that hyperbolas 
are connected, meaning there is a continuous path from any point to any other 
point. The following shows this for a specific hyperbola. 

Exercise 1.3.5. Let C = V ( x 2 — y 2 — 0) c C 2 . Show that there is a continuous 
path on the curve C from the point (—1, 0) to the point (1, 0), despite the fact that 

9 Ihypertwocomponents 

no such continuous path exists in R . (Compare this exercise with Exercise 11.1.9.) 

Solution. We explicitly find the path. For any point (x,y) £ C, we have that 

y = ±\/x 2 — 1 . 

For any real number — 1 < x < 1 , we have that x 2 — 1 < 0 and hence that y is 
purely imaginary. Define the map 


7 :[— !,!]-► C 


by setting 

7(f) = - x 2 ). 

We have that y(— 1) = ( — 1, 0), 'y(l) = (1,0) and, for any — 1 < f < 1, 

(t, iy/l — x 2 ) £ C. 

Since 7 is a continuous function, we are done. 

These two exercises demonstrate that in C 2 ellipses are unbounded (just like 
hyperbolas and parabolas) and suggest the true fact that hyperbolas are connected 

[intuit iveellihyper 

(just like ellipses and parabolas). Thus the intuitive arguments in Exercises 11.2.6, 

[ inpuil: i veell l ip^nat i vehyperpar a 9 

11.2.22, and 11.2.24 no longer work in C . We have even more. 

Exercise 1.3.6. Show that if x = u and y = iv, then the circle {(x,y) £ C 2 : 
x 2 + y 2 = 1} transforms into the hyperbola {(u, v) € C 2 : u 2 — v 2 = 1}. 

Solution. This is a straightforward substitution. With x = u and y = iv, we 
have 


1 


2 , 2 
x +y 


u 2 + ( iv)* 


2 2 
u — V , 


as desired 
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Definition 1.3.1. A complex affine change of coordinates in the complex plane 
C 2 is given by 

u = ax + by + e 
v = cx + dy + /, 

where a, 6, c,d,e,f£ C and 

ad — be 0. 

Exercise 1.3.7. Show that if u = ax + by + e and v = cx + dy + f is a change 
of coordinates, then the inverse change of coordinates is 

1 = <d “~ to) -(«T L k) (<fe ~ W) 

V = ( , 1 , ) {-cu + av) - ( 1 j (~ce + af). 

\ad — be J \aa — be J 

Irealaf f ineinverse 

This proof should look almost identical to the solution of Exercise 11.2.2. 

Solution. This is either a delightful or brutal calculation, depending on one’s 
mood. 

We assume that 

x = ( 1 \ ( du - bv) - ( 1 ) (de - bf) 

\ad — be ) \ad — be J 

V = ( , 1 , ) (~cu + av) - ( 1 ) (~ce + af). 

\ad — be J \ad — be J 

For these values of x and y , we must show that u = ax + by + e and v = cx + dy + f 


We start with u. Consider 


ax + by + e = a 


1 


+b 

+e 


ad — be 

1 

ad — be 


adu 
ad — be 
ade 


( du — bv) — 

( —cu + av) — 

abv 


1 


ad — be 
1 

ad — be 


{de - bf) 

(- ce + af) 


ad — be 
bcu 

ad - be 
bee 

ad — be 


ad — be 
abf 


+ 


ad — be 
abv 

ad — be 

abf 

ad — be 


+ 6 


= U, 


as desired. 
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The argument for v is similar. 


Definition 1.3.2. The zero loci of two conics are equivalent under a complex 
affine change of coordinates if the defining polynomial for one of the conics can be 
transformed via a complex affine change of coordinates into the defining polynomial 
for the other conic. 


[realeguiv 

Exercise 1.3.8. Use Theorem ll.2.2b together with the new result of Exercise 

l ellihyper 

11.3.7 to conclude that all ellipses and hyperbolas are equivalent under complex 
affine changes of coordinates. 


Solution. We know that any ellipse is equivalent to the circle x 2 + y 2 = 1 
under a real affine change of coordinates and that any hyperbola is equivalent to 
the hyperbola x 2 — y 2 = 1 under a real affine change of coordinates. All real affine 
changes of coordinates are also complex affine changes of coordinates. Finally 
we have explicitly found a complex affine change of coordinates from the circle 
x 2 + y 2 = 1 to the hyperbola x 2 — y 2 = 1. Thus given any ellipse, first map it to 
the circle, then map the circle to x 2 — y 2 = 1 and finally map this hyperbola to 
any other hyperbola. Since we know that compositions of complex affine changes 
of coordinates are still complex affine changes of coordinates, we are done. 


Parabolas, though, are still different: 

Exercise 1.3.9. Show that {(x,y) £ C 2 : x 2 + y 2 — 1 = 0} is not equivalent 
under a complex affine change of coordinates to the parabola {(u, v) £ C 2 : u 2 — v = 
0 }. 


Solution. We assume that there is a complex affine change of coordinates 

x = au + bv + e 
y = cu + dv + /, 

for some constants a, b, c,d,e,f £ C with ad — be ^ 0 that takes the points on 
the parabola the parabola {(u,v) £ C 2 : u 2 — v = 0} to the points on the circle 
{(x,y) £ C 2 : x 2 + y 2 — 1 = 0}, and then derive a contradiction. 

We have 

1 = x 2 + y 2 

= ( au + bv + e) 2 + ( cu + dv + f) 2 

= ( a 2 u 2 + b 2 v 2 + e 2 + 2 abuv + 2 aeu + 2 bev) 

+(c 2 u 2 + d 2 v 2 + f 2 + 2 cduv + 2 efu + 2 dfv). 


change of 

coordinates! equivalent 
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We now use that u 2 = v to put all of the above in terms of the variable u alone, to 
get 

1 = {b 2 + d 2 )u 4 + (2ab + 2cd)u 3 + (a 2 + c 2 + 2be + 2df)u 2 

+(2 ae + 2 cf)u + e 2 + f 2 

This looks like a polynomial in one variable of degree of at most four, meaning that 
there will at most four solutions u, which is absurd, as there are an infinite number 
of points on both curves. The only way that this could happen if all on the above 
coefficients, except for e 2 + / , are zero. In particular, we would need: 

b 2 +d 2 = 0 
ab + cd = 0. 

We will show that if these are true, then ad — be = 0, giving us our contradiction. 

Now b 2 + d 2 = 0 means that either d = ib or d = —ib. This means that if b = 0 

then d = 0, which in turn means that ad — be = 0, which cannot happen. Thus we 

can assume b ^ 0. 

Assume that d = ib. Then we have 

0 = ab + cd 

= ab + ibc 

= b(a + ic), 

which means that we must have a + ic = 0, or, in other words, 

c = ia. 


Then we have 

ad — be = iab — iab = 0, 

which is forbidden. Then we must have d = —ib, which means that 

0 = ab + cd 

= ab — ibc 
= b{a — ic). 

In this case, 

c = —ia, 

giving us 

ad — be = —iab + iab = 0, 

which is still forbidden. Thus there is no complex affine change of coordinates 
taking u 2 = v to x 2 + y 2 — 1 = 0. 
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We now want to look more directly at C 2 in order to understand more clearly 
why the class of ellipses and the class of hyperbolas are different as real objects but 
the same as complex objects. We start by looking more closely at C. Algebraic 
geometers regularly use the variable x for a complex number. Complex analysts 
more often use the variable z, which allows a complex number to be expressed in 
terms of its real and imaginary parts. 

z = x + iy, 

where x is the real part of z and y is the imaginary part. 



Figure 5. Points in the complex plane 


Similarly, an algebraic geometer will usually use (x, y) to denote points in the 
complex plane C 2 while a complex analyst will instead use (z, w) to denote points 
in the complex plane C 2 . Here the complex analyst will write 

w = u + iv. 

There is a natural bijection from C 2 to R 4 given by 

(z, w) = (x + iy, u + iv) —> (x, y, u, v). 

In the same way, there is a natural bijection from C 2 (~l {(ar, y, u, v) € R 4 : y = 0, v = 
0} to the real plane R 2 , given by 

(x + 0 i, u + 0 i) —> (x, 0, u, 0) — > ( x , u). 

Likewise, there is a similar natural bijection from C 2 = {(z, w) € C 2 }fl{(a;, y, u, v) € 
R 4 ; y = 0, u = 0} to R 2 , given this time by 


(x + Oi, 0 + vi) —> (x, 0, 0, v) — » (x, v). 
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One way to think about conics in C 2 is to consider two dimensional slices of 
C 2 . Let 

e = {(z, w) £ C 2 : z 2 + w 2 = 1}. 

Exercise 1.3.10. Give a bijection from 

C fl {(a; + iy, u + iv) : x, u £ R, y = 0, v = 0} 

to the real circle of unit radius in R 2 . (Thus a real circle in the plane R 2 can be 
thought of as real slice of the complex curve C.) 

Solution. We want to find a one-to-one onto map from C fl {(x + iy, u + iv) : 
x, u £ R, y = 0, v = 0} to the circle 

{(x, u ) £ R 2 : x 2 + u 2 = 1}. 

Now we have 

1 = z 2 + w 2 

= (x + 0 i) 2 + (u + 0 z) 2 

2 I 2 

= X + U , 

Thus the desired map is the straightforward 

(x + iO, u + zO) — > (x, u). 

Taking a different real slice of C will yield not a circle but a hyperbola. 
Exercise 1.3.11. Give a bijection from 

C fl {(x + iy, u + iv) £ R 4 : x,v £ R, y = 0, u = 0} 
to the hyperbola (x 2 — v 2 = 1) in R 2 . 

Solution. We have 

1 = z 2 + w 2 

= (x + 0 i) 2 + (o + iv) 2 

2 2 
= X — U , 

Thus the desired map is the straightforward 

(x + *0, 0 + iv) —> (x,u). 


Thus the single complex curve C contains both real circles and real hyperbolas. 
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1.4. The Complex Projective Plane P 2 

The goal of this section is to introduce the complex projective plane P 2 , the natural 
ambient space (with its higher dimensional analog P") for much of algebraic geom- 
etry. In P 2 , we will see that all ellipses, hyperbolas and parabolas are equivalent. 


In R 2 all ellipses are equivalent, all hyperbolas are equivalent, and all parabolas 
are equivalent under a real affine change of coordinates. Further, these classes 
of conics are distinct in R 2 . When we move to C 2 ellipses and hyperbolas are 
equivalent under a complex affine change of coordinates, but parabolas remain 
distinct. The next step is to understand the “points at infinity” in C 2 . 

We will give the definition for the complex projective plane P 2 together with 
exercises to demonstrate its basic properties. It may not be immediately clear what 
this definition has to do with the “ordinary” complex plane C 2 . We will then see 
how C 2 naturally lives in P 2 and how the “extra” points in P 2 that are not in C 2 
are viewed as points at infinity. In the next section we will look at the projective 
analogue of change of coordinates and see how we can view all ellipses, hyperbolas 
and parabolas as equivalent. 

Definition 1.4.1. Define a relation ~ on points in C 3 — {(0, 0, 0)} as follows: 
( x,y,z ) ~ ( u,v,w ) if and only if there exists A £ C — {0} such that ( x,y,z ) = 
(Am, Am, Xw). 

Exercise 1.4.1. Show that ~ is an equivalence relation. 

Solution. We must show ~ is reflexive, symmetric, and transitive. 

For any point ( x,y,z ) £ C 3 — {(0,0,0)} we have (x,y,z) = (Xx, Xy, Xz) with 
A = 1, thus ~ is reflexive. 

To see that ~ is symmetric, suppose ( x,y,z ) ~ ( u,v,w ) so that (x,y,z) = 
(Am, Am, Ami) for some A ^ 0. Then ( u,v,w ) = (jX,^y,jz), thus ( u,v,w ) ~ 
( x,y,z ). 

Next assume (x,y,z) ~ ( u,v,w ) and ( u,v,w ) ~ ( r,s,t ). Then there are A ,/jl £ 
C — {0} such that ( x,y,z ) = (Am, Am, Aim) and ( u,v,w ) = (nr, /is, fit). Substituting 
we obtain (x, y, z) = (A yr, Xys, X pi) where A/i £ C— {0}. This shows that (x, y , z) ~ 
( r,s,t ) and therefore ~ is transitive. Thus ~ is an equivalence relation. 

Exercise 1.4.2. 

(1) Show that (2, 1 + i, 3 i) ~ (2 — 2 i, 2, 3 + 3 i). 

(2) Show that (1, 2, 3) ~ (2, 4, 6) ~ (-2, -4, -6) ~ (-*, -2 i, -31). 

(3) Show that (2, 1 + i, 3 i) / (4, 4 i, 6 i). 

(4) Show that (1, 2, 3) r* (3, 6, 8). 
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Solution. (1) We need to find A with ( 2 , l + i, 3 i) = (A (2 — 2 i), A 2 , A (3 + 
3 /)). Using the first component to solve for A we find 


2 = A (2 — 2 i) => A 


2 

2 — 2i 


1 + i 
2 


We then check that 


1 + i 



2 and 3 i = 


(^)(3 + 30 


thus ( 2, 1 + i, 3 i) ~ (2 — 2 i, 2,3 + 3 i). 

( 2 ) We have 

(!, 2 , 3 ) = (^ - 2 ,^ - 4 , | - 8 ) = (-^ - 2 , - 4 , - 6 ) 



• 6 ). 


( 3 ) We show this by contradiction. Suppose ( 2,1 +i, 3 i) = (A 4 , A 4 i,A 6 i) for 
some A ^ 0 . From the first coordinate A = but 1 + i ^ \ ■ 4 i. 

( 4 ) We proceed by contradiction. Suppose ( 1 , 2 , 3 ) = (A 3 , A 6 , A 8 ). The first 
(and second) coordinates imply that A = |, but then the equality fails in 
the third coordinate. 


Exercise 1 . 4 . 3 . Suppose that (*1,1/1,21) ~ (*2,1/2,22) and that *1 = *2. Show 
then that y\ = 7/2 and 21 =22. 

Solution. We assume (*1, yi,zi) ~ (*2,2/2,22), thus (*1,2/1, zi) = (A*2, A1/2, A22) 
for some non-zero A. Then x\ = A*2- If *1 = *2, A = 1 . Thus y\ = 2/2 and Z\ = z^. 


Exercise 1.4.4. Suppose that (*1 , 2/1 , z\) ~ (*2, 2/2 , 22) with q ^0 and 02 7^ 0. 
Show that 


(*l,2/l,2l) 






(*2,2/2,22). 


Solution. If *1 ^ 0, then we can set A = z\ and we have 

(*1,2/1,21) = (^21 — ,zi — • l) 

V 21 Z\ ) 

thus (*1,2/1,21) ~ f},l). 

By the same argument, (* 2 , 2/2, 2 2 ) ~ (ff , l) ■ Since (*1, 2 / 1 , ^1) ~ (*2, 2/2, 2 2 ), 
by transitivity, (§p> l) ~ ( zf iff , l) • 


Let (* : y : z) denote the equivalence class of ( x,y,z ), i.e. (* : y : 2) is the 
following set. 


(* : 2/ : 2) = {(u, w, w) G C 3 - {( 0 , 0 , 0 )}: (*, y, z) ~ (u, u, w)} 


Exercise 1.4.5. 

( 1 ) Find the equivalence class of ( 0 , 0 , 1 ). 



DRAFT COPY: Complied on February 4, 2010. 


31 


(2) Find the equivalence class of (1, 2, 3). 

Solution. (1) The equivalence class of (0,0, 1) is 

{(u, v, to) £ C 3 - {(0, 0, 0)} : (0, 0, 1) ~ ( u , v, tu)} 

= {(w, v, w) : (0, 0, 1) = (Aw, Xv, X w) for some A ^ 0} 

= {(u, v,w) : u = 0, v = 0} = {(0, 0, w) : w ^ 0} 

(2) The equivalence class of (1,2,3) is 

{(u,v,w) e C 3 - {(0,0,0)} : (1,2,3) ~ (u,v,w)} 

= {(w, v, w ) : (1, 2, 3) = (Am, Xv, Xw ) for some A?C - {0}} 




projectivelplane 


Exercise 1.4.6. Show that the equivalence classes (1:2:3) and (2:4:6) are 
equal as sets. 


Solution. We will prove that each set is a subset of the other. First let 
(. x,y,z ) €(1:2:3), so that ( x,y,z ) ~ (1,2,3). By Exercise 1.4. 2(2), we know 
that (1,2,3) ~ (2,4,6). By transitivity of ~, we have ( x,y,z ) ~ (2,4,6), thus 
(a:, y, z) € (2 : 4 : 6). This proves that (1 : 2 : 3) C (2 : 4 : 6). 

A similar argument will prove the converse. Assume ( x,y,z ) €(2:4:6), 
so that ( x,y,z ) ~ (2 : 4 : 6). Since (1,2,3) ~ (2,4,6) by symmetry we have 
(2,4,6) ~ (1,2,3). Again using transitivity we see that ( x,y,z ) ~ (1,2,3). Thus 
(, x , y, z) G (1 : 2 : 3), so we have shown that (2 : 4 : 6) C (1 : 2 : 3). 

Therefore (1 : 2 : 3) = (2 : 4 : 6). 

Definition 1.4.2. The complex projective plane, P 2 (C), is the set of equiva- 
lence classes of the points in C 3 — {(0, 0, 0)}. That is, 

P 2 (C) = (C 3 — {(0, 0, 0)}) y/~ . 

The set of points {(x : y : z) G P 2 (C) : z = 0} is called the line at infinity. We will 
write P 2 to mean P 2 (C) when the context is clear. 

Let ( a,b,c ) G C 3 — {(0,0,0)}. Then the complex line through this point and 
the origin (0,0,0) can be defined as all points, ( x,y,z ), satisfying 

x = X a, y = X b, and z = Ac, 

for any complex number A. Here A can be thought of as an independent parameter. 

Exercise 1.4.7. Explain why the elements of P 2 can intuitively be thought of 
as complex lines through the origin in C 3 . 



32 


Algebraic Geometry: A Problem Solving Approach 


af f inebijectionl 


af f inebijection2 


Solution. An element of P 2 is an equivalence class (a : b : c), the set whose 
elements have the form (x, y, z) £ C 3 — {(0, 0, 0)} with x = A a, y = Xb, z = Xz for 
some complex number A 7 ^ 0. These elements correspond to the points, other than 
( 0 , 0 , 0 ), on the line through (a, b , c) and the origin. 

Exercise 1.4.8. If c 7 ^ 0, show, in C 3 , that the line x = A a, y = Xb, z = Ac 
intersects the plane { (a;, y,z) : z = 1} in exactly one point. Show that this point of 
intersection is (^, l) . 

Solution. We assume c ^ 0 and ( x,y,z ) is a point on both the line x = 
X a, y = Xb, z = Ac and the plane z = 1. Then z = Ac = 1 and solving for the 
parameter A we obtain A = -. Substituting this parameter value back into our 
equations for the line we have ( x,y,z ) = (^, 1 ). 

In the next several exercises we will use 

P 2 = {(i:i/:2)eP 2 :2/0}U{(i:i/:2)eP 2 :z = 0} 
to show that P 2 can be viewed as the union of C 2 with the line at infinity. 

Exercise 1.4.9. Show that the map (j) : C 2 — >■ {(a; : j : 2 ) £ P 2 : 2 / 0} defined 
by <f>(x,y) = (x : y : 1 ) is a bijection. 

Solution. We want to show that 4> is one-to-one and onto. To show this 
map is one-to-one, suppose (/){{a,b )) = </>((c, d)). Then (a : b : 1) = (c : d : 1). 
For these two equivalence classes to be equal, there must be a non-zero A with 
(a, b, 1) = (Ac, A d, A). Therefore A = 1, so we have a = c,b = d and (a, b) = (c, d). 
Thus </> is one-to-one. 

To show that (j) is onto, let (a : b : c) £ {( x : t/ : 2 ) £ P 2 : 2 / 0}. Then c 7 ^ 0, 
so we may set A = \ and write (| : | : 1) = (a : b : c). We then have (|, |) £ C 2 
and |)) = (a : b : c). Thus (f) is also onto. 

Exercise 1.4.10. Find a map from {(a; : y : z) £ P 2 : z 7 ^ 0} to C 2 that is the 

laf f ipebi jectionl 

inverse of the map (j) in Exercise 11.4.9. 

laf f inebijectionl 

Solution. By Exercise li.4.9, <j> is a bijection so we know that an inverse 
exists. Starting with a point (a : b : c) £ {(a; : y : z) £ P 2 : z 7 ^ 0} we can write 
(a : b : c) = \ : 1) as in the proof that cf> is onto. Then <^ -1 ((a : b : c)) = (|, |). 

laf f inebije(Hfif)iilebiiection2 

The maps (j) and in Exercises If. 4. 9 and 4.4.10 show us how to view C 2 
inside P 2 . Now we show how the set {(a; : y : z) £ P 2 : z = 0} corresponds to 
directions towards infinity in C 2 . 

Exercise 1.4.11. Consider the line l = {(&, y) £ C 2 : ax + by + c = 0} in C 2 . 
Assume a, b 7 ^ 0. Explain why, as |x| —> 00 , \y\ — > 00 . (Here, |x| is the modulus of 
x.) 
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—ax — C 


Solution. Let (x,y) be a point on the line £, so we may write y = 

U 

Then \y\ = -^\ax + c|. As \x\ —> oo, \ax + c| — > oo, thus \y\ — > oo. 

Exercise 1.4.12. Consider again the line t. We know that a and b cannot 
both be 0, so we will assume without loss of generality that b 0. 

(1) Show that the image of £ in P 2 under <fi is the set 

{(bx : — ax — c : b) : x € C}. 


(2) Show that this set equals the following union. 

{(bx : —ax — c : b) : x £ C} = {(0 : — c : 5)} U / (l : — : — 

(\ b bx x 

(3) Show that as \x\ oo, the second set in the above union becomes 

in -l- on. 

Thus, the points (1 : — | : 0) are directions toward infinity and the set {(a: : y : z) £ 
P 2 : z = 0} is the line at infinity. 



Solution. (1) As in the previous problem we can write (x, c ) for 
an arbitrary point on l. Then 

— ax-c - ax-c 

<p((x, , )) = (x : : : 1) = (bx : —ax — c : b) 

b b 

since b 0. Therefore 


<)>(£) = {(bx : —ax — c : b) : x £ C}. 


(2) Let (bx : —ax — c : b) € <f>(£) and first suppose x = 0. Then substituting 
gives (bx : —ax — c : b) = (0 : —c : b). 

Otherwise x ^ 0; since t / 0 we have (bx : —ax — c : b) = (1 : 

- & ■■ £)• Thus 

{(bx : —ax — c : b) : x £ C} = {(0 : — c : 6)} U <T ( 1 : — y — : — 

V b bx x 


(3) As 


0, thus 


^ a c 1 

b bx x 




If a point (a : b : c) in P 2 is the image of a point (x, y) € C 2 under the map 
from C 2 AP 2 , we say that (a, b, c) £ C 3 are the homogeneous coordinates for (x, y). 
Notice that the homogeneous coordinates for a point (x, y) £ C 2 are not unique. 
For example, the coordinates (2 : — 3 : 1), (10 : —15 : 5), and (2 — 2 i : —3 + 3 i : 1 — i) 
are all homogeneous coordinates for (2, —3). 

In order to consider zero sets of polynomials in P 2 , a little care is needed. We 
start with: 


homogeneous 

coordinates 
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homogeneous 


ex-homogeneous 


ex2-homogeneous 


Definition 1.4.3. A polynomial is homogeneous if every monomial term has 
the same total degree, that is, if the sum of the exponents in every monomial is 
the same. The degree of the homogeneous polynomial is the degree of one of its 
monomials. An equation is homogeneous if every nonzero monomial has the same 
total degree. 

Exercise 1.4.13. Explain why the following polynomials are homogeneous, 
and find each degree. 

(1) x 2 + y 2 — z 2 

(2) xz-y 2 

(3) x 3 + 3 xy 2 + 4 y 3 

(4) x 4 + x 2 y 2 

Solution. In parts 1 and 2, every term in the polynomial has degree two, thus 
these are homogeneous of degree two. In part 3 each term has degree three, and 
each term in the polynomial of part 4 has degree four. 

Exercise 1.4.14. Explain why the following polynomials are not homogeneous. 

(1) x 2 + y 2 — z 

(2) xz-y 

(3) x 2 + 3 xy 2 + 4 y 3 + 3 

(4) x 3 + x 2 y 2 + x 2 

Solution. (1) Since the first terms have degree two and the last term 
has degree one, x 2 + y 2 — z is not homogeneous. 

(2) xz has degree two while y has degree one, so xz — y is not homogeneous. 

(3) x 2 has degree two, 3 xy 2 and 4 y 3 have degree three, and 3 has degree zero. 

(4) x 3 has degree three, x 2 y 2 has degree four, and x 2 has degree two. 

Exercise 1.4.15. Show that if the homogeneous equation Ax + By + Cz = 0 
holds for the point ( x,y,z ) in C 3 , then it holds for every point of C 3 that belongs 
to the equivalence class (x : y : z) in P 2 . 

Solution. We assume Ax + By + Cz = 0 and let ( a,b,c ) £ (x : y : z). 
Then a = Xx, b = Xy, c = Xz for some A £ C — {0}. We have Aa + Bb + Cc = 
AXx + BXy + CXz = X(Ax + By + Cz) = 0. 

Exercise 1.4.16. Show that if the homogeneous equation Ax 2 + By 2 + Cz 2 + 
Dxy + Exz + Fyz = 0 holds for the point ( x,y,z ) in C 3 , then it holds for every 
point of C 3 that belongs to the equivalence class (x : y : z) in P 2 . 

Solution. We assume Ax 2 + By 2 + Cz 2 + Dxy + Exz + Fyz = 0 and let 
(a, b,c) £ (x : y : z). Then a = Ax, b = Xy, c = Az for some A G C — {0}. Then 

Aa 2 + Bb 2 + Cc 2 + Dab + Eac + Fbz = 
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AX 2 x 2 + BX 2 y 2 + CX 2 z 2 + DX 2 xy + EX 2 xz + FX 2 yz 
= X 2 {Ax 2 + By 2 + Cz 2 + Dxy + Exz + Fyz) = 0 

Exercise 1.4.17. State and prove the generalization of the previous two exer- 
cises for any degree n homogeneous equation P(x , y, z) = 0. 

Solution. If the degree n homogeneous equation P(x,y,z) = 0 holds for 
the point ( x,y,z ) in C 3 , then it holds for every point of C 3 that belongs to the 
equivalence class (x : y : z) in P 2 . 


PROOF. Suppose P is a homogeneous polynomial of degree n such that P(x, y, z) = 
0 holds for the point ( x , y, z). Let (a, b,c) € (x : y : z) with a = Xx, b = X y, c = Xz 
for some A £ C - {0}. Since P is homogeneous, we can write 

P(x,y,z) = ^a ijk xVz k 

where the sum is taken over all triples i,j,k where 0 < i,j,k < n and i+j + k = n. 
Substituting ( a,b,c ) into P(x,y,z), we have 

P(a, b,c) = J2 a ijk (Xxy(Xyy(Xz) k = ]T a ijk X i +*+ k {x i yi Z k ) = A™ £ a ijk xYz k . 
Thus 


P(a, b , c) = A n P(x, y, z) = 0. 


□ 


Exercise 1.4.18. Consider the non-homogeneous equation P(x,y,z) = x 2 + 
2y + 2z = 0. Show that (2, —1, —1) satisfies this equation, but not all other points 
of the equivalence class (2 : —1 : —1) satisfy the equation. 

Solution. P( 2, — 1, -1) = 4- 2- 2 = 0. Take, for example, (-2, 1, 1) e (2 : 
-1 : -1). We have P(- 2, 1, 1) = 4 + 2 + 2 = 8. 

More generally, a point in the equivalence class (2 : —1 : —1) will have the form 
(2A, —A, —A) for some non-zero complex number A. Substituting into P(x , y, z) we 
have P( 2A, —A, —A) = 4A 2 — 2A — 2A = 4A(A — 1)^0 when A ^ 0, 1. 

Thus the zero set of a non-homogeneous polynomials is not well- defined in P 2 . 
These exercises demonstrate that the only polynomials that are well-defined on P 2 
(and any projective space P ra ) are homogeneous polynomials. 

In order to study the behavior at infinity of a curve in C 2 , we would like 
to extend the curve to P 2 . In order for the zero set of a polynomial over P 2 to 
be well-defined we must, for any given a polynomial on C 2 , replace the original 
(possibly non-homogeneous) polynomial with a homogeneous one. For any point 
(x : y : z) £ P 2 with 2 / 0 we have (x : y : z) ~ (- : K : l) which we identify, via 
(j) 1 from Exercise 11.4.10, with the point | J G C . This motivates our procedure 
to homogenize polynomials. 
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We start with an example. With a slight abuse of notation, the polynomial 
P(x,y) = y — x — 2 maps to P(x,y,z) = | | — 2. Since P(x,y,z ) = 0 and 

zP(x, y, z) = 0 have the same zero set if z ^ 0 we clear the denominator and 
consider the polynomial P(x, y, z) = y—x—2z. The zero set of P(x, y, z ) = y—x—2z 
in P 2 corresponds to the zero set of P(x, y) = y — x — 2 = 0 in C 2 precisely when 
z = 1. 

Similarly, the polynomial x 2 + y 2 — 1 maps to (-) + (-)” — 1. Again, clear 
the denominators to obtain the homogeneous polynomial x 2 + y 2 — z 2 , whose zero 
set, V(x 2 + y 2 — z 2 ) C P 2 corresponds to the zero set, V{x 2 + y 2 — 1) C C 2 when 

z=l. 

Definition 1.4.4. Let P(x,y) be a degree n polynomial defined over C 2 . The 
corresponding homogeneous polynomial defined over P 2 is 

P(x,y,z)=z n p( ||). 

Exercise 1.4.19. Homogenize the following equations. Then find the point(s) 
where the curves intersect the line at infinity. 

(1) ax + by + c = 0 

(2) x 2 + y 2 = 1 

(3) y = x 2 

(4) x 2 + 9 y 2 = 1 

(5) y 2 — x 2 = 1 

Solution. (1) The curve ax + by + cz = 0 intersects the line at infinity 
z = 0 in the point (— b : a : 0). 

(2) x 2 + y 2 = z 2 intersects the line at infinity at the points (i : 1 : 0) and 

H : 1 : 0). 

(3) yz = x 2 intersects the line at infinity at the point (0:1:0). 

(4) x 2 + 9 y 2 = z 2 intersects the line at infinity at the points (3i : 1 : 0) and 
(—3* : 1 : 0). 

(5) y 2 — x 2 = z 2 intersects the line at infinity at the points (1:1:0) and 
(-1:1:0). 

Exercise 1.4.20. Show that in P 2 , any two distinct lines will intersect in a 
point. Notice, this implies that parallel lines in C 2 , when embedded in P 2 , intersect 
at the line at infinity. 

Solution. We know in the affine plane, two distinct lines are either parallel 
or intersect in a point. Thus we need to show that parallel affine lines will meet in 
the projective plane. Let ax + by + c = 0 and dx + ey + / = 0 be two affine lines, 
which homogenize to ax + by + cz = 0 and cx + dy + ez = 0 in the projective plane. 
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Since the affine lines are parallel, either 6 = e = 0or| = g. The projective lines 
will intersect at (0 : 1 : 0) in the first case, and at (— b : a : 0) in the second. 

Exercise 1.4.21. Once we have homogenized an equation, the original vari- 
ables x and y are no more important than the variable z. Suppose we regard x 
and ^ as the original variables in our homogenized equation. Then the image of the 
zz-plane in IP 2 would be {(x : y : z) £ P 2 : y = 1}. 

(1) Homogenize the equations for the parallel lines y = x and y = x + 2. 

(2) Now regard x and z as the original variables, and set y = 1 to sketch the 
image of the lines in the rrz-plane. 

(3) Explain why the lines in part (2) meet at the cc— axis. 

Solution. (1) The homogeneous equations for these lines are y = x and 
y = x + 2z. 

(2) In the y = 1 plane the affine equations are x = 1 and x + 2z = 1. 



(3) The lines x = 1 and x + 2z = 1 intersect at the point x = 1, z = 0 on the 
x-axis in the xz-p\eme. The a;-axis, z = 0 in this affine plane, corresponds 
to the line at infinity in the projective plane. 

1.5. Projective Change of Coordinates 

The goal of this section is to define a projective change of coordinates and then 
show that all ellipses, hyperbolas and parabolas are equivalent under a projective 
change of coordinates. 


Earlier we described a complex affine change of coordinates from C 2 with points 
(x, y) to C 2 with points (u, v) by setting u = ax + bx + e and v = cx + dy + f. We 
will define the analog for changing homogeneous coordinates [x : y : z) for some 
P 2 to homogeneous coordinates (u : v : w) for another P 2 . We need the change of 
coordinates equations to be both homogeneous and linear: 
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change of 

coordinates /projective 


Definition 1.5.1. A projective change of coordinates is given by 

u = anx + a 12 y + a i3 z 
v = a 2 ix + a 22 y + a 23 z 
w = a 3 ix + a 32 y + a 33 z 


where the a,y £ C and 


In matrix language 


det 


I'an 

«12 

«13 N 

021 

»22 

023 

\«31 

®32 

033, 

^ u\ 


( x\ 

V 

= A 

y) 

w 


w 


where A — (ajj), aij £ C, and det A / 0. 


7 ^ 0 . 


Definition 1.5.2. Two conics in P 2 are equivalent under a projective change 
of coordinates , or protectively equivalent , if the defining homogeneous polynomial 
for one of the conics can be transformed into the defining polynomial for the other 
conic via a projective change of coordinates. 


Exercise 1.5.1. For the complex affine change of coordinates 

u = ax + by + e 
v = cx + dy + /, 

where a, 6, c,d,e,f£ C and ad — bc^ 0, show that 

u = ax + by + ez 
v = cx + dy + fz 
w = z 


is the corresponding projective change of coordinates. 


This means that if two conics in C 2 are equivalent under a complex affine 
change of coordinates, then the corresponding conics in P 2 will still be equivalent, 
but now under a projective change of coordinates. 



( a 

b 

e \ 

( u\ 

( x \ 

Solution. Let A = 

c 

d 

/ . Then 

v I = A 

» 


lo 

0 

d 

W 

w 


and upon dehomog- 


enizing by setting z = 1 we obtain the corresponding affine change of coordinates. 
Furthermore, det A = ad — be 0 as required. 



DRAFT COPY: Complied on February 4, 2010. 


39 


Exercise 1.5.2. Let Ci = V(x 2 + y 2 — 1) be an ellipse in C 2 and let 62 = 
V(u 2 — v) be a parabola in C 2 . Homogenize the defining polynomials for Ci and 
62 and show that the projective change of coordinates 

u = ix 


v = y + z 
w = y — z 

transforms the ellipse in P 2 into the parabola in P 2 . 

Solution. The homogenized polynomials are fi = x 2 +y 2 ^z 2 and = u 2 —vw 
respectively. If we solve the above system for x, y and z we have 

u 

x = — = —ui 
1 

V + w 
2 

v — w 


y = 


2 

If we substitute these variables into / 1 , we have 
y 2 - z 2 = ( — ui) 2 + 


— u 2 + \ (v 2 + 2 vw + w 2 — (v 2 — 2vw + ' 
4 v 

— u 2 + vw = — (it 2 — vw) 

Iconics 


2 )) 


Exercise 1.5.3. Use the results of Section 1.3 together with the above problem 
to show that, under a projective change of coordinates, all ellipses, hyperbolas, and 
parabolas are equivalent in P 2 . 

I conics 

Solution. We have seen in Section 11.3 that ellipses and hyperbolas are equiv- 
alent under complex affine changes of coordinates. We may homogenize the affine 
change of coordinates to obtain a projective change of coordinates. The previous 
exercise shows that an ellipse is equivalent to a parabola under a projective change 
of coordinates. Therefore all ellipses, hyperbolas and parabolas are projectively 
equivalent. 


1.6. The Complex Projective Line P 1 


The goal of this section is to define the complex projective line P 1 and show that it 
can be viewed topologically as a sphere. In the next section we will use this to show 
that ellipses, hyperbolas, and parabolas are also spheres in the complex projective 
plane P 2 . 


We start with the definition of P 1 : 
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projectiveUine Definition 1.6.1. Define an equivalence relation ~ on points in C 2 — {(0,0)} 

as follows: [x, y ) ~ (u, v) if and only if there exists A € C — {0} such that (x, y) = 
(Am, Xv). Let (x : y) denote the equivalence class of ( x,y ). The complex projective 
line P 1 is the set of equivalence classes of points in C 2 — {(0,0)}. That is, 

P 1 = (C 2 — {(0, 0)}) j ~ . 

The point (1 : 0 ) is called the point at infinity. 


The next series of problems are direct analogs of problems for P 2 . 


uniquess inproj 


Exercise 1.6.1. Suppose that (x±,yi) 
that i/i = 2/2- 


(^2,2/2) and that X\ = X2 0 . Show 


Solution. Since (£1,2/1) ~ (£2,2/2), there exists a non-zero complex number 
A such that 


£1 = XX2 

2 /i = A2/2- 

Since we know that £1=12/ 0 , it must be the case that A = 1 , giving us our 
result. 


Exercise 1.6.2. Suppose that (£1,2/1) ~ (£2,2/2) with y\ ^ 0 and 2/2 7^ 0. 
Show that 


( £i,2/i ) 




(£2,2/2)- 


Solution. The non-zero complex number A that works to show that (£1,2/1) 


(S- 1 ) 


is y 1, since 



2/i = 2/1-1 


In the same way, the non-zero complex number A that works to show that (£2, 2/2) ~ 
(ft’ -*-) U 2 ' Si nce we know that (£1,2/1) ~ (£2,2/2) and since ~ is an equivalence 

relation, we are done. 


Exercise 1 . 6 . 3 . Explain why the elements of P 1 can intuitively be thought of 
as complex lines through the origin in C 2 . 

Solution. Let (a, b) € C 2 — {(0, 0)}. Then the complex line through this point 
and the origin ( 0 , 0 ) can be described as all points ( x,y ) satisfying 


£ = A a, y = Xb 
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af f inebi jection3 


af f inebi jection4 


for any complex number A. Here A can be thought of as an independent parameter. 
The point (a : b) £ P 1 corresponds to the points (Xa,Xb)C 2 , which are indeed 
precisely the actual points on the line through the point (a, b ) and the origin (0, 0), 
as desired. 


Exercise 1.6.4. If b ^ 0, show, in C 2 , that the line x = X a, y = Xb will 
intersect the plane {(x,y) : y = 1} in exactly one point. Show that this point of 
intersection is (f , l) • 

Solution. We want to find the point of intersection of the line x = X a, y = Xb 
with the plane {{x,y) : y = 1}. Thus we must find the number A so that 

l = y = Xb, 

and thus we have 



Then the point of intersection is 

CAa, A6) = (I«, 1*) = (^ l), 

as desired. 


We have that 

P 1 = {{x ■ y) G P 1 : V ± 0} U {(1 : 0)}. 

Exercise 1.6.5. Show that the map </> : C — >■ {(a: : y) £ P 1 : y ^ 0} defined by 
4>(x) = (x : 1) is a bijection. 


Solution. We must show that 4> is one-to-one and onto. For one-to-oneness, 
suppose that 


<t>(x i) = (f>(x 2 ). 


Then 


(xx : 1) = (x 2 : 1), 

hiniquess inproj 

and hence by exercise 11.6.1, we have that 


xi = x 2 , 

meaning that </> is one-to-one. 

Now let (a : b) £ {(a? : y) £ P 1 : y ^ 0}. Since b ^ 0, we have 

K?) = (i : 0 = : ^ 

meaning that </> is also onto. 

Exercise 1.6.6. Find a map from {(a: : y) £ P 1 : y ^ 0} to C that is the 

laff inebi jection3 

inverse of the map </> in Exercise 11.6.5. 
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homeomorphism 


Solution. Define 


t : {(x : y) £ P 1 : y ^ 0} — > C 


by setting 


r(x :y) = ~. 

V 

We first must show that this map is well-defined. Since (x : y) describes the same 
point as (Ax : A y), with A ^ 0, we must show that 

t(x : y) = t(Ax : A y). 


This can be easily shown, since 

t(x : y) = - = ^ = t(Ax : A y), 

V A y 

as desired. 

Now to show we can identify r with the inverse <^ _1 . We must show that 
r o <j>{x) = x for all x € C and that <f> o t(x : y) = (x : y) for all (x : y) £ {(x : y) € 
P 1 : y ± 0}. 

But these are true since 


t o <j>(x) = t(x : 1) 


x 

I 


= x 


and 


<j> o r(x : y) 





# 4 laf f inebi i elaf f 6n§bi j ect ion4 

The maps (j) and 0 1 in Exercises li.6.5 and 11.6.6 show us how to view C inside 
P 1 . Now we want to see how the extra point (1 : 0) will correspond to the point at 
infinity of C. 

inverse of the map in the previous problem. 


Exercise 1.6.7. Consider the map (f> : C — > P 1 given by 4>(x) = (x : 1). Show 
that as |x| —> oo, we have </>(x) — > (1 : 0). 

Solution. We have 


lim 0(x) 

|x |— >oo 


lim (x : 1) 

| cc | — >oo 


lim ( 1 : — 

|:r|— >-oo \ X 

(1:0) 


Hence we can think of P 1 as the union of C and a single point at infinity. Now 
we want to see how we can regard P 1 as a sphere, which means we want to find a 
homeomorphism between P 1 and a sphere. A homeomorphism is a continuous map 
with a continuous inverse. Two spaces are topologically equivalent, or homeomor- 
phic, if we can find a homeomorphism from one to the other. We know that the 
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stereographic 


points of C are in one-to-one correspondence with the points of the real plane R 2 , 
so we will first work in R 2 C R 3 . Let S 2 denote the unit sphere in R 3 centered at 
the origin. This sphere is given by the equation 

2,2,2 i 

x +y + z = 1. 

Exercise 1.6.8. Let p denote the point (0, 0, 1) e S 2 , and let £ denote the line 
through p and the point ( x , y , 0) in the xy- plane, whose parametrization is given 

by 

7 (t) = (1 - t)( 0, 0, 1) + t(x, y, 0), 

i.e. 

I = {(tx, ty, 1 — t) | t € R}. 

(1) i clearly intersects S 2 at the point p. Show that there is exactly one other 
point of intersection q. 

(2) Find the coordinates of q. 

(3) Define the map ip : R 2 — >• S 2 — {p} to be the map that takes the point 
(x, y) to the point q. Show that ip is a continuous bijection. 

(4) Show that as |(x, y)| — > oo, we have ip(x,y) p. 

Solution. We want to find the values of the real parameter t such that 7 (t) £ 
S 2 . Now the coordinates of the points on the line are given by 

({tx, ty, (1 - t)) e l. 

Thus we must find the real numbers t such that 

(tx) 2 + (ty 2 ) + (1 - t) 2 = 1, 

where x and y are fixed real numbers. Thus we must solve the quadratic 

(x 2 + y 2 + 1)< 2 — 2t = 0 


and thus find the roots of 


t(((x 2 + y 2 + l)f — 2) — 0. 


Certainly t = 0 is a root, which is the point p = (0, 0, 1). The other root is a solution 
of 


(x 2 + y 2 + 1)£ — 2 = 0 


2 

x 2 + y 2 + 1 


and is hence 
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Thus the other point of intersection is 
l{t) = 7 ' 


x 2 + y 2 + 1 
2 

x 2 + y 2 + 1 
2x 


y - 1 - 


a: 2 + j/ 2 + 1 
2y a: 2 + y 2 - 1 


a; 2 + y 2 + 1 


v a; 2 + y 2 + 1 ’ a; 2 + y 2 + 1 ’ a: 2 + y 2 + 1 
We thus define ^ : R 2 — > S 2 — {p} by setting 

,, ) = f 2x 2 y x 2 + y 2 - 1 

X ’ ^ \ a; 2 + y 2 + 1 ’ x 2 + y 2 + 1 ’ a: 2 + y 2 + 1 , 

Since each of the components of if) is continuous, the map V’ is continuous. 

For part (4), we have 

lim 2 2 X 2 = 0 

(#,?/)—>•( oo,oo) x z + y z + 1 

2 V n 

lim -5— — — = 0 

oo,oo ) T y t 1 

since both of the numerators grow linearly in a: and y while the denominators grow 
quadratically in x and y. Also, we have 

x 2 + y 2 — 1 


lim 9 , 9 , 1 

(x,y)—t (00,00) X A + ?/ z + 1 


lim 


i U_ 

1 ^ 2 _i _,.2 


(x,y)— >(oo,oo) 1 -|- 

= 1. 


1 

;r 2 _|_y 2 


Thus as | (ar, y)\ —> oo, we have y) p = (0, 0, 1). 

This map from S 2 — (0,0, 1) — > R 2 is called the stereographic projection from 
the sphere to the plane. Note that the south pole (0,0, —1) on S 2 maps to the 
origin (0,0) in R 2 . Also, there is an analogous map from S 2 — (0,0, —1) — > R 2 , 
where here it is the north pole (0, 0, 1) on S 2 that maps to the origin (0, 0) in R 2 . 

Exercise 1.6.9. Use Exercise 11.6.8 to show that P 1 is homeomorphic to S 2 . 

Solution. We know that P 1 = {( z : 1) £ P 1 : z £ C} U {(1 : 0)}. Define 

a : P 1 — >■ S' 2 , 

using the notation of the previous exercise, by setting 

a(l : 0) = p 

where p = (0, 0, 1) and 


a(z : 1) = a(x + iy : 1) = ip(x, y) = 


2x 


2 y 


x 2 + y 2 — 1 


v x 2 + y 2 + 1 ’ a; 2 + y 2 + 1 ’ x 2 + y 2 + 1 
From the previous exercises, we know that this is our desired homeomorphism. 
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The above argument does establish a homeomorphism, but it relies on coordi- 
nates and an embedding of the sphere in R 3 . We now give an alternative method 
for showing that P 1 is a sphere that does not rely as heavily on coordinates. 

If we take a point (x : y) £ P 1 , then we can choose a representative for this 
point of the form : 1^, provided y ^ 0, and a representative of the form (l : |), 
provided i / 0. 

Exercise 1.6.10. Determine which point(s) in P 1 do not have two represen- 
tatives of the form (x : 1) = (1 : -). 

Solution. There are two such points, namely (1 : 0) and (0 : 1). 


Our constructions needs two copies of C. Let U denote the first copy of C, 
whose elements are denoted by x. Let V be the second copy of C, whose elements 
we’ll denote y. Further let U* = U — {0} and V* = V — {0}. 



Exercise 1.6.11. Map U — > P 1 via x —> (x : 1) and map V — > P 1 via y — > (1 : 
y). Show that there is a the natural one-to-one map U* — > V* . 



1 

x 


The next two exercises have quite a different flavor than most of the problems 
in the book. The emphasis is not on calculations but on the underlying intuitions. 


Exercise 1.6.12. A sphere can be split into a neighborhood of its northern 
hemisphere and a neighborhood of its southern hemisphere. Show that a sphere 
can be obtained by correctly gluing together two copies of C. 



Figure 6. gluing copies of C together 
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parameterizationlrational SOLUTION. We can identify 

S 2 — north pole 

with R 2 , which in turn can be identified with C. The origin of C will map to the 
south pole. Similarly we also can identify 

S 2 — south pole 

with R 2 , which of course can be identified with another copy of C. Here the origin 
of C will map to the north pole of S 2 . 

Exercise 1.6.13. Put together the last two exercises to show that P 1 is topo- 
logically equivalent to a sphere. 

[patching .. 

Solution. From 11.6.11 , we have a bijective map U — > P via x — > (x : 1) 
and a bijective map V — > P 1 via y — > (1 : y). But we also have a bijective map 
from U to S 2 — north pole and a bijective map from V to S 2 — south pole. Putting 
these maps together gives us our result. Note that the south pole will correspond 
to (0 : 1) and the north pole with (1 : 0). 


1.7: Conics : Spheres 


1.7. Ellipses, Hyperbolas, and Parabolas as Spheres 

The goal of this section is to show that there is always a bijective polynomial 
map from P 1 to any ellipse, hyperbola, or parabola. Since we showed in the last 
section that P 1 is topologically equivalent to a sphere, this means that all ellipses, 
hyperbolas, and parabolas are spheres. 


1.7.1. Rational Parameterizations of Smooth Conics. We start with 
rational parameterizations of conics. While we will consider conics in the complex 
plane C 2 , we often draw these conics in R 2 . Part of learning algebraic geometry 
is developing a sense for when the real pictures capture what is going on in the 
complex plane. 

Consider a conic C = {(a;, y) € C 2 : P(x, y) = 0} C C 2 where P{x, y) is a second 
degree polynomial. Our goal is to parametrize C with polynomial or rational maps. 
This means we want to find a map (j> : C — >■ C C C 2 , given by cj>( A) = (x(X),y(X)) 
such that x(X) and y{ A) are polynomials or rational functions. In the case of a 
parabola, for example when P(x, y) = x 2 — y , it is easy to find a bijection from C 
to the conic 6. 

Exercise 1.7.1. Find a bijective polynomial map from C to the conic C = 
{(x,y) e C 2 : x 2 - y = 0}. 

Solution. A — > (A, A 2 ), one-to-one: if (A, A 2 ) = (y,y 2 ) then A = y, onto: if 
(x, y) £ C then y = x 2 so x — > ( x , y). 
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elliparametrization 


elliparamdegenerate 


On the other hand, it may be easy to find a parametrization but not a rational 
parametrization. 

Exercise 1.7.2. Let G = V(x 2 + y 2 — 1) be an ellipse in C 2 . 

(1) Find a trigonometric parametrization of 6. 

(2) For any point (x, y) £ 6, express the variable a; as a function of y involving 
a square root. Use this to find another parametrization of C. 


The exercise above gives two parameterizations for the circle but in algebraic geom- 
etry we restrict our maps to polynomial or rational maps. We develop a standard 

I stereographic 

method, similar to the method developed in Exercise 11.6.8, to find such a parame- 
terization below. 


Exercise 1.7.3. Consider the ellipse C = V ( x 2 + y 2 — 1) C C 2 and let p denote 
the point (0, 1) £ G. 

(1) Parametrize the line segment from p to the point (A,0) on the complex 

I stereographic 

line y = 0 as in Exercise 11.6.8. 

(2) This line segment clearly intersects G at the point p. Show that if A ^ ±i, 
then there is exactly one other point of intersection. Call this point q. 

(3) Find the coordinates of q £ G. 

(4) Show that if A = ±i, then the line segment intersects 6 at p only. 

Solution. (1) The slope of the line is ^ so the equation of the line is 
y = x + 1. A parameterization for the line segment is then (t, + 1 

with t running from 0 to A. 

(2) Substitute y = ^-x+1 into x 2 +y 2 — 1 = 0 and solve for x to find that one 
solution is x = 0 which corresponds to the point p and the other solution 
is r — 

(3) Solve for the y value to find the coordinates of q: (yfyq, yrpi)- 

(4) If A = ±i when we substitute y = x + 1 into x 2 + y 2 — 1 = 0 we’ll 
find — 2 Ax = 0 and so the only solution is x = 0 which corresponds to the 
point p. 


Define the map ^ : C -> 6 C C 2 by 


lHA) 


/ 2A A 2 - 1 A 

^wTT’ wTTy ' 


But we want to work in projective space. This means that we have to homog- 
enize our map. 


Exercise 1.7.4. Show that the above map can be extended to the map ij ) : 
P 1 — > {(x : y : z) £ P 2 : x 2 + y 2 — z 2 = 0} given by 

if>(\ : p) = (2A/x : A 2 — p 2 : A 2 + p 2 ). 
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Solution. Restrict ip to the affine chart /x = 1 and scale the point in P 2 that 
results by yAj- We obtain 


(A : 1) 


/ 2A A 2 - 1 
\X 2 + 1 : A 2 + 1 



which agrees with the map ip on the affine copy of C that corresponds to /x = 1. 


pro j ectiveelliparam 


Exercise 1.7.5. 


(1) Show that the map ip is one-to-one. 

(2) Show that ip is onto. [Hint: Consider two cases: z ^ 0 and z = 0. For 
z ^ 0 follow the construction given above. For z = 0, find values of A and 
/i to show that these point (s) are given by ip. How does this relate to Part 

ielliparamdegeriebi-tBaxametrization 

Id of Exercise 1177.3?] 


Solution. (1) Assume 2A/x = 2A/x, A 2 — p 2 = A 2 — p 2 , and A 2 — p 2 = 
A 2 — p 2 . Solve the first equation to obtain A = -A Substitute this into 
the second two equations and solve for p : p = ±/x. Solve for A to find 
A = ±A. Thus, we have either (A : /x) = (A : p ) or (A : /x) = (±A : ±/x) but 
in projective (A : /x) = (±A : ±/x) and so ip is one-to-one. If either A or /x 
is zero one shows similarly (but much more easily) that ip is one-to-one. 

(2) If z ^ 0 set x = 2Xp, y = X 2 — p 2 , and z = A 2 + p 2 . Solve for A and 
/x to find A = yj an( i ^ ^ j It is easy confirm that the point 

: J ^r-) maps to a point on C. 


Since we already know that every ellipse, hyperbola, and parabola is projec- 
tively equivalent to the conic defined by x 2 + y 2 — z 2 = 0, we have, by composition, 
a one-to-one and onto map from P 1 to any ellipse, hyperbola or parabola. 

But we can construct such maps directly. Here is what we can do for any conic 
C. Fix a point p on C, and parametrize the line segment through p and the point 
(x, 0). We use this to determine another point on curve 6, and the coordinates of 
this point give us our map. 


Exercise 1.7.6. For the following conics, for the given point p , follow what we 
did for the conic x 2 + y 2 — 1 = 0 to find a rational map from C to the curve in C 2 
and then a one-one map from P 1 onto the conic in P 2 . 

(1) x 2 + 2x — y 2 — 4y — 4 = 0 with = (0, —2). 

(2) 3x 2 + 3 y 2 — 75 = 0 with p = (5, 0). 

(3) Ax 2 + y 2 — 8 = 0 with p = (1, 2). 

Solution. (1) We find the map from C to 6: A — > ~ 2 '\ 2 1 4 ^ +8 ^ ■ 

The map from P 1 to the curve C in P 2 is then (A : /x) — > (— 2A 2 : — 2A 2 — 4A/x + 8p 2 : A 2 — 4/x 2 ) . 
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(2) Use the point (0, A) to find the parameterization A — > \?+ 25 ) Pythagorean Theorem 

and (A : y) — > (5A 2 — 125 y 2 : 50A y : A 2 + 25y 2 ). 

1.7.2. Links to Number Theory. The goal of this section is to see how 
geometry can be used to find all primitive Pythagorean triples, a number theory 
problem. 


Overwhelmingly in this book we will be interested in working over the complex 
numbers. But if instead we work over the integers or the rational numbers, some 
of the deepest questions in mathematics appear. We want to see this approach in 
the case of conics. 

In particular we want to fink the last section to the search for primitive Pythagorean 
triples. A Pythagorean triple is a triple, (x, y, z), of integers that satisfies the equa- 
tion 

2,2 2 

x + y = z . 

Exercise 1.7.7. Suppose (xo,yo,zo) is a solution to x 2 +y 2 = z 2 . Show that 
(mxo,myo,mzo) is also a solution for any scalar m. 

Solution, (mi o ) 2 + (mj/o ) 2 = m 2 x q + m 2 yQ = m 2 (x q + y^) = ?n 2 Zg = ( mzo ) 2 

A primitive Pythagorean triple is a Pythagorean triple that cannot be obtained 
by multiplying another Pythagorean triple by an integer. 

The simplest example, after the trivial solution (0, 0, 0), is (3, 4, 5). These triples 
get their name from the attempt to find right triangles with integer length sides, 
x, y, and 0 . We will see that the previous section gives us a method to compute all 
possible primitive Pythagorean triples. 

We first see how to translate the problem of finding integer solutions of x 2 +y 2 = 
z 2 to finding rational number solutions to x 2 + y 2 = 1. 

Exercise 1.7.8. Let (a,b,c) £ Z 3 be a solution to x 2 + y 2 = z 2 . Show that 
c = 0 if and only if a = b = 0. 

Solution. If a = b = 0 then c 2 = 0 and so c = 0. If c = 0 then a 2 + b 2 = 0 
and since we are working over Z clearly a = b = 0. 

This means that we can assume c / 0, since there can be only one solution 
when c = 0. 

Exercise 1.7.9. Show that if (a, 6, c) is a Pythagorean triple, with 0, then 
the pair of rational numbers (“ , |) is a solution to x 2 + y 2 = 1. 

Solution. If a 2 + b 2 = c 2 , divide by c 2 and we have (^) 2 + (|) 2 = 1. 
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Exercise 1.7.10. Let £ Q 2 be a rational solution to x 2 + y 2 = 1. 

Find a corresponding Pythagorean triple. 

Solution. Multiply by (cic 2 ) 2 to find the triple (a 2 c\,b 2 c\, c\c 2 ) . 

Thus to find Pythagorean triples, we want to find the rational points on the 
curve x 2 + y 2 = 1. We denote these points as 

C(Q) = {(x, y) £ Q 2 : x 2 + y 2 = 1}. 

Recall, from the last section, the parameterization ip : Q — >• {(x,y) £ Q 2 : 
x 2 + y 2 = 1} given by 

$ f 2A A 2 — 1 

V^Ti’ wTi 

Exercise 1.7.11. Show that the above map ip sends Q — > C(Q). 

Solution. If A £ Q then clearly ^ x^+T , Wfr) e Q 2 - Substitute the point 
( a^+T> AWd) equiation x 2 + y 2 = 1 to see that the point lies on the curve. 

Extend this to a map : P 1 (Q) — > C(Q) C P 2 (Q) by 
(A : /x) i — >• (2A n : A 2 — ^t 2 : A 2 + y 2 ), 

where A,/j€Z. 

[proiectiveelliparam 

Since we know already that the map i\) is one-to-one by Exercise 11.715, this give 
us a way to produce an infinite number of integer solutions to x 2 + y 2 = z 2 . 

Exercise 1.7.12. Show that A and y are relatively prime if and only if A : y) 
is a primitive Pythagorean triple. 

Thus it makes sense for us to work in projective space since we are only inter- 
ested in primitive Pythagorean triples. 

We now want to show that the map ip is onto so that we actually obtain all 
primitive Pythagorean triples. 

Exercise 1.7.13. 

(1) Show that ip : P 1 (Q) — > C(Q) C P 2 (Q) is onto. 

(2) Show that every primitive Pythagorean triple is of the form (2A/x, A 2 — 
y 2 , A 2 + /i 2 ), where A, y £ Z are relatively prime. 

Exercise 1.7.14. Find a rational point on the conic x 2 + y 2 — 2 = 0. Develop 
a parameterization and conclude that there are infinitely many rational points on 
this curve. 
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Solution. Use the point (1,1) on the curve and the point (A, 0) to find the Diophantine equation 
line y = + 1- Substitute this into the equations that defines the curve to find 

points of intersection 1 and — a 2 - 2 A +2 • The secon d point is rational when A is. The 
corresponding y-coordinate is 2 , 2 . 

Exercise 1.7.15. By mimicking the above, find four rational points on each of 
the following conics. 

(1) x 2 + 2x — y 2 — 4y — 4 = 0 with p = (0, —2). 

(2) 3x 2 + 3 y 2 — 75 = 0 with p = (5, 0). 

(3) 4x 2 + y 2 — 8 = 0 with p = (1, 2). 

Solution. (1) We’ll use the point (A, 0) to find a parameterization. We 
find the points A Y 4 > ~ 2A a^- 4 ~ : ) ■ To find four rational points chose 

values for A. For example, if A = 1 we find the point (|, — §). 

(2) This time we’ll use the point (0, A). We find the point awIs) • 

If A = 1 we find the point (— f§> ff)- 

(3) We find the parameterization ( ,\ 2 - 4 A+s > ~~ 2 a^^a+s 6 ) • Tor example, A = 

1 gives the point (— |). 

Exercise 1.7.16. Show that the conic x 2 + y 2 = 3 has no rational points. 

Solution. Suppose there is a solution ( a/b,c/d ). We clear denominators to 
see this gives (ad) 2 + (be) 2 = 3 b 2 d 2 . This implies there exists an integer solution 
to m 2 + n 2 = 0 (mod 3). However, we check all possibilities to see the m 2 + n 2 is 
never congruent to 0 modulo 3. 

Diophantine problems are those where you try to find integer or rational solu- 
tions to a polynomial equation. The work in this section shows how we can approach 
such problems using algebraic geometry. For higher degree equations the situation 
is quite different and leads to the heart of a great deal of the current research in 
number theory. 

1.8. Degenerate Conics - Crossing lines and double lines. 

The goal of this section is to extend our study of conics from ellipses, hyperbolas 
and parabolas to the “degenerate” conics: crossing lines and double lines. 


Let f(x,y,z) be any homogeneous second degree polynomial with complex 
coefficients. The overall goal of this chapter is to understand curves 


G = {(x:y : z) G P 2 : f(x, y, z) = 0}. 
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Most of these curves will be various ellipses, hyperbolas and parabolas. But consider 
the second degree polynomial 

f(x, y, z) = (—x + y + z)( 2x + y + 3 z) = — 2x 2 +y 2 + 3 z 2 + xy — xz + Ayz. 
Exercise 1.8.1. Dehomogenize f(x,y,z) by setting z = 1. Graph the curve 
C(®0 = {(® '■ y ■ z) €P 2 : f(x,y,l) = 0} 

in the real plane K 2 . 


Solution. We have 

f(x, y , 1) = (-x + y + l)(2x + y + 3) = -2x 2 + y 2 + 3 + xy - x + Ay. 

From the factored from we see that the graph is two crosses lines: y = x — 1 and 
y = —2x — 3. 

The zero set of a second degree polynomial could be the union of crossing lines. 


Exercise 1.8.2. Consider the two lines given by 


(a\x + biy + c\z){a 2 x + b 2 y + c 2 z ) = 0, 


and suppose 


ai bi 

^a 2 b 2/ 

Show that the two lines intersect at a point where z ^ 0. 


det | 1 I ^ 0. 

>«2 b 2 J 


di &1 Cl 


ai b i 


Solution. Consider the matrix I 1 1 . Since det I I ^ 0 

V a 2 b 2 c 2 J \a 2 b 2 J 

it is easy to see this matrix will have full rank and hence non-trivial solution. In 

particular z will be the free variable. More explicitly if we perform row reduction we 

/ ]_ 0 — c 2 b 2 +biC2 \ 

0 


find the reduced row echelon form of the matrix is 


1 


b 2 a 1 a 2 b i Notice 

c 2 ai —a 2 ci I 
b 2 a\—a 2 b\ / 

the non-zero determinant appears in the denominator of the entries in the third 
column. It is a simple matter to find the intersection for any value of 2 0. 


Exercise 1.8.3. Dehomogenize the equation in the previous exercise by setting 
z = 1. Give an argument that, as lines in the complex plane C, they have distinct 
slopes. 


Solution. The slope of the line aix + biy+Ci = 0 is — The slope of the line 
a 2 x + b 2 y + C2 = 0 is — If — ^ then aib 2 — a 2 b\ = 0 but by assumption 

the determinant is non-zero. 
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Exercise 1.8.4. Again consider the two lines 

(a±x + biy + ciz)(a 2 x + b 2 y + c 2 z ) = 0, 

where at least one of ai,6i,or Ci is nonzero and at least one of a 2 , b 2 , or c 2 is 
nonzero. (This is to guarantee that (a\X + b\y + C\z){a 2 x + b 2 y + c 2 z) is actually 
second order.) Now suppose that 

(a, h\ 

= 0 



and that 


clet 


a i Ci 



/0 or det 

\a 2 c 2 ) 

Show that the two lines still have one common point of intersection, but that this 
point must have z = 0. 


Solution. Suppose det 


ai ci 

, a 2 c 2 


^ 0 For convenience we’ll rearrange the 


variables and consider the matrix 


ai Ci bi 

a 2 c 2 b 2 


The reduced row echelon 


form is 


— Cib2+biC2 

C2Cli—a2Ci 

b2ai — a2bi 
C2CL1 — CL2C1 

Since we have rearranged the variables, we see that z = 0. Still, there are solutions 


1 0 
0 1 


which by assumption equals 

variables, we see that z = 0. 
for any value of x ^ 0. Of course, the other case is analogous. 



There is one other possibility. Consider the zero set 

6 = {(x : y : z) £ P 2 : (ax + by + cz) 2 = 0}. 
As a zero set, the curve 6 is geometrically the line 

ax + by + cz = 0 

but due to the exponent 2, we call 6 a double line. 


Exercise 1.8.5. Let 

f(x, y, z) = (aix + b\y + ciz){a 2 x + b 2 y + c 2 z), 

where at least one of ai,6i,or Ci is nonzero and at least one of the a 2 ,b 2 ,or c 2 is 
nonzero. Show that the curve defined by f(x , y, z) = 0 is a double line if and only 
if 


det 


a 1 

,a 2 


= 0, 



= 0, and det 


'1 > 

b\ ci 

M c 2/ 


= 0. 
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Solution. If / is a double line then a± = ka,2, b\ = fc&2, and c\ = kc 2 for 
some non-zero value of k. Clearly all the indicated determinants are then zero. 
Conversely if all three determinants are zero then ^ = — — k for some non- 

J CL2 02 C 2 

zero value of k. Then we can write f(x, y , z) = ( a\X + b\y + C\z)(a2X + b^y + C2Z ) 
as f(x, y, z) = k(ax + by + cz ) 2 . 

We now want to show that any two crossing lines are equivalent under a pro- 
jective change of coordinates to any other two crossing lines and any double line is 
equivalent under a projective change of coordinates to any other double line. This 
means that there are precisely three types of conics: the ellipses, hyperbolas, and 
parabolas; pairs of lines; and double lines. 

For the exercises that follow, assume that at least one of a\ ,b\, or c\ is nonzero 
and at least one of 02,62,01' C2 is nonzero. 


Exercise 1.8.6. Consider the crossing lines 

(a\x + biy + ciz)(ci2X + b 2 y + C2Z ) = 0, 


with 


det 


a 1 b\ 


7^0. 


\a 2 62 J 

Find a projective change of coordinates from xyz- space to uvw- space so that the 
crossing lines become 

uv = 0. 


Solution. We want to find a matrix M such that 



( u ^ 


( X \ 

M ■ 

V 

= 



\ w ) 


\w ) 


gives a \X + b\y + C\z = u and CI 2 X + & 2 I/ + C 2 Z = v with this change of variables. If 
you write this out you’ll see this amounts to solving 3 systems of 2 equations each. 
( a\ &i\ 

(i-2 b 2 ) 





( b 2 — c\b 2 + biC 2 -b\ — c\b 2 + bic 2 — ci& 2 + 6 ic 2 


—0,2 — C2<1\ + U2 C 1 

d 


Hi — C2CI1 + H2C1 —C2CI1 + (Z2C1 

d d 


Exercise 1.8.7. Consider the crossing lines (aiX + biy+Ciz)(a2X + b 2 y + C2z) = 
0, with 

/ \ 

Oi Ci 


det 


,«2 C2 , 


yo. 
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Find a projective change of coordinates from xyz- space to uvw- space so that the 
crossing lines become 

uv = 0. 


Solution. Similarly, let d = det 



/ 

V 


C 2 — biC2 + C\b 2 

d 

—<i 2 — b 2 a i + o 2 6i 



then the transformation matrix is 


— Cl — foiC 2 + Ci& 2 — 61C2+C162 

d d 

ai — b 2 d\ + o, 2 bi b 2 a 1 — d 2 b\ 


Exercise 1.8.8. Show that there is a projective change of coordinates from 
xyz - space to uvw - space so that the double line (ax + by + cz ) 2 = 0 becomes the 
double line 

u 2 = 0. 


Solution. The tricky part here is finding a transformation matrix whose de- 
terminant is non-zero. If two of a, 6, c are zero then simply rename the appropriate 
variable u. Assume then that two of a, b, c are non-zero, without loss of generality 
we’ll assume a and c are non-zero. Solving systems similar to the two previous 
exercises we’ll have two free variables this time. One possible transformation is 


( “ 
V 




The determinant of this matrix is — a+ ^ c ■ Ifa + 6 + c=0 then there are two cases. 
If b — 0 then ax + by + cz = a(x — z) and we rename x — z, u. If b ^ 0 find a 
matrix analogous to the one given above, but with the assumption that a and b are 
non-zero. 


Exercise 1.8.9. Argue that there are three distinct classes of conics in P 2 . 

Solution. From section 5 of this chapter we has seen that ellipses, parabola, 
and hyperbola are equivalent under projective transformations. In this section we 
have seen that crossed lines are double lines are distinct. 


1.9. Tangents and Singular Points 

The goal of this section is to develop the idea of singularity. We’ll show that all 
ellipses, hyperbolas, and parabolas are smooth, while crossing lines and double lines 
are singular, but in different ways. 


Thus far, we have not explicitly needed Calculus; to discuss singularities we will 
need to use Calculus. We have been working over both real and complex numbers 
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curve! singular 


throughout. For all of our differentiation we will use the familiar differentiation 
rules from real calculus, but we note that the underlying details involved in complex 
differentiation are more involved than in the differentiation of real- valued functions. 
See the appendix on complex analysis for further details. 

Let f(x,y ) be a polynomial. Recall that if /(a, b) = 0, then the normal vector 
for the curve f(x, y) = 0 at the point (a, b) is given by the gradient vector 

y / ( a , 6) = fc). b>) . 

A tangent vector to the curve at the point (a, b ) is perpendicular to V/(a, b) 
and hence must have a dot product of zero with V/(a, b). This observation shows 
that the tangent line is given by 

{(x,y) e C 2 : (jjt(a,b)j (x - a) + {y-b) = 0}. 


1-9 : gradient 



Figure 7. gradient versus tangent vectors 

Exercise 1.9.1. Explain why if both ^(a, b) = 0 and a,b ) = 0 then the 

tangent line is not well-defined at (a, b). 

Solution. If both fy (a, b) = 0 and (a, b) = 0, then every vector is orthog- 
onal to V. Thus the direction of the tangent line is not unique, thus the tangent 
line cannot be well-defined. 

This exercise motivates the following definition. 

Definition 1.9.1. A point p = (a, b) on a curve C = { (cc, y) G C 2 : f(x, y) = 0} 
is said to be singular if 


§£M)= Oand a,b) = 0 . 
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A point that is not singular is called smooth. If there is at least one singular point 
on C, then curve G is called a singular curve. If there are no singular points on 6, 
the curve 6 is called a smooth curve. 


Exercise 1.9.2. Show that the curve 

6 = {(a;, y) £ C 2 : x 2 + y 2 - 1 = 0} 

is smooth. 

Solution. We have = 2x and ^ = 2 y. To be singular, we need both 
SjL = 0 and simultaneously = 0. This occurs when x = 0 and y = 0. However, 
(0, 0) ^ G. Since there is no point where 6 is singular, G is smooth. 

Exercise 1.9.3. Show that the pair of crossing lines 

C = {(a:, i/)eC 2 :(i + !/-l)(i-i/-l)=0} 

has exactly one singular point. [Hint: Use the product rule.] Give a geometric 
interpretation of this singular point. 

Solution. We have || = (x — y — 1) + (x + y — 1) = 2x — 2 and = 
(x — y — 1) — (x + y — 1) = —2 y. This system has solution x = 1 and y = 0. Since 
(1,0) £ G, this is a singular point on the curve. This point is where the two lines 
cross. 


Exercise 1.9.4. Show that every point on the double line 
G = {(#, y) £ C 2 : (2x + 3 y — 4) 2 = 0} 


is singular. [Hint: Use the chain rule.] 


Solution. Let f(x,y) = (2x + 3y — 4) 2 and (a, 6) £ G. Then = 2(2x + 
3 y — 4) • 2 and = 2(2x + 3 y — 4) • 3. For every (a, b) £ G, /(a, b) = 0, so every 
point is singular. 

These definitions can also be applied to curves in P 2 . 


Definition 1.9.2. A point p = (a : b : c) on a curve 6 = {(a: : y : z) £ P 2 : 
f(x, y , z) = 0}, where f(x, y , z) is a homogeneous polynomial, is said to be singular 
if 

^(a,b,c) = 0, ^(o, 6, c) = 0, and ^-(a,b,c) = 0. 

We have similar definitions, as before, for smooth point, smooth curve, and singular 


curvetsmooth 


curve. 
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Exercise 1.9.5. Show that the curve 

C = {(a: : y : z) e P 2 : x 2 + y 2 - z 2 = 0} 

is smooth. 

Solution. We have = 2x, = 2 y and ^ = —2 zy. This occurs when 

x = 0, y = 0 and z = 0. However, this point is not in P 2 . Since there is no point 
where 6 is singular, C is smooth. 

Exercise 1.9.6. Show that the pair of crossing lines 

G = {(x : y : z) GW 2 : (x + y - z)(x - y - z) = 0} 
has exactly one singular point. 

Solution. We have = (x — y — z) + (x + y — z) = 2x — 2 z, ^ = ( x — 
y — z) — (x + y — z) = —2y and ^ = — (x — y — z) — (x + y — z) =2 z — 2x. This 
system has solution y = 0 and x = z. We can scale this so that the singular point 
is (1 : 0 : 1). 


Exercise 1.9.7. Show that every point on the double line 
6 = {(a: : y : z) e P 2 : (2x + 3y - 4 zf = 0} 

is singular. 

Solution. We have = 4(2x + 3 y — 4 z), = 6(2a: + 3 y — 4 z) and = 
— 8(2x + 3 y — 4 z). Every point on the curve satisfies the equation 2x + 3y — 4z = 0, 
so every point is singular. 

For homogeneous polynomials, there is a clean relation between and 

which is the goal of the next few exercises. 

Exercise 1.9.8. For 

f(x, y, z) = x 2 + 3 xy + 5 xz + y 2 - 7 yz + 8 ^ 2 , 


show that 


„ , df df 

2 / = x ^r + y^f + z 

ox oy 


df 

dz ' 


Solution. Let f(x, y, z) = x 2 + 3 xy + 5 xz + y 2 


-G- = 2x + 3 y + 5 z 

ox 


— = 3x + 2y — 7z 

oy 


df 

dz 


7yz + 8z 2 . Then 


5x — 7 y + 16^ 
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This means 


x^J- = 2x 2 + 3xy + bxz 

ox 

Vw~ = ?>xy + 2y 2 -7yz 
dy 

z -J- = 5xz — 7yz + 16z 2 

Oz 


And we have 


d f d f d f 

x^~ + y —— + z — = 2 x 2 + 6 xy + 10 xz + 2 y 2 — 14 yz + 16z 2 = 2 f(x, y, z) 
ox ay oz 

Exercise 1.9.9. For 

f(x, y, z) = ax 2 + bxy + cxz + dy 2 + eyz + hz 2 , 

show that 

d f j. d f _u 9f 

2/ = x— + y— + z—. 

Ox Oy Oz 

Solution. Let f(x, y, z) = ax 2 + bxy + cxz + dy 2 + eyz + /iz 2 . Then 

77^- = 2ax + by + cz 

Ox 

Of 

7— = bx + 2 dy + ez 

oy 

df 119/, 

77— = ex + ey + 2/iz 

Oz 


This means 


And we have 


Of o 1 

X7A- = 2ax + bxy + cxz 
Ox 

df 

i/tw- = &xy + 2dy 2 + eyz 
dy 

df 2 

Z7- 1 - = cxz + eyz + 2/iz 

Oz 


Of Of df 

x ih + y ir + z ~a~ = 2 f( x ’y> z ) 

Ox Oy Oz 


Exercise 1.9.10. Let /(x,y, z) be a homogeneous polynomial of degree n. 
Show that 

r df Of Of 
n f = x— + y— + z . 

Ox Oy Oz 

(This problem is quite similar to the previous two, but to work out the details takes 
some work.) 
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Solution. From the rules of differentiation, we only need to verify this for 
monic monomials. Consider this with a monomial of the form x 3 y k z l , where j + 
k + l = n. Computing the partial derivatives yields 

91 

dx 


= jx j ~ 1 y k z l 


k-ij 


df 13 
— = kx J y 

dy 

| = 


This means 


9J_ 

' dx 

d£ 

1 dy 

■-% = l ^‘ 


= jx 3 y k z l 


kj 


y— = kx 3 y*z’ 


Therefore, a;§£ + V% + z %. = O' + k + l)x j y k z l = nf(x, y, z) 


leulerf ormula 

ran 


Exercise 1.9.11. Use Exercise 11.9.10 to show that if p = (a : b : c) satisfies 

9f ( , x d f ( , N d f ( t \ n 

a > 6 ’ c ) = = ar(«’ 6 ’ c ) = 0 ’ 


then U(/). 

Solution. We have f(x, y,z) = \ (x^ + + -fy) ■ Thus, f(p) = 0. 

The notion of smooth curves and singular curves certainly extends beyond the 
study of conics. We will briefly discuss higher degree curves here. Throughout, we 
will see that singular corresponds to not having a well-defined tangent. 


Exercise 1.9.12. Graph the curve 

f(x,y) =x 3 + x 2 -y 2 = 0 

in the real plane R 2 . What is happening at the origin (0, 0)? Find the singular 
points. 

Solution. Picture! We have ^ = 3x 2 + 2x and ^ = —2 y. Any singular 
points would have y = 0 and 3a: 2 + 2a; = 0, which occurs when x = 0 or x = 
Since (yy,0) ^ 6, the only singular point is (0,0). 

Exercise 1.9.13. Graph the curve 

f{x,y) = x 3 - y 2 = 0 

in the real plane M 2 . What is happening at the origin (0, 0)? Find the singular 
points. 
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Solution. PicturelWe have ^ = 3x 2 and ^ = —2 y. Any singular points 
would have y = 0 and x = 0. Therefore, the only singular point is (0,0). 

For any two polynomials, fi{x,y) and / 2 (ar, 2/), let f(x,y) = fi{x,y)f 2 (x,y) be 
the product. We have 

nf) = v(/i)uv(/ 2 ). 

The picture of these curves is: 



Figure 8. curves f\ and f 2 

From the picture, it seems that the curve V(f) should have singular points at 
the points of intersection of V(/i) and V(/ 2 )- 

crosssing Exercise 1.9.14. Suppose that 

fi(a,b) = 0, and / 2 (a, b) = 0 

for a point (a, b) £C 2 . Show that (a, b) is a singular point on V (/), where / = fif 2 . 

Solution. Let f(x,y) = f\f 2 and let (a, b) € C 2 with fi(a,b) = 0 = f 2 (a,b). 
Now H = + Wehave f|(a,6) = ^| (0jb) / 2 (a,6) + /i(a,6)||| (a>b) =0. 

Similarly, ^ = 0. Therefore, every point on the intersection of the two curves is a 
singular point. 

While it is safe to say for higher degree curves and especially for higher di- 
mensional algebraic geometric objects that “singularness” is far from understood, 
that is not the case for conics. A complete description is contained in the following 
theorem. 

singular classification Theorem 1.9.15. All ellipses, hyperbolas and parabolas are smooth curves. 

All conics that are crossing lines have exactly one singular point, namely the point 
of intersection of the two lines. Every point on a double line is singular. 
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We have seen specific examples for each of these. The proof of the theorem 
relies on the fact that under projective transformations there are three distinct 
classes of conics. We motivated the idea of “projective changes of coordinates” as 
just the relabeling of coordinate systems. Surely how we label points on the plane 
should not effect the lack of a well-defined tangent line. Hence a projective change 
of coordinates should not affect whether or not a point is smooth or singular. The 
next series of exercises proves this. 

Consider a projective change of coordinates from xyz- space to uvw- space given 
by 

u = anx + a\ 2 y + anz 

V = a 2 \X + (1222/ + a 2 3 ^ 

w = a 3 ix + a 32 y + a 33 z 

where a.y € C and 

^Oll 012 OiA 
det a 2 \ Cl 2 2 023 7 ^ 0- 

\031 o 32 a 33 ) 

In P , with homogeneous coordinates (u : v : w), consider a curve C = {(n : v : 
w) : f(u,v,w) = 0}, where / is a homogeneous polynomial. The (inverse) change 
of coordinates above gives a map from polynomials in (u : v : w) to polynomials in 
(x :y : z): 

f(u , v, w) f(anx + a 12 y + a 13 z, a 2 ix + a 22 y + a 23 z , a 3 ia; + a 32 y + a 33 z) = f. 

The curve C corresponds to the curve 6 = {(x : y : z) : f(x, y, z) = 0}. 

Exercise 1.9.16. Consider the curve 

C = {(w : v : w) G P 2 : u 2 — v 2 — w 2 = 0}. 

Suppose we have the projective change of coordinates given by 

u = x + y 
v = x — y 
w = z. 

Show that C corresponds to the curve 

e = {(a: : y : z) £ P 2 : 4 xy - z 2 = 0}. 

In other words, if f(u, v, w) = u 2 — v 2 — w 2 , then /( x, y, z) = kxy — z 2 . 
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Solution. We have 

u 2 — v 2 — w 2 = (x + y) 2 + (x — y ) 2 — z 2 

= x 2 + 2xy + y 2 — {x 2 — 2 xy + y 2 ) — z 2 
= 4 xy — z 2 

Therefore f(u,v,w ) = f(x,y,z). 

Exercise 1.9.17. Suppose we have the projective change of coordinates given 
by 

u = x + y 
v = x — y 
w = x + y + z. 

If f(u, v, w) = u 2 + uw + v 2 + vw, find f(x , y, z). 

Solution. 

u 2 + uw + v 2 + vw = (x + y) 2 + (x + y)(x + y + z) + (x — y) 2 + (x — y) (x + y + z) 
= x 2 + 2 xy + y 2 + 2x(x + y + z) + x 2 — 2 xy + y 2 
— 2x T 4- 2x 4~ 2 xy 4~ 2 xz 
= 4x 2 + 2 xy 4- 2 y 2 + 2 xz 

Exercise 1.9.18. Given a general projective change of coordinates given by 
u = dux + ai 2 y + a^z 
v = a 21 X + a 22 y 4- a 2 3Z 
w = a 31 x 4- a 32 y + a 33 z 

and a polynomial f(u,v,w), describe how to find the corresponding f(x,y,z). 

Solution. Make the substitution and simplify algebraically. 

We now want to show, under a projective change of coordinates, that singular 
points go to singular points and smooth points go to smooth points. 

Exercise 1.9.19. Let 

u = anx + a\ 2 y + 0132 
v = a 2 \x 4- a 22 y + a 23 z 
w = a 31 x 4- a 32 y + a 33 z 

be a projective change of coordinates. Show that (uq : v 3 : w 0) is a singular point 
of the curve C = {(u : v : w) : f(u,v,w) = 0} if and only if the corresponding 
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point (xo : yo ■ Zq) is a singular point of the corresponding curve C = {{x : y : z) : 
f(x,y,z ) = 0}. (This is an exercise in the multi-variable chain rule; most people 
are not comfortable with this chain rule without a lot of practice. Hence the value 
of this exercise.) 

Solution. Since the inverse of a projective change of coordinates is also a pro- 
jective change of coordinates, we can prove this for one direction and the converse 
will follow. Let (uq : no : Wo) G 6 be a singular point, so = 0, ^ = 0 and 
^ = 0. Consider f(x,y,z). Now 

dj _ dfdu df_ch df_dw 

dx du dx dv dx dw dx 

df df df 

— din ha 21 w ha3i^— 

ou dv dw 

= 0 

Similarly, we can compute ^ = 0 and ^ = 0. Therefore a singular point is 
mapped to a singular point under a projective change of coordinates. 

I realequiv 

Exercise 1.9.20. Use the previous exercise to prove Theorem 11.2.26. 

Solution. If we have an ellipse, hyperbola or parabola, then we have seen 
that they are projectively equivalent and there is no singular point on the curve. 

I crosssing 

In the case of two lines crossing, by Exercise 11.9.14, there is one singular point, 
which is where the lines cross. In the case of a double line, every point on the line 
is singular. 


conicsvialinear 


1.10. Conics via linear algebra 

The goal of this section is to show how to interpret conics via linear algebra. In fact, 
we will see how, under projective changes of coordinates, all ellipses, hyperbolas 
and parabolas are equivalent; all crossing line conics are equivalent; and all double 
lines are equivalent follows easily from linear algebra facts about symmetric 3x3 
matrices. 


1.10.1. Conics via 3x3 symmetric matrices. We start by showing how 
to represent conics with symmetric 3x3 matrices. Consider the second degree 
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cl 


homogeneous polynomial 


fix, y, z) = 


x 2 + 6 xy + 5 y 2 + 4 xz + 8 yz + 9 z 2 


= x 2 + (3 xy + 3yx) + 5 y 2 + (2 xz + 2 zx) + (4 yz + Azy) + 9 z 2 


= [x y 



By using seemingly silly tricks such as 6 xy = 3 xy + 3yx , we have written our 
initial second degree polynomial in terms of the symmetric 3x3 matrix 



There is nothing special about this particular second degree polynomial. We 
can write all homogeneous second degree polynomials f(x,y,z ) in terms of sym- 
metric 3x3 matrices. (Recall that a matrix A = ( a,^- ) is symmetric if aij = a,,-* for 
all i and j. Since the transpose of A simply switches the row and column entries 
A T = ( a,ji ), another way to say A is symmetric is A = A T .) 


Exercise 1.10.1. Write the following conics in the form 

^ x \ 

(xy z) A y =0. 

V - > 

That is, find a matrix A for each quadratic equation. 

(1) x 2 + y 2 + z 2 = 0 

(2) x 2 + y 2 — z 2 = 0 

(3) x 2 — y 2 = 0 

(4) x 2 + 2 xy + y 2 + 3 xz + z 2 = 0 


Solution. 


( 1 ) 


/l 0 0> 
0 1 0 
Vo 0 1, 



/ 1 

0 

( 2 ) 

0 

1 


\0 

0 


h 

0 

( 3 ) 

0 



\o 0 



matrix! symmetric 
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quadratic form 


(4) 


/I 1 f 

1 1 0 

VI o i, 


Symmetric matrices can be be used to define second degree homogeneous poly- 
nomials with any number of variables. 

Definition 1.10.1. A quadratic form is a homogeneous polynomial of degree 
two in any given number of variables. Given a symmetric n x n matrix A and 
f 2'1 \ 

X = ■ £ C n , then f{X) = X T AX is a quadratic form. 

\ x n ) 

Thus conics are quadratic forms in three variables. 

Exercise 1.10.2. Show that any conic 

f(x, y, z) = ax 2 + bxy + cy 2 + dxz + eyz + hz 2 

can be written as 



( x \ 

(x y z*J A 

» 

w 


where A is a symmetric 3x3 matrix. 


Solution. Let A = 


(c h 


h - c 

2 L 2 

d e 

.2 2 


1.10.2. Change of variables via matrices. We want to see that a projective 
change of coordinates has a quite natural linear algebra interpretation. 

Suppose we have a projective change of coordinates 

u = anx + a\ 2 y + ai 3 Z 
v = a 2 ix + a 22 y + a 23 z 
w 

The matrix 


M = 


that encodes the projective change of coordinates will be key. 

Suppose f(u, v, w) is a second degree homogeneous polynomial and let f(x, y , z) 
be the corresponding second degree homogeneous polynomial in the rryz-coorclinate 


a 3 ix 

+ «32 y + a 33 Z 

( «n 

ai2 

013^ 


021 

022 

023 


V°31 

032 

033/ 
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system. In the previous section, we know that there are two 3x3 symmetric matrices 
A and B such that 



( u\ 

( x \ 

f(u,v,w) = (u v w'j A 

V , f(x,y,z) = (x y zj B 

» 


w 

w 


We want to find a relation between the three matrices M, A and B. 


Exercise 1.10.3. Let C be a 3 x 3 matrix and let X be a 3 x 1 matrix. Show 
that (CX) T = X T C T . 



^Cn 

C12 

Cl3^ 


( a;\ 

( C\\X 

c-viy 

C13A 

Solution. Let C = 

C21 

C22 

C23 

and X = 

y . Then CX = 

C21X 

C 22 V 

C 23 Z 


\C31 

C32 

C33/ 


w 

\c 31 a; 

C 32 V 

C 33 Z/ 


and so ( CX) T = 


( C\\X 

c 2i a; 

C 3 ix\ 

C 12 V 

C 22 V 

C32IJ ■ On the other hand, X T = [x y z) 

\C 13 Z 

C23Z 

C33ZJ 


C T = 


( Cn C21 C31 ' 

C 12 c 22 c 32 I and X T C T = ( CX) T . 


\Cl3 C23 C33 / 

Exercise 1.10.4. Let M be a projective change of coordinates 


( u \ 

/ x\ 

C2 

II 

» 

W ’ 

W 


and suppose 


f(u,v,w)=(u v vuj A 




f x\ 

(x y z^B 

W 


Show that 



( u\ 

( x \ 

Solution. Since 

v = M 



\ w ) 

w 


B = M t AM. 
x\ 

y , taking the transpose yields ^ 


u v w = 


) 


^a; y z'jAI T - Substituting these into the definition of / yields f(x,y,z ) = 

/ a 


y z'j M T AM 


y I . Therefore, B = M T AM. 

\ 

) 
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matrixlequi valence 


matsym 


As a pedagogical aside, if we were following the format of earlier problems, 
before stating the above theorem, we would have given some concrete exercises 
illustrating the general principle. We have chosen not to do that here. In part, it 
is to allow the reader to come up with their own concrete examples, if needed. The 
other part is that this entire section’s goal is not only to link linear algebra with 
conics but also to (not so secretly) force the reader to review some linear algebra. 

Recall the following definitions from linear algebra. 

Definition 1.10.2. We say that two n x n matrices A and B are equivalent, 
A ~ B, if there is an invertible n x n matrix C such that 

A = C~ 1 BC. 

Definition 1.10.3. An n x n matrix C is orthogonal if C -1 = C T . 

Definition 1.10.4. A matrix A has an eigenvalue A if Av = Xv for some non- 
zero vector v. The vector v is called an eigenvector with associated eigenvalue 

A. 


Exercise 1.10.5. Given a 3 x 3 matrix A , show that A has exactly three 
eigenvalues, counting multiplicity. [For this problem, it is fine to find the proof in 
a Linear Algebra text. After looking it up, close the book and try to reproduce the 
proof on your own. Repeat as necessary until you get it. This is of course another 
attempt by the authors to coax the reader into reviewing linear algebra.] 

Solution. We can rewrite the definition of eigenvector as A v—Av = 0 for some 
non-zero vector v. This is equivalent to v in the null space of A, which means that 
the matrix A /3 — A is not invertible. If we examine the characteristic polynomial of 
A, we have det(x /3 — A)v = 0, we have a polynomial of degree 3. The Fundamental 
Theorem of Algebra implies that there are 3 solutions Ai, A 2 , A 3 to the characteristic 
equation, which correspond to 3 eigenvalues, counting multiplicity. 

Exercise 1.10.6. (1) Let A and B be two symmetric matrices, neither 

of which has as zero eigenvalue. Show there is an invertible 3x3 matrix 
C such that 

A = C T BC. 


(2) Let A and B be two symmetric matrices, each of which has exactly one 
zero eigenvalue (with the other two eigenvalues being non-zero). Show 
that there is an invertible 3x3 matrix C such that 


A = C t BC. 
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(3) Now let A and B be two symmetric matrices, each of which has a zero 
eigenvalue with multiplicity two (and hence the remaining eigenvalue must 
be non-zero). Show that there is an invertible 3x3 matrix C such that 


A = C t BC. 


(Again, it is fine to look up this deep result in a linear algebra text. Just make 
sure that you can eventually reproduce it on your own.) 

Solution. A symmetric n x n matrix A can be rewritten as A = Q T DQ , 
where Q is an orthogonal matrix and D is a diagonal matrix whose diagonal entries 
are the eigenvalues of A. We can rewrite the equation as 

q t d a q = c t r t d b rc 

where D A and D B are the diagonal matrix whose entries are the eigenvalues of A 
and B , respectively. 

Since Q T = Q _1 , we have 

D a = Q T C T R T D B RCQ = (RCQ) T D B {RCQ) 


This means that we can restrict ourselves to converting a diagonal matrix to another 
diagonal matrix. The matrix can be given by the projective change of coordinates 

[pro i mat 

given in Exercise If. iU. 4. 


eigenconic 


Exercise 1.10.7. (1) Show that the 3 x 3 matrix associated to the ellipse 

V(x 2 + y 2 — z 2 ) has three non-zero eigenvalues. 

(2) Show that the 3x3 matrix associated to the two lines V ( xy ) has one zero 
eigenvalue and two non-zero eigenvalues. 

(3) Finally show that the 3x3 matrix associated to the double line V{(x— y) 2 ) 
has a zero eigenvalue of multiplicity two and a non-zero eigenvalue. 


Solution. 


(1) The matrix Ai = 


/l 0 0 

0 1 0 | has characteristic poly- 

\o 0 1 / 

nomial ( x — B) 2 (x + 1), which leads to the eigenvalues 1 (with multiplicity 
2) and —1 (with multiplicity 1). 

(0 | o\ 

(2) The matrix A 2 = ( 0 0 I has characteristic polynomial x 3 + \x, 

\0 0 0 j 

which leads to the eigenvalues 0, and A^i. 
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(3) Expanding give us x 2 


2 xy+y 2 , whose matrix is given by 


/ 1 
-1 
\o 


The characteristic polynomial is a: 3 — 2x 2 , which has roots x = 
tiplicity 2 and x = 2 with multiplicity 1. 


-1 0 
1 0 
0 0 
0 of mul- 


Exercise 1.10.8. Based on the material of this section, give another proof that 
under projective changes of coordinates all ellipses, hyperbolas and parabolas are 
the same, all “two line” conics are the same, and all double lines are the same. 

[mat sym [ eigenconic 

Solution. We can combine the arguments in Exercise ll.lu.6 and Exercise 11.10.7. 


1.10.3. Conics in R 2 . We have shown that all smooth conics can be viewed 
as the same in the complex projective plane P 2 . But certainly ellipses, hyperbolas 
and parabolas are quite different in the real plane R 2 , as we saw earlier. But there 
is a more linear-algebraic approach that captures these differences. 

Let f(x, y , z) = ax 2 + bxy + cy 2 + dxz + eyz + hz 2 = 0, with a, b , c, d,e,h€ R. 
Dehomogenize by setting 2 = 1, so that we are looking at the polynomial 


f(x, y) = ax 2 + bxy + cy 2 + dx + ey + h, 
which can be written as 


f{x,y)=(x y l) 


a 

b 

2 

VI 



In P 2 , the coordinates x, y and 2 all play the same role. That is no longer the 
case, after setting z = 1. The second order term of /, 


ax 2 + bxy + cy 2 


determines whether we have an ellipse, hyperbola, or parabola. 


Exercise 1.10.9. Explain why we only need to consider the second order terms. 
[Hint: We have already answered this question earlier in this chapter.] 

Solution. We can eliminate the linear terms by completing the square in x 
and y. 


This suggests that the matrix 



might be worth investigating. 
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Figure 9. three types of conics 


Definition 1.10.5. The discriminant of a conic over R 2 is 



Exercise 1.10.10. Find the discriminant of each of the following conics: 

(1) 9x 2 + 4 y 2 = 1 

(2) 9x 2 — 4 y 2 = 1 

(3) 9x 2 — y = 0. 


Solution. 


( 1 ) 


A = —4 det 


9 

0 


0 

4 


= —144 


(2) A = —4 det 

(3) A = —4 det 



144 


Exercise 1.10.11. Based on the previous exercise, describe the conic obtained 
if A = 0, A < 0, or A > 0. State what the general result ought to be. To rigorously 
prove it should take some time. In fact, if you have not seen this before, this type 
of problem will have to be spread out over a few days. (We do not mean for you 
spend all of your time on this problem; no, we mean for you to work on it for a 
thirty minutes to an hour, put it aside and then come back to it.) 


Exercise 1.10.12. Consider the equation ax 2 + bxy + cy 2 = 0, where all co- 
efficients are real numbers. Dehomogenize the equation by setting y = 1. Solve 
the resulting quadratic equation for x. You should see a factor involving A in your 
solution. How does A relate to the discriminant used in the quadratic formula? 


Solution. The dehomogenized equation is ax 2 + bx + c. This can be solved 
using the quadratic formula: x = ~ b±v ^ b a 2 ~ 4 — . In this situation, x = ± ^ . 


discriminant 
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Exercise 1.10.13. The discriminant in the quadratic formula tells us how 
many (real) solutions a given quadratic equation in a single variable has. Classify a 
conic V(f(x,y)) based on the number of solutions to the dehonrogenized quadratic 
equation. 

Solution. V(f(x,y)) is an ellipse if the dehomogenized equation has no real 
roots, it is a parabola if the dehomogenized equation has one (repeated) root, and 
it is a hyperbola if the dehomogenized equation has 2 distinct real roots. 

1.11. Duality 

1.11.1. Duality in P 2 between points and lines. The goal of this sub- 
section is show that there is a duality between points and lines in the projective 
plane. 


Given a triple of points a,b,c £ C, not all zero, we have a line 
£ = {( x : y : z) gP 2 : ax + by + cz = 0}. 

Exercise 1.11.1. Show that the line associated to ai = 1, &i = 2, ci = 3 is the 
same line as that associated to a 2 = —2, b 2 = —4, C 2 = — 6 . 

Solution. Let £1 = {( x : y : z) £ P 2 : x + 2y + 3z = 0} and £2 = {(# : y : 
z) £ P 2 : — 2x — Ay — 62 = 0}. If p — (x : y : z) £ £1, then x + 2y + 3z = 0. 
Multiplying this equation by —2 yields — 2x — 4y — 6z = 0, so p € £2- Conversely, 
if p £ £2, then — 2x — Ay — 6z = 0. Multiplying by \ produces x + 2y + 3z = 0 so 
p £ £ 1 . Therefore £1 = £ 2 . 

Exercise 1.11.2. Show that the line associated to ai,&i,Ci is the same line 
as the line associated to a 2 ,l> 2 ,C 2 if and only if there is a non-zero constant A 6 C 
such that a\ = Aa 2 , 61 = Xb 2l C\ = \c 2 . 

Solution. Suppose a\ = Xa 2 , b\ = Xb 2 and c\ = Ac 2 for some A / 0 and let 
£ = {( x : y : z) £ P 2 : a 2 x + b 2 y + c 2 z = 0}. Then £ = {(cc : y : z) £ P 2 : X(a 2 x + 
b 2 y + c 2 z — 0)}, which is equivalent to £ = {(x : y : z) £ P 2 : a\X + bpy + C\Z = 0}. 

Conversely, consider the line given by £ = {(a? : y : z) £ P 2 : a 2 x + b 2 y + c 2 z = 
0}. Then, for any A ^ 0, the line may also be defined as £ = {(x : y : z) £ P 2 : 
Xa 2 x + Xb 2 y + Xc 2 z = 0}. 

Hence any representative in the equivalence class for (a : b : c) £ P 2 defines the 
same line. 

Exercise 1.11.3. Show that the set of all lines in P 2 can be identified with P 2 


itself. 
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Solution. Let £ = {(x : y : z) G P 2 : ax + by + cz = 0}. Since not all three 
coefficients are equal to 0, we may identify the line £ with the point (a : b : c) G P 2 . 
The previous exercise shows that the line is determined up to a non-zero multiple 
of the coefficients, this will also uniquely determine the point in projective space. 

Even though the set of lines in P 2 can be thought of as another IP 2 , we want 
notation to be able to distinguish P 2 as a set of points and P 2 as the set of lines. 
Let P 2 be our set of points and let P 2 denote the set of lines in P 2 . To help our 
notation, given (a : b : c) G P 2 , let 

£(a:b:c) = { (x : y : z) G P 2 : ax + by + cz = 0}. 

Then we define the map D : P 2 — > P 2 by 

®(£(a:b:c)) = (d : b : c) . 

The T> stands for duality. 

Let us look for a minute at the equation of a line: 

ax + by + cz = 0. 

Though it is traditional to think of a, b, c as constants and x, y, z as variables, this 
is only a convention. Think briefly of x, y, z as fixed, and consider the set 

M ( x:y:z ) = {(a : b : c) € P 2 : ax + by + cz = 0.} 

Exercise 1.11.4. Explain in your own words why, given a (xq : yo : zq) € P 2 , 
we can interpret M (x 0 :yo:zo) as the set of all lines containing the point (xo : y o '■ ~o)- 

Solution. Let (xo : yo ■ zo) € P 2 and M( a , o: j /o; 2o) = {(a : b : c) £ P 2 : 
axo+byo+czo = 0.} Then, for all (a : b : c) € 'M.( Xo:yo . Zo ' ) , we have axo+byo+czo = 0. 
This is equivalent to the set of all (a : b : c) € P 2 with ax o + by 0 + cz 0 = 0, so 
(xo : yo ■ Xo) € £ (a:b:c) • This corresponds to the set of all lines £ through the point 
(x 0 : y 0 ■■ z 0 ). 

We are beginning to see a duality between lines and points. 

Let 

E = {((a : b : c), (x 0 : y 0 ■ z 0 )) G P 2 x P 2 : ax 0 + by 0 + cz 0 = 0}. 

There are two natural projection maps: 

7Ti : E P 2 

given by 

7Ti(((a : b : c), (x 0 : y 0 : ^o))) = (a : b : c) 

7r 2 : E — ^ P 2 


and 
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given by 


7r 2 (((a : b : c), (x 0 : y 0 : z 0 ))) = (x 0 : yo ■ z 0 ). 


Exercise 1.11.5. Show that both maps 7Ti and 7r 2 are onto. 

Solution. Let (a : b : c) e P 2 . If at least one of a, b or c is equal to 0, say 
a = 0, then xo = 1, yo = 0 = 2o is a point in P 2 and (a : b : c)(l : 0 : 0) £ S. 
If none of a, b or c is equal to 0, then set Xo = — b , yo = a and z o = 0. Then 
(a : b : c)(—b : a : 0) € E. 

The solution for 7r 2 follows mutatis mutandis. 

Exercise 1.11.6. Given a point (a : b : c) € P 2 , consider the set 

:b:c) = {((a : 6 : c), (x 0 : y 0 : zo)) G S}- 

Show that the set 7r 2 (7r^" 1 (a : b : c)) is identical to a set in P 2 that we defined near 
the beginning of this section. 

Solution. Let (a : b : c) G P 2 and consider tt f 1 (a : b : c) = {(xo : yo '■ zo) G 

p2 

: axo + byo + czo = 0}. In other words, this ty 1 1 is the set of points on the line 
defined by (a : b : c) and 7r 2 (7rJ" 1 (a : b : c)) = £>( a :b:c)- 

In evidence for a type of duality, show: 

Exercise 1.11.7. Given a point (. xo : yo ■ zq) € P 2 , consider the set 

: yo ■ z 0 ) = {((a : b : c), (a: 0 : yo : z 0 )) G £}. 

Show that the set 7Ti(7r^" 1 (a:o : yo '■ zo)) is identical to a set in P 2 that we defined 
near the beginning of this section. 

Solution. We have 7n(7r^ 1 (a:o : yo '■ z 0 )) = M( Xo:yo:zo ). 

Exercise 1.11.8. Let (1 : 2 : 3), (2 : 5 : 1) G P 2 . Find 

7T 2 ( TTf^l : 2 : 3)) n 7 r 2 (7T 1 - 1 (2 : 5 : 1)). 

Explain why this is just a fancy way for finding the point of intersection of the two 
lines 

x + 2y + 3z = 0 
2x + 5y + z = 0. 

Solution. We have 7r 2 (7rf 1 (l : 2 : 3)) = £(i :2 , 3 ) and 7r 2 (7rj” 1 (2 : 5 : 1)) = 
£( 2 : 5 : 1 )- This system of equations can be solved by multiplying the first equation 
by —2, yielding — 2x — 4y — Gz = 0. If we add this equation to the second equation, 
we are left with y — 5z = 0. We now set z = 1 and y = 5 into one of the original 
equations and obtain 7r 2 (7rf 1 (1 : 2 : 3)) D 7r 2 (7rj“ 1 (2 : 5 : 1)) = (—13 : 5 : 1). 
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As another piece of evidence for duality, show: 

Exercise 1.11.9. Let (1 : 2 : 3), (2 : 5 : 1) e P 2 . Find 
7r i( 7r 2 _1 (l : 2 : 3)) (~l 7r 1 (7T^" 1 (2 : 5 : 1)). 

Explain that this is just a fancy way for finding the unique line containing the two 
points (1 : 2 : 3), (2 : 5 : 1). 

Solution. The computations give us 7Ti(7r^' 1 (l : 2 : 3)) C\ {2 : 5 : 1)) = 
(13 : -5 : -1). 

Principle 1.11.1. The duality principle for points and lines in the complex 
projective plane is that for any theorem for points and lines there is a corresponding 
different theorem obtained by interchanging words the “points” and “lines” . 

Exercise 1.11.10. Use the duality principle to find the corresponding theorem 
to: 


Theorem 1.11.11. Any two distinct points in P 2 are contained on a unique 

line. 


Solution. Any two distinct lines in P 2 contain a unique point. 

This duality extends to higher dimensional projective spaces. 

The following is a fairly open ended exercise: 

Exercise 1.11.12. For points (xo, yo, zo, wq), z\,wi) £ C 4 — {(0, 0, 0, 0)}, 

define 

(xo,yo,z 0 ,w 0 ) ~ (xi, yi,zi,wi) 
if there exists a non-zero A such that 

x 0 = Axi ,yo = Ayi,2 0 = Azi,w 0 = 

Define 

P 3 = C 4 -{(0,0,0,0)}/~ . 

Show that the set of all planes in P 3 can be identified with another copy of P 3 . Ex- 
plain how the duality principle can be used to link the fact that three non-collinear 
points define a unique plane to the fact three planes with linearly independent 
normal vectors intersect in a unique point. 

Solution. The mechanics of the solution are straightforward - just keep track 
of one more variable. The mathematics can be extended to higher dimensions, but 
the visualization can be challenging. 
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1.11.2. Dual Curves to Conics. The goal of this subsection is to show 
how to map any smooth curve in IP 2 to another curve via duality. 


Let f(x, y, z) be a homogeneous polynomial and let 

e = {(x:y:z)£ P 2 : f(x, y, z) = 0}, 

We know that the normal vector at a point p = (xo : yo '■ zo) £ G is 


Further the tangent line at p = (xq : yo : zo) £ G is defined as 

Tp(6) = {{x:y:z)£ P 2 : x^(p) + y^(p) + z^(p) = 0}. 


dx^' y 8y^’ 8z 
Recall from Section 1.9, that if / has degree n, then 
,, . df df df 

”/< W > =I £S + I '% +2 £5' 

Exercise 1.11.13. Show that for any p = (x 0 : yo : Zq) £ C, we have 
T P (G) = {{x:y:z)£ P 2 : (x - x 0 )^(p) + (y - yo)^(p) + (z ~ -o)|{(p) = 0}. 

Solution. Since nf(x,y,z) = + y^ + z^., we have 

Tp(C) = {(x : y : z) £ P 2 : (x-x 0 )^(p) + {y - yo)%{p) + (z - z o)^{p) = 0} 


'dx^' dy ' 

= {{x : y : z) eP 2 : 2/(x, y, z) - 2/(x 0 , y 0 , z 0 ) = 0} 

= {(x : y : z) £ P 2 : 2f(x,y,z) = 0} 


Recall that p € C is smooth if the gradient 

v/(p)^( 0,0,0). 

Definition 1.11.1. For a smooth curve C, the dual curve G is the composition 
of the map, for p £ G, 

P T P (G) 

with the dual map from last section 

T> : P 2 -» P 2 . 


We denote this map also by D. Then 

™ - (s^> >> ‘ £<4 

To make sense out of this, we of course need some examples. 
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Exercise 1.11.14. For f(x,y,z) = x 2 + y 2 — z 2 , let 6 = V(f(x,y,z)). Show 
for any (xo : yo '■ Zq) € 6 that 

T>(x 0 : yo : z 0 ) = ( 2x 0 : 2 y 0 : - 2 z 0 ). 

Show that in this case the dual curve C is the same as the original 6 . 


Solution. We shall compute this exercise using the composition to verify that 
the normal vector technique is plausible. So, let /(x, y, z) = x 2 + y 2 — 0 z 2 and let 
p = (x 0 : y 0 ■■ z 0 ) £ V(f). We have the map p T p (G) given by x(2x 0 ) + y{2y 0 ) + 
x(-2zo) = 0 , which is the line £>(2x 0 :2y 0 :2z 0 }‘ Then ®(p) = ( 2 x 0 ■ 2 y 0 : 2z 0 ). 

Now, let’s compute the dual curve. We first notice that C is symmetric in 
each of the coordinates; if (xo : yo ■ Zo) £ C, then so is (±xo : ±j/o : ±-o)- If we 
substitute the dual point into the original curve, then ( 2 xo ) 2 + (2y 0 ) 2 — ( 2zq ) 2 = 
4(xg + j/q — Zq = 0 is a point on the curve. In this case, the dual curve C is the 
same as the original C. 


Exercise 1.11.15. Consider f(x,y,z ) — x 2 — yz = 0. Then for any (x : y : 
z) £ C , where C = V(f), show that 


^>{x,y,z) = 


( dl . df . df, 
^dx'dy'dz 
(2x : -2 : -y) 


Show that the image is indeed in P 2 by showing that (2x : — 2 : : —y) ^(0:0:0). 
Let (u : v : w) = (2x : —2 : —y). Using x 2 — yz = 0 on 6 as a motivator, show that 
u 2 — Avw = 4x 2 — 4 yz = 4(x 2 — yz) = 0. Relabeling (u : v : w) as (x : y : 2 ), show 
that the curve C is given by x 2 — 4 yz = 0. Note that here 6 ^ C. 


Solution. We have D(xo : yo ■ zq) = (2xo : —20 : — yo). Since xo, yo and 
Zo cannot all be equal to 0, this shows that (2xo : — z 0 : — y 0 ) £ P 2 . Let’s try to 
substitute this point into the original equation. This yields (2xo ) 2 — (yoX-Zo), or 
4x§ — (yo)(zo)- Since the point (xo : y 0 : 20 ) £ 6 , we have Xg — ( yo){zo ) — 0- Thus 
the curve can be simplified as 3xg. However, if xo y 0, such as the point (1:1: 1), 
then this point does not satisfy the original equation. However, this can be resolved 
by taking (2x 0 ) 2 - 4 (t/ 0 )( 2 0 ) = 4(x§ - (yo)(^o) = 0. Therefore, C = U(x 2 - 4 yz). 

Exercise 1.11.16. For C = U(x 2 + 4 y 2 — 92 2 ), show that the dual curve is 
6 = {(x : y : 2 ) £ P 2 : x 2 + J y 2 - ^ 2 2 = 0}. 

Solution. We have T> = (2x : 8 y : — 182 ). Suppose the dual curve has the form 
x 2 + ay 2 + (3z 2 for some a and /3. For (xo : yo ■ zq) £ C, we have (2xo ) 2 +a( 8 yo ) 2 + 
/?(— 1820 ) 2 . This can be simplified as 4x§ + 64a?/g + 324 /? 2 q = 4(xg + 16aj/g +81/3 2 g. 
To use the relationship we have with the original curve, we need 16a = 4 and 
—9 = 81/3. So a = \ and /3 = Therefore, 6 = U(x 2 + \y 2 — § 2 2 ). 
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Exercise 1.11.17. For C = V(5x 2 + 2 y 2 — 8 z 2 ), find the dual curve. 

Solution. We have 2) = (10cc : 4 y : — 16z), so (lOcc) 2 + a(8 y) 2 — /3(— 16 z) 2 = 
100(a; 2 + .16 ay 2 — 2.56/3z 2 ). Comparing to the original equation gives usa = f 
and 0= f , so 6 = V (x 2 + f y 2 - f z 2 ). 

Exercise 1.11.18. For a line L = {(a; : y : z) G P 2 : ax + by + czj, find the 
dual curve. Explain why calling this set the “dual curve” might seem strange. 

Solution. We have D = (a : b : c), which is a single point in IP 2 . However, 
the duality principle identifies this point with a line; in this case £. 



elliptic 

curve — seecubic 
cubic curve 

CHAPTER 2 

Cubic Curves and Elliptic Curves 

Complied on February 

The goal of this chapter is to provide an introduction to cubic curves (smooth cubic 4 : 2010 
curves are also known as elliptic curves). Cubic curves have a far richer structure 
than that of conics. Many of the deepest questions in mathematics still involve 
questions about cubics. After a few preliminaries, we will show how each smooth 
cubic curve is a group, meaning that its points can be added together. No other 
type of curve has this property. We will then see that there are many different 
cubics, even up to projective change of coordinates. In fact, we will see that there 
are a complex numbers worth of different cubics. That is, we can parametrize cubics 
up to isomorphism by the complex numbers. (This is in marked contrast to conics, 
since all smooth conics are the same up to projective change of coordinates.). Next, 
we will see that, as surfaces, all smooth cubics are toruses. Finally, we see how all 
cubics can be viewed as the quotient C/A, where A is a lattice in C. 


2.1. Cubics in C 2 

A cubic curve V(P) is simply the zero set of a degree three polynomial P. If 
P is in two variables, then V(P) will be a cubic in C 2 while if P is homogeneous in 
three variables, then V(P) is a cubic in the projective plane P 2 . 


cubics 


Exercise 2.1.1. Sketch the following cubics in the real plane R 2 . 

(1) y 2 = x 3 

(2) y 2 = x(x- l) 2 

(3) y 2 = x(x- \){x - 2) 

(4) y 2 = x(x 2 + x + 1) 


Of course, we are only sketching these curves in the real plane to get a feel for 
cubics. 


Solution. 
(1) y 2 = x 3 
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(2) y 2 = x(x — l) 2 



(3) y 2 = x(x - l)(x - 2) 
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(4) y 2 = x(x 2 + x + 1) 



Exercise 2.1.2. Consider the cubics in the above exercise. 

(1) Give the homogeneous form for each cubic, which extends each of the 
above cubics to the complex projective plane IP 2 . 

(2) For each of the above cubics, dehomogenize by setting x = 1, and graph 
the resulting cubic in R 2 with coordinates y and z. 

Solution. We will answer both parts of the current exercise together for each 
of the cubics in the previous exercise. 
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(1) y 2 = x 3 : The homogeneous form of y 2 = x 3 is y 2 z = x 3 , which extends the 
cubic to the complex projective plane P 2 . The dehomogenization obtained 



(2) y 2 = x{x— l) 2 : The homogeneous form of y 2 = x{x— l) 2 is y 2 z = x{x— l) 2 . 
The dehomogenization obtained by setting x = 1 is y 2 z = 0, whose graph 

is z 


Z - 

1 - 

1 1 

1 

1 1 

-2 -1 

1 2 

1 


1 

CM 

1 



the pair of coordinate axes, where the z-axis is a double-line. 

(3) y 2 = x(x — l)(x — 2): The homogeneous form of y 2 = x(x — l)(a: — 2) is 
y 2 z = x{x — l)(x — 2). The dehomogenization obtained by setting x = 1 
is again y 2 z = 0, whose graph is the pair of coordinate axes again. 

(4) y 2 = x(x 2 + x + 1): The homogeneous form of y 2 — x{x 2 + x + 1) is 



a vertically stretched version of the graph in part 1 above. 
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Recall that a point (a : b : c) € V(P) on a curve is singular if 

dP . 

dx 

dP , 

dy 
dP , 


-( a,b,c ) = 0 

-(a,b,c) = 0 


— (a,6,c) = 0 

If a curve has a singular point, then we call the curve singular. If a curve has no 
singular points, it is smooth. 


Exercise 2.1.3. Show that the following cubics are singular: 

(1) V(xyz) 

(2) Y(x(x 2 + y 2 — z 2 )) 

(3) V(:r 3 ) 


Solution. According to the definition, it is enough to demonstrate that there 
is a point (a : b : c) on each curve such that all the first-order partials vanish at 
this point. 

(1) Let P(x,y,z ) = xyz and consider the point (0 : 0 : 1) € V(P). Now 

dP dP dP dP 

— — = yz, so — — (0, 0, 1) = 0 • 1 = 0. Similarly, — — = xz so — — (0, 0, 1) = 

ox ox ay By 

dP dP 

0 • 1 = 0 as well. Finally, — — = xy and — — (0, 0, 1) =0-0 = 0. Thus 

Oz Bz 

there is a point on V(P) where all of the first-order partials vanish, so 
V(P) = V(xyz) is singular. 

(2) Let P(x,y,z) = x(x 2 + y 2 — z 2 ) = x 3 + xy 2 — xz 2 and consider the 

dP dP 

point (0 : 1 : 1) € V(P). Then — — = 3x 2 + y 2 — z 2 , so ——(0,1,1) = 

Ox Ox 

BP BP 

3[0] 2 + [l] 2 - [l] 2 = 0. Next, = 2 xy so |-(0,1,1) = 2[0][1] = 0. 

BP BP V V 

Finally, ^ = —2 xz, so ^ (0, 1,1) = — 2[0][1] = 0. Hence V(P) = 

V(x(x 2 + y 2 — z 2 )) is singular. 

„ gp 

(3) Let P(x,y,z ) = x 3 and consider (0 : 1 : 1) G V(P). Then = 3x 2 , 

dx 

BP BP 

which implies that ——(0,1,1) = 3[0l 2 = 0, while both — — = 0 and 
Bx By 

BP 

= 0. Therefore, all three partial derivatives are 0 at (0 : 1 : 1) € V(P), 
Bz 

so V(P) = V(a: 3 is singular. 


The only singular conics are unions of two lines or double lines. The above 
singular cubics are similar, in that they are all the zero sets of reducible polynomials 
P(x, y, z). Unlike for conics, though, there are singular cubics that do not arise from 
reducible P. 


curvelsingular 
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Exercise 2.1.4. Sketch the cubic y 2 = x 3 in the real plane R 2 . Show that the 
corresponding cubic V(a; 3 — y 2 z) in P 2 has a singular point at (0 : 0 : 1). Show that 
this is the only singular point on this cubic. 


Solution. We sketched y 2 = x 3 in the real plane in the first part of the first 
exercise of this section. 



The homogenization of y 2 = x , as found in second exercise, is y 2 z = x , so the 

cubic curve in P 2 is given by V(:r 3 — y 2 z). Thus let P(x,y,z) = x 3 — y 2 z. Then 

op op op op 

— — = 3x 2 implies ——(0,0,1) = 3[0l 2 = 0, — — = —2 yz implies ——(0,0,1) = 

ox ox Oy Oy 

dP dP 

— 2[0] [1] = 0, and = — y 2 implies -^—(0,0,1) = — [0] 2 = 0. Hence V(P) is 
singular at (0 : 0 : 1). 

It is evident that this is the only singular point on V(P), for if all of the first- 
order partial derivatives, P x . P y . P z . of P must be 0 at a point (a : b : c), then 
P x (a , 6, c) = 0 implies 3a 2 = 0, so that a = 0, while P z {a , 6, c) = 0 implies — b 2 = 0, 
so that 6 = 0. Thus the only point on V(P) where the curve is singular is (0 : 0 : c) 
and c ^ 0, which does satisfy P y (a, 6, c) = 0. That is, (0 : 0 : 1) is the only singular 
point on V(P) = V(a; 3 — y 2 z). 


Exercise 2.1.5. Show that the polynomial P(x , y , z) = x 3 — y 2 z is irreducible, 
i.e. cannot be factored into two polynomials. (This is a fairly brute force high-school 
algebra problem.) 


Solution. If P(x,y,z) = x 3 — y 2 z is reducible, then we may write it as the 
product of two polynomials, P(x , y, z) = f(x, y, z) ■ g(x, y, z), where neither / nor g 
is a constant polynomial. We may write f(x, y , z) = f n (y, z)x n + f n -i(y, z)x n ~ 1 + 
••• + fi(y, z)x + f 0 (y, z) and g(x, y, z ) = g m (y, z)x m + g m -i(y, z)x m ~ 1 + • • ■ + 
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gi(y,z)x+g 0 (y,z) for some polynomials fi{y,z),gj(y,z) <E C [y,z], where f n (y,z) ± 

0 and g m (y, z) ± 0. Then f(x,y,z ) • g(x,y,z) = [f n (y, z)g m (y, z)\x n+m H h 

[fi(y,z)go(y,z) + fo(y,z)g 1 (y,z)]x+[f 0 (y,z)g 0 (y,z)} must be equal to P{x,y,z) = 
x 3 — y 2 z, so n + m = 3 and, without loss of generality, 0 < m < n < 3. This leaves 
two cases. 

First, if m = 0 and n = 3, then equating coefficients of P(x,y,z) with those of 
f( x i y, z)g(x, y, z) yields f 3 (y, z)g 0 (y,z) = 1, f 2 (y,z)g 0 (y,z) = 0, fi(y, z)g 0 (y, z) = 

0 and fo(y, z)go{y, z) = — y 2 z . The first of these equations implies that both f 3 (y, z) 
and go{y, z) are units in C [y, z], so go(y, z) must be constant. However, g(x, y , z) = 
go(y,z) in this case, so g(x,y,z) is constant. This contradicts our assumption that 
f(x, y, z)g(x , y , z) is a non-trivial factorization of P(x , y, z). Hence m ^ 0. 

Second, if m = 1 and n = 2, then equating coefficients of P(x, y , z) with those of 
f(x,y,z)g(x,y,z) yields f 2 {y,z)gi{y,z) = 1, f 2 (y, z)g 0 (y, z) + fi(y,z)g 1 (y,z) = 0, 
fi(y, z)g 0 (y, z) + f 0 (y, z)g 1 (y, z) = 0 and fo{y,z)g 0 (y,z) = - y 2 z . The first of these 
equations, f 2 {;y,z)gi{y,z) = 1 implies f 2 (y,z) and g\(y,z) are constants, so we 
may assume without loss of generality that f 2 (y,z) = gi(y,z) = 1. Then the sec- 
ond equation, f 2 (y, z)g 0 (y, z) + fi(y,z)gi{y,z) = 0 becomes g 0 {y,z) + fi(y,z) = 
o or g 0 (y,z ) = -fi(y,z). Using this in the next equation, fi(y,z)g 0 (y, z) + 
fo{y,z)g 1 (y 1 z) = 0, yields -/i(y, z) 2 + f 0 (y, z) = 0, so f 0 (y,z) = fi{y,z) 2 . Finally, 
applying this to the final equation, f 0 (y, z)g 0 (y, z) = - y 2 z becomes fx{y, z) 2 {-fi{y , z)) 
—fi(y,z) 3 = — y 2 z . This requires that y 2 z is a perfect cube in C \y,z\, which it is 
not, so the case m = 1 also leads to a contradiction. Therefore, the polynomial 
P(x, y,z) is irreducible. 


2 . 3 : Inf lection points 


2.2. Inflection Points 

The goal of this section is to show that every smooth cubic curve must have exactly 
nine points of inflection. 


2.2.1. Intuitions about Inflection Point. One of the strengths of algebraic 
geometry is the ability to move freely between the symbolic language of algebra and 
the visual capabilities of geometry. We would like to use this flexibility to convert 
what initially is a geometric problem into an algebraic one. While we can sometimes 
imagine what is happening geometrically, this will help us in situations that may 
be difficult to visualize. 

We have seen that a line will intersect a smooth conic in two points. If the 
points are distinct, then the line will cut through the conic. However, there may 
be a line which has only one point in common with the conic, namely the tangent 
line. In this case, if we consider that the point of tangency is to be counted twice, 
then the line will intersect the conic in “two” points. 
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flex 

inflection point 


If we now consider a line intersecting a cubic, we may have more points of 
intersection to consider. Intuitively, they can not cross in too many places. In fact, 
the Fundamental Theorem of Algebra shows that a line intersects a cubic in at most 
three points. As in the case of the conics, points may need to be counted more than 
once. Since we may have more possible points of intersection, the number of times 
a point in common to the line and cubic can be either one, two or three. 

If a line intersects a cubic in a single point (counted thrice), we call such a 
point a point of inflection or flex point. An inflection point of a curve V(P) is a 
non-singular point p £ V(P) where the tangent line to the curve at p intersects 
V(P) with multiplicity 3 (or greater). 

We define below what it means for the tangent line at a point to intersect the 
curve with multiplicity 3 (or greater), but the idea can be illustrated with some 
examples. 

(1) Consider the cubic curve y = x 2 3 , that is, V(P) where P(x,y) = x 3 — y. 

Let the point p be the origin, and consider the line y = ex , where e > 0. 

This line intersects the curve in three distinct points no matter how small 

e is, but as e approaches zero, the three points of intersection coalesce into 

just one point. We say that the tangent line y = 0 intersects the cubic 

y = x 3 at the origin with multiplicity three. o 

y = x° 



(2) If we look at the behavior of the quartic (fourth-degree) curve 
y = (x — e)(x — e/3) (a; + e/3)(x + e), 


we see that the curve and the line y = 0 intersect at four points whenever 
e > 0. But as e approaches zero, the four points of intersection become 
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one point, the origin. Here we say that the tangent line y = 0 intersects root 

this curve at the origin with multiplicity four. multiplicity! root 

rootlmultiplicity 



(3) We will see later that the tangent line £ to a curve V(P) at a point p 
always intersects the curve with multiplicity at least 2. 


2.2.2. Multiplicity of Roots. For a moment we will look at one-variable 
polynomials (which correspond to homogeneous two- variable polynomials). 


Definition 2.2.1. Given a polynomial P(x), a root or zero is a point a such 
that P{a) = 0. 

Exercise 2.2.1. If (, x — a) divides P(x), show that a is a root of P(x). 

Solution. Suppose (x — a) divides P(x). Then there is some polynomial g(x) 
for which P(x) = (x — a)g{ x). Then P(a) = 0 • g(a) = 0, so a is a root of P{x) as 
claimed. 

Exercise 2.2.2. If a is a root of P(x), show that (x — a) divides P(x). [Hint: 
use the Division Algorithm for polynomials.] 


I divided this 
definition into parts, 
first defining “roots”, 
then exercises to get 
the Factor Theorem, 
followed by the 
definition of 
"multiplicity of a 
root"? - DM (8/4/09) 


Solution. By the Division Algorithm for polynomials, write P(x) = (x — 
a)q(x)+r(x) for polynomials q(x),r(x) where either r(x) = 0 or degr(s) < deg(x — 
a) = 1. Thus r(x) is a constant polynomial. Now P(a) = 0 • q(a) + r{a) = r(a ) 
is zero since a is a root of P(x). Therefore, r{x) = 0 since r(x) is a constant 
polynomial. Hence (x — a) divides P(x). 


Definition 2.2.2. Let a be a root of the polynomial P(x). This root has 
multiplicity k it (x — a) k divides P{x) but (x — a) k+1 does not divide P(x). 
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Exercise 2.2.3. Suppose that a is a root of multiplicity two for P(x). Show 
there is a polynomial g(x) such that 

P{x ) = (x - a) 2 g(x) 

with g(a ) ^ 0. 

Solution. Let a be a root of multiplicity two for P(x). By definition, (x — a) 2 
divides P(x) but (x — a) 3 does not. Therefore, since (x — a) 2 divides P(x), there is 
a polynomial g{x) such that P(x) = (x — a) 2 g(x). It remains to show that g(a) y 0. 
If, however, g(a) = 0, then a is a root of g(x), so we may write g(x) = (x — a)h(x) 
for some polynomial h(x), in which case P(x) = (x — a) 3 h(x ), so (x — a) 3 divides 
P(x). This is a contradiction, so the assumption that g(a) = 0 must be false. 
Therefore, g(x) is a polynomial with P(x) = (x — a) 2 g(x) and g(a) ^ 0. 

Exercise 2.2.4. Suppose that a is a root of multiplicity two for P(x). Show 
that P(a) = 0 and P'{a) = 0 but P"(a) ^ 0. 

Solution. Let a be a root of multiplicity two for P(x). Then P(a) = 0 since 
a is a root of P(x). Moreover, by the previous exercise, there is a polynomial g{x) 
such that P(x) = (x — a) 2 g(x) with g(a) ^ 0. Now we’ll show that P'(a) = 0 
but P"{a) ^ 0. To do so, we first must compute P'(x) and P"{x) using the 
product rule for derivatives. First, P'(x) = [2(x — a) 1 ]g(x) + (x — a) 2 [g'(x)\ = 
(x — a)[2g(x) + (x — a)g'(x)\. Thus P'(a) = 0 since (x — a) divides P'(x). However, 
P"{x) = [1] (2 g(x) + (x - a)g'(x)) + (x - a) [2 g'(x) + [1 ]g'{x) + (x - a)g"(x)], so 
P"{a) = (2 g(a) + 0) + 0 = 2 g{a) ^ 0 since g(a) ^ 0. Hence, if a is a root of 
multiplicity two for P(x), then P(a) = P'(a) = 0 but P"(a) ^ 0. 

Exercise 2.2.5. Suppose that a be a root of multiplicity k for P(x). Show 
there is a polynomial g{x) such that 

P{x) = (x- a) k g{x) 

with g(a ) ^ 0. 

Solution. Let a be a root of multiplicity k for P(x). By definition, (x — a) k 
divides P{x) but (x — a) k+1 does not. Therefore, since (x— a) k divides P(x), there is 
a polynomial g{x) such that P(x) = (x — a) k g(x). It remains to show that g(a) ^ 0. 
If, however, g{a) = 0, then a is a root of g(x), so we may write g(x) = (x — a)h(x) 
for some polynomial h(x), in which case P(x) = (x — a) k+1 h(x), so (x — a) k+1 
divides P(x). This is a contradiction, so the assumption that g(a) = 0 must be 
false. Therefore, g{x) is a polynomial with P(x) = (x — a) k g(x) and g(a) ^ 0. 

Exercise 2.2.6. Suppose that a is a root of multiplicity k for P(x). Show that 
P(a) = P» = • • • = P (fc - 1 )(a) = 0 but that P^ k \a) ^ 0. 
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Solution. Let a be a root of multiplicity k for P(x). Then P(a) = 0 since a 
is a root of P(x). Moreover, by the previous exercise, there is a polynomial g(x) 
such that P{x) = (x — a) k g(x) with g(a) ^ 0. Now we’ll show that P'(a ) = • • • = 
p( fc - 1 )( a ) = o but P( k \a) ^ 0. To do so, we first must compute the derivatives 
of P(x) using the product rule. We claim that the jth derivative of P( x) is of 
the form Pw(j) = (x — a) k ~ 3 gj(x) for some polynomial gj( x) with gj{a) ^ 0 
for j = 0, 1, 2, . . . , k. Clearly the claim is true for j = 0. By the product rule, 
P'(x) = [k(x — a) k ~ 1 ]g(x) + {x — a) k [g'(x)] = (x — a) k ~ 1 [kg(x) + (x — a)g'(x)\, 
and g\{x) = kg(x) + (x — a)g'(x ) is a polynomial satisfying 51 (a) = kg (a) + 0 ^ 0 . 
Suppose now that P^~ l \x) = (x — a) k ~^~ v> gj- i(x) with gj-i(a) yf 0 for some 
j < k. Then P^\x) = [(k - j + \){x - a) k ~ J }gj-i(x) + {x - a) fc_J+ 1 [ 5 '_ 1 (x)] = 
(x—a) k - 3 [(k—j+l)gj-\{x) + (x—a)g'j_ 1 {x)\, where gj(x) = (k-j + l)gj-i(x) + (x- 
a)g'j-i(x) is a polynomial and gj (a) = ( k — j + l)gj-i(a) + 0^0 since j < k implies 
k — j + 1 ^ 0 and gj-\{a) ^ 0 by hypothesis. Therefore, for all j = 0, 1, 2, . . . , k, 
we have P^\x) = (x — a) k ~ 3 gj(x) for some polynomial gj(x) with gj(a) ^ 0 . 
Therefore, P^\a) = 0 so long as k — j >0, for then (x — a) divides P^ 3 \x). Hence 
P(a) = P'(a) = ■■ ■ = p( fc- 1 )(a) = 0. However, p( k \a) = gk(a) ^ 0 as desired. 


The homogeneous version is the following. 

Definition 2.2.3. Let P(x,y) be a homogeneous polynomial. A root or zero 
is a point (a : b) £ IP 1 such that P{a,b) = 0. If (a : b) is a root of P(x,y), then 
(bx — ay) divides P(x, y ). This root has multiplicity k if ( bx — ay) k divides P(x, y) 
but (bx — ay) k+1 does not divide P(x,y). 

Exercise 2.2.7. Suppose that (a : b) is a root of multiplicity two for P(x, y). 
Show that 

dP OP 

P(a,b) = ^ x (a,b) = ^ y (a,b)=0, 
but at least one of the second partials does not vanish at (a : b). 


Solution. Let (a : b) be a root of multiplicity two for P(x,y). Thus P(x,y) = 
(bx — ay) 2 g(x,y) for some polynomial g(x,y) such that (bx — ay) does not divide 
g(x,y). Therefore g(a 1 b) 0, for otherwise (bx — ay) would divide g(x,y) and 
(a : b) would be a root of multiplicity three for P(x,y), while P(a,b) = (b[a\ — 
a[b]) 2 g(a, b) = 0. Now 


d P 

= [2 (bx - ay)b]g(x,y) + (bx - ay) 2 ^(x, y). 


dx ' 


dP dP 

Thus (bx — ay) divides -7— (x,y), so -7— (a, b) = 0. Similarly 
ox ox 


dP 

dy 


(x,y) 


(bx - ay) [~2ag(x, y) + (bx 



(x,y)\, 


homogeneous 
multiplicity troot 


Old problem was false: 
(1:0) is a root of 
multiplicity two for 

P(x, y) = x 3 y 2 , but 
both P xx = 6xy 2 and 
P xy — 6 x 2 y vanish at 
(1 : 0). - DM 
(8/4/09) 
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Same problem as the 
muiJrfel/idtApd^Efeeti. ai s 
changed to “at least 
one does not" as 
above. - DM (8/4/09) 


dP 

so ——(a,b) = 0. Now 
dy 

= [b][2bg(x,y) + (bx - ay)^] + (bx - ay)[3b^~ + ( bx - ot/)|^|] 

d 2 P 

so ——(a, b) = [2 b 2 g(a 1 b) + 0] + 0 ^ 0 if b ^ 0. If b = 0, then a ^ 0 since (a : b) is 
ox- 

a point in P 1 , and 

= [“«][ ~2ag(x,y) + (bx - aj/)||] + ( bx ~ a ^)[ _3a ^ + ( bx - ay)§Jr ] 


dy 2 


dy 


dy 2 


d 2 P 

has value -^-^(a, b ) = 2 a 2 g(a, b) + 0^0 since a ^ 0 and g(a, 6) ^ 0. Therefore, at 
least one of the second order partial derivatives does not vanish at (a, b) if (a : b ) 
is a root of multiplicity two for P(x,y). 


Exercise 2.2.8. Suppose that (a : b) is a root of multiplicity k for P(x,y). 
Show that 

dP dP a fc_1 P 

where * + j = k — 1 but that 


d k P 

dx l dyj 


( a,b ) ^ 0, 


for at least one pair i + j = k. This means that the first partials, second partials, 
etc. up to the k — 1 partials all vanish at ( a : 6), but that at least one of the k th 
partials does not vanish at (a : b). 


Solution. Let (a : b) be a root of multiplicity k for P(x,y). Thus P(x,y) = 

(bx — ay) k g(x,y) for some polynomial g(x,y) such that (bx — ay) does not divide 

g(x,y). Therefore g(a,b) ^ 0, for otherwise (bx — ay) would divide g(x,y) and 

(a : b) would be a root of multiplicity k + 1 for P(x,y). Clearly P(a,b) = (b[a\ — 

gi+j p 

a[b]) 2 g(a,b) = 0. Now we claim that - (x,y) = (bx — ay) k ~^ + ^ g t j(x,y) for 

1 ax 1 ay 3 

some polynomial gij(x, y) with gij(a 1 b) ^ 0 whenever i + j < k. When i + j = 0, 

this is the given form of P(x,y), so our claim is true in this case. Suppose that 

gi+j p 

i + j < k and that ^ . (x, y) = (bx - ay) k -^g itj (x, y) where g itj (a,b) ± 0. 

Then 


gi+j+ip 

dx i+l dyj 


(x, v) 


[( k-i - j)(bx - ay) k -^- j b\ gi j(x,y) + (bx - ay) k ' ^ 
(bx- ay) k ~ {l+1) ~ J {(k - i - j)bg itj (x,y) + (bx - ay )^y], 
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2. 2: Lines and cubics 


Inflection : 3to2variable 


and g i+ i j(x,y) = (k — i — j)bgij{x,y) + ( bx — ay) l ’^ is a polynomial satisfying 
gi+ij(a, b) = (k-i-j)bgij(a, 6 ) + 0 7 ^ 0 since i+j < k and gij{a, b) y 0. Similarly, 


Qi+j+lp 
dx i dyi + 1 


(x,y) = [(k - i - j){bx - ay) 




{-a)\gij{x,y) + {bx - ay) k 1 


dy 


= {bx — ay) k 1 ( ' 3+1) [-{k-i-j)ag i j{x,y) + {bx-ay)° 

where gij+i{x,y) = — {k — i — j)ag,j{x,y) + {bx — ay) ^ 1,3 is a polynomial with 

gij+i{a, b) = —{k — i — j)agij{a,b) +0^0 since i+j < k and gij{a,b) ^ 

0. Therefore our formula is established. With this in hand, we easily find that 

&i+0 p 

- . - — r(a, b) = 0 whenever i + j < k, so 
dx l dyi 

dp gp d l+j P 

d k P 

where i+j = k — 1. However, if b ^ 0, then -—^{a, b) = k\b k g{a , b) + 0^0. If 
d k P 

6 = 0, then a/0 and ~—^{a, b) = (— 1 ) k k\a k g{a, b) + 0^0. Thus, at least one of 
the kth partial derivatives of P{x,y) does not vanish at (a : b). 


2.2.3. Inflection Points. Let P{x,y,z) be a homogeneous polynomial. We 
want to understand what it means for a line to intersect V(P) in a point with 
multiplicity three or more. Let 


l(x, y, z) = ax + by + cz 


be a linear polynomial and let t = V(7) be the corresponding line in P 2 . We are 
tacitly assuming that not all of a, b , c are zero. We might as well assume that 6^0. 
That is, by a projective change of coordinates we may assume that 6^0. We 
can multiply / by any nonzero constant and still have the same line, meaning that 
for A / 0, we have V(7) = V(A l). So, we can assume that b = — 1. The reason 
for the — 1 is that we now know that all points on the line have the property that 
y = ax + cz. 


I altered this: l is now 
a linear polynomial and 
not a line, while £ is 
the line in P 2 . - DM 
(8/4/09) 


Exercise 2.2.9. Let {xo ■ yo '■ zo) € V(P) n V(Z). Show that {xq : zo) is a root 
of the homogeneous two- variable polynomial P{x, ax+cz, z) and that yo = axo+czo- 

Solution. Let {xo : yo : Zq) be a point in V(P)nV(Z). This means P{xo, yo, zq) = 
0 and l{x 0 , y 0l z 0 ) = 0. However, l{x 0 , y 0 ,z 0 ) = ax 0 - y 0 + cz 0 , so aa; 0 -y o + cz o = 0 
or yo = axo + czo- Substituting this for yo in P{x o, yo, ~o) ; w e find that P{x o, ax o + 
czo, zo) = 0. Finally, observing that yo = ax o + czo, we conclude that not both of 
xq and zq can be zero, for then y o = 0 too. Hence at least one of xq,zq must be 
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multiplicity intersection 


I added this exercise 
to show intersection 
multiplicity is 
well-defined. - DM 
(8/10/09) 


non-zero, so (xo : Zo) is a point in P 1 and it is a root of the two- variable polynomial 
P(x, ax + cz, z) as claimed. 

Definition 2.2.4. The intersection multiplicity of V(P) and Y(l) at (xo : yo : 
zo) is the multiplicity of the root (xo : z$) of P(x, ax + cz, z). 

Exercise 2.2.10. Let P(x,y,z ) = x 2 —yz and l{x,y,z) = Ax — y. Show that 
the intersection multiplicity of V(P) and Y(l) at (0 : 0 : 1) is one when A ^ 0 and 
is two when A = 0. 

Solution. As l(x, y , z) = Ax — y , the intersection multiplicity of V(P) and Y ( l ) 
at (0 : 0 : 1) is equal to the multiplicity of the root (0 : 1) of P(x, Ax, z) = x 2 — (A x)z. 
If A ^ 0, then P(x,Xx,z) = x(x — A z), so x divides P(x,Xx,z) but x 2 does not. 
Hence (0 : 1) is a root of multiplicity one when A ^ 0. If A = 0, however, then 
P(x, Ax, z) = P(x, 0, z) = x 2 , so clearly (0 : 1) is a root of multiplicity two in this 
case. 


The key to the definition above is that, when b = — 1, the system x = x,y = 
ax + cz, z = z gives a parametrization of the line Y(l) and the intersection multi- 
plicity of V(P) and Y(l) at (xo : yo ■ zo) is found by considering P evaluated as a 
function of these two parameters. The next exercise proves the important fact that 
the intersection multiplicity is independent of the choice of parametrization of the 
line Y(l) used. 

Exercise 2.2.11. Let (xo : yo : zo) € V(P) D Y(l). Let x = ais + b\t,y = 
a 2 S + 62 L z = a^s + b^t and x = C\u + d\v, y = C 2 U + d 2 V, z = C 3 U + d^v be two 
parametrizations of the line Y(l) such that (xo : yo : zq) corresponds to (so : to) 
and (uq : Vq), respectively. Show that the multiplicity of the root (so : to) of 
P(a\S + bit, a 2 S + & 2 L 03 s + b^t) is equal to the multiplicity of the root (uq '■ Vo) 
of P(c\u + d\V, y = C 2 U + d 2 V, z = C 311 + dsv). Conclude that our definition of the 
intersection multiplicity of V(P) and Y(l) is independent of the parametrization of 
the line Y(l) used. 


Solution. Let Y(l) have the parametrizations 



L{s,t) 


( a\ b\ 
a 2 62 

\a.3 b 3 



and 



M(u, v ) 


< ci d\ 
C 2 d 2 

\C3 d 3 



such that (xq : yo '■ zq) = L(so,to) = M{uo,vq)- Observe that s = l,t = 0 gives 
the point (ai : 02 : as) and s = 0,t = 1 gives the point (61 : 62 : ^ 3 ) on Y(l). Thus 
there are values U\,v\ such that (a\ : 02 : 03 ) = M(ui,v\) and values U 2 ,V 2 such 
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that (b\ : b 2 : 63 ) = M{u 2 ,v 2 ). Then 

u=( Ul ^ 

\u 2 v 2 J 

is a change of coordinates between the two parametrizations. That is, L{s,t) = 
M(U(s,t)). 

Now (i 0 s — sot) is a factor of P(L(s,t)) if and only if (s 0 : to) is a root of 
P(L(s,t)). Since L(s,t) = M(U(s,t)), this is true if and only if [/(so, to) is a root 
of P(M(U(s,t))), or, equivalently, if and only if (uq : vq) is a root of P(M(u,v)). 
Hence, (tos — sot) is a factor of P(L(s,t)) if and only if (vq u — uqv) is a factor of 
P(M(u,v)). Repeating this argument on the quotients P(L(s,t))/(toS — sot) and 
P(M(u,v))/(vou — Uqv) as needed, we conclude that the multiplicity of (so : to) as 
a root of P(L(s,t)) must equal the multiplicity of (uq : Vq) as a root of P(M(u,v)) 
as claimed. 

By definition, the intersection multiplicity of V(P) and V([) at (xo : yo '■ zo) is 
the multiplicity of the root (xo : Zq) of P(x , ax + cz, z). If (x : y : z) = L(s, t) is any 
other parametrization of V(Z) with (xq '■ yo ■ zo) = L(so,to), then the multiplicity 
of the root (so : t 0 ) of P(L(s,t)) is equal to the multiplicity of the root (xq : Zo) of 
P(x, ax + cz, z), since x = x, y = ax + cz, z = z and L(s, t) are two parametrizations 
of V([). Thus the intersection multiplicity of V(P) and V([) at (x 0 : y 0 ■ Zo) is the 
same regardless of the manner in which V([) is parametrized. In particular, if 
l(x, y, z) = ax + by + cz, the definition of the intersection multiplicity of V (P) with 
V(Z) is independent of our choice of which nonzero coefficient of l(x, y, z) we use to 
reduce to a two-variable situation. 

Exercise 2.2.12. Let P(x, y,z) = x 2 +2xy— yz+z 2 . Show that the intersection 
multiplicity of V(P) and any line t at a point of intersection is at most two. 


Solution. We first observe that V(P) is a non-degenerate conic, as the 3x3 
matrix associated to V(P) has three non-zero eigenvalues. (Recall from Section 
1.10 that the matrix associated to the conic P(x, y, z) = x 2 + 2 xy — yz + z 2 is 




whose eigenvalues are 1, -.) Thus V(P) has no line components. 

Suppose (xo '■ yo ■ ~o) is a point of intersection of V(P) and a line t. Let 
(x : y : z) = L(s,t) = (a\S + bp. : a 2 s + b 2 t : ( 13 s + b 2 t) be a parametrization of l 
with (xo : yo '■ z 0 ) = L(so,to). Then the intersection multiplicity of V(P) and V([) 
at (xq '■ yo ■ Zo) is equal to the multiplicity of the root (sq : to) for the homogeneous 
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two-variable polynomial P(L(s,t)). Since V(P) has no line components, P(L(s,t)) 
is not identically zero, so this multiplicity is equal to the exponent k such that 
(t 0 s — s 0 t) k divides P(L(s,t)) but {t 0 s — s 0 t) k+1 does not. Let k be the multiplicity 
and write P(L(s, t)) = (tos — sot) k g(s, t ) for some homogeneous polynomial g(s, t ). 
Then the homogeneous degree of P(a\s + b\t : a 2 S -\-b 2 t : a^s + b 2 t) = (ais + bit) 2 + 
2(aiS + bit)(a, 2 S + b 2 t) — (a 2 S + b 2 t)(a 3 S + b 3 t) + (a, 3 S + b 3 t) 2 , which is 2 because V(P) 
has no line components, must equal the homogeneous degree of (t 0 s — Sot) k g(s,t ), 
which is k + deg g(s,t). Therefore, k + deg g(s,t) = 2, so k < 2. 

Exercise 2.2.13. Let P(x,y,z) be an irreducible second degree homogeneous 
polynomial. Show that the intersection multiplicity of V(P) and any line £ at a 
point of intersection is at most two. 


Solution. Suppose (xq : yo : zo) is a point of intersection of V(P) and a 
line t . Let (x : y : z ) = L(s,t) be a parametrization of £ with (xo : yo '■ zq) = 
L(so,to). Then the intersection multiplicity of V(P) and V(Z) at (xq : yo ■ Zq) 
is equal to the multiplicity of the root (so : to) for the homogeneous two-variable 
polynomial P(L(s, t)), which is not identically zero since P is irreducible, so has no 
line components. This multiplicity is equal to the exponent k such that (tos — sot) k 
divides P(L(s,t)) but (tos — sot) k+1 does not. Let k be the multiplicity and write 
P(L(s,t)) = (tos — sot) k g(s, t) for some homogeneous polynomial g(s,t). Then the 
homogeneous degree of P(L(s,t)), which is 2 because P(L(s,t)) is not identically 
zero for V(P) has no line compoents, must equal the homogeneous degree of (ips — 
sot) k g(s,t), which is k + deg<?(s,£). Therefore, k + deg g(s,t) = 2, so k < 2. 


ection: CircleTangentMult 


Exercise 2.2.14. Let P(x, y, z) = x 2 + y 2 + 2 xz — yz. 

(1) Find the tangent line £ = V(Z) to V(P) at (—2 : 1 : 1). 

(2) Show that the intersection multiplicity of V(P) and £ at (—2 : 1 : 1) is 
two. 


Solution. In general the tangent line to V(P) at a point (a : b : c) in P 2 is 
given by the equation 

( ^ (a ’ C) ) * + ( ^ (a ’ C) ) V + ( % (a ’ 5 ’ C) ) 2 = °- 
(1) To find the tangent line to V(P) at (—2 : 1 : 1), we must first compute 
the partial derivatives of P(x,y,z), which are 


dP „ dP „ dP „ 

— = 2x + 2z, — = 2 y- z, — = 2x - y. 

ox ay oz 

Hence the tangent line to V(P) at (—2 : 1 : 1) is given by £ = V(Z), where 


l(x, y, z) = (2 [—2] + 2 [1] ) x + (2[1] - [1]) y + (2[— 2] - [1]) z = -2x + y ~ bz 
or y = 2x + 5 z. 
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(2) To compute the intersection multiplicity of V (P) and £, we need to deter- 
mine the order k such that ( x+2z) k divides P(x, 2x+5 z, z ) but (x+2 z) k+1 
does not. Yet P(x, 2x + 5 z, z) = x 2 + (2.x + 5 z) 2 + 2 xz — (2x + 5 z)z = 
x 2 + 4a: 2 + 20xz + 25 z 2 + 2xz — 2 xz — 5 z 2 = 5x 2 + 20 xz + 20 z 2 = 
5(a: 2 + 4x2: + 4z 2 ) = 5(x + 2 z) 2 . Therefore the intersection multiplicity of 
V(P) and £ at (—2 : 1 : 1) is k = 2. 

Exercise 2.2.15. Let P( x, y , z) = x 3 - y 2 z + z 3 . 

(1) Find the tangent line to V(P) at (2 : 3 : 1) and show directly that the 
intersection multiplicity of V(P) and its tangent at (2 : 3 : 1) is two. 

(2) Find the tangent line to V(P) at (0 : 1 : 1) and show directly that the 
intersection multiplicity of V(P) and its tangent at (0 : 1 : 1) is three. 


Solution. In both parts, we will need to know the partial derivatives of 
, y, z), which are 


— o „,2 

ox 


ur ^ ur 9 

3? = -2V*. aJ = -y 


(1) 


The tangent line to V(P) at (2:3: 1) is V(l), where 


l(x,y,z) = (3[2] 2 ) x + ( — 2 [3] [1] ) y + (-[3] 2 + 3[1] 2 ) z = 12x - 6y - 6z. 


Equivalently, V(£) = V(2a; — y — z), so we on the tangent line to V(P) at 
(2 : 3 : 1) we have y = 2x — z. Thus the intersection multiplicity of V(P) 
and its tangent line at (2 : 3 : 1) is the exponent k such that (x — 2 z) k 
divides P(x, 2x — z, z) but (x — 2 z) k+1 does not. Now 

P(x,2x — z,z) = x 3 — (2x — z) 2 z + z 3 = x 3 — 4x 2 z + 4xz 2 
= x(x 2 — 4xz + 4z 2 ) = x(x — 2z) 2 . 


Therefore, fc = 2 is the intersection multiplicity of V(P) and its tangent 
line at (2:3:1). 

(2) The tangent line to V(P) at (0 : 1 : 1) is V(Z), where 

l(x,y,z) = (3[0] 2 ) x + ( — 2[1] [1] ) y + (-[l] 2 + 3[1] 2 ) 2 = -2y + 2z. 

Equivalently, V(l) = V(— y + z), so we on the tangent line to V(P) at 
(0 : 1 : 1) we have y = z. Thus the intersection multiplicity of V(P) and 
its tangent line at (0 : 1 : 1) is the exponent k such that (x) k divides 
P(x, z, z) but ( x) k+1 does not. Now 

P(x, z, z) = x 3 - (z) 2 z + z 3 = x 3 - z 3 + z 3 = x 3 . 


Therefore, k = 3 is the intersection multiplicity of V(P) and its tangent 
line at (0 : 1 : 1). 
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Exercise 2.2.16. Redo the previous two exercises using 
Solution. 


biultiplici 

Exercise 12.2.8. 


itypartials 


(1) Consider P(x,y,z) = x 2 + y 2 + 2xz — yz at the point (—2 : 1 : 1). To show 
that the intersection multiplicity of V(P) with its tangent line V(— 2x + 
y — 5z) at (—2 : 1 : 1) is equal to 2, we must prove that (—2 : 1) is a root of 
multiplicity two for P(x, 2x + 5z, z) = x 2 + (2x + 5z) 2 +2xz— ( 2x + 5z)z = 

2 , oA , on 9 - T, • t°yltiplicitypartials 


I h is problem is longer 
than needed if it is 
intended to redo 


2-2: Inf I 

2.2.14 


of 


i pa 

12—2 : Inflection : Cubic! 


12 - 2 : 


lb. I propose 


only asking to redo 

|2-2 : Inflect 

both parts of 2.2.151 - 


5x 2 +20xz+20z 2 . By Exercise 2.2.8, this is equivalent to showing that this 
polynomial of x, z along with its first order partials with respect to x and 
z all vanish at (—2 : 1 ) but that at least one of the second order partials is 
not zero at (—2 : 1). Now P(— 2, 1, 1) = 0 implies that 5x 2 + 20 xz + 20 z 2 


DM (8/10/09) 


d 


vanishes at (—2 : 1) as required. Next, — - [5a ; 2 + 2Qxz + 20z 2 ] = 10a; + 202 ;, 


d 


dx l 


and 10[— 2] +20[1] = 0. Similarly, —[5x 2 +20xz + 20z 2 ] = 20a; + 400, and 


20[ — 2] + 40 [1] = 0, so the polynomial and both of its first order partial 

d 2 

derivatives vanish at (—2 : 1). However, ——[5a ; 2 + 20 xz + 20 z 2 ] = 10, 

ox 2 

so this second order partial derivative does not vanish at (—2 : 1 ), and 


hence the multiplicity of (—2 : 1) as a root of P(x,2x + 5 z,z) is equal to 

12-3 : Inflection : CircleTangentMult 

2, which agrees with our result from Exercise [2.2.14. 


(2) Consider P(x, y, z) = x 3 — y 2 z + z 3 at the point (2:3: 1). To show that 
the intersection multiplicity of V(P) with its tangent line V (2a; — y — z) at 
(2 : 3 : 1) is equal to 2, we must prove that (2 : 1) is root of multiplicity 
two for P( x, 2a : — z, z) = a; 3 — (2a; — z) 2 z+z 3 = x 3 — (4x 2 — 4xz+z 2 )z+z 3 = 


on 9 hmltiplicitypartials 

tr — 4ar z + 4xz 2 . Following Exercise 12.2.8, this is the same as showing 


this polynomial of x, z and its two first order partial derivatives vanish at 
(2 : 1) but that at least one of its second order partials does not. Now 
P(2,3, 1) = 0 since (2 : 3 : 1) £ V(P), so a ; 3 — 4x 2 z + 4 xz 2 is equal 


d 


to 0 at (2 : 1). Also, — [a ; 3 — 4x 2 z + 4xz 2 \ = 3a ; 2 — 8 a; 2 : + 42; 2 , and 
ox 


d 


3 [2] 2 - 8[2] [1] + 4[1] 2 = 12 - 16 + 4 = 0, and —[a; 3 - 4a; 2 2 + 4a;^ 2 ] = 


—4a; 2 + 8a;^ has — 4[2] 2 + 8[2][1] = —16 + 16 = 0. Thus both first order 
partial derivatives also vanish at (2:1). However, the second order partial, 
d 2 

-g-^[a; 3 — 4a; 2 2 + 4a:2: 2 ] = 8x clearly does not vanish at (2 : 1). Thus the 
intersection multiplicity of V(a; 3 — y 2 z + z 3 ) with its tangent at (2 : 3 : 1) 
is equal to 2, which agrees with our result from Part (1) of Exercise 
(3) Consider P( x, y, z) = x 3 — y 2 z + z 3 at the point (0:1: 1). To show that 
the intersection multiplicity of V(P) with its tangent line V (— y + z) at 


2-2 : Inflection : Cub icTangent Mult 

2.2.15. 


(0 : 1 : 1) is equal to 3, we must prove that (0 : 1) is root of multiplicity 

' niultiplicitypartials 


three for P(x, z, z) = x 3 — ( z) 2 z + z 3 = x 3 . Following Exercise 2.2.8, this is 
the same as showing this polynomial of x, z and all of its first and second 
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tangentmulttwo 


order partial derivatives vanish at (0 : 1) but that at least one of its third 

order partials does not. Now P(0,1,1) = 0 since (0 : 1 : 1) € V(P), so 

d 

x 3 is equal to 0 at (0 : 1). Also, — [x 3 ] = 3x 2 , which clearly vanishes 

d 

at (0 : 1). Furthermore, — [x 3 ] = O' so it too is zero at (0 : 1). Hence 

g 

both first order partials vanish at (0 : 1). Moreover, since -7- — [a: 3 ] = 0, 

dz 

d ^ 

both — — — [x 3 l = 0 and — — [ar 3 ] = 0, so these also vanish at (0:1). The 
oxoz dz z 

d 2 

remaining second order partial derivative is — -yrlx 3 ] = Ox, which likewise 

dx z 

vanishes at the point (0:1). Therefore, x 3 and all of its first and second 
order partial derivatives vanish at (0 : 1), so the multiplicity of (0 : 1) 
as a root of x 3 is at least 3. To confirm that it is exactly equal to 3, we 
must show that one of the third order partials does not vanish at (0 : 1), 

so consider 7—7 [x 3 l = 6, which is not zero (0 : 1). Hence the intersection 
ox 6 

multiplicity of V(P) and its tangent at (0 : 1 : 1) is three, which agrees 
with our result from Part (2) of Exercise 


2-2 : Inf lection: CubicTangentMult 

G.2.15. 


Exercise 2.2.17. Show that for any non-singular curve V(P) C P 2 , the inter- 
section multiplicity of V(P) and its tangent line £ at the point of tangency is at 
least two. 

Solution. Suppose that V(P) is a non-singular curve. Let (xo : yo ■ zq) be 
a point on V(P) and let t be the tangent line to V(P) at this point, which exists 
since V(P) is non-singular. Thus £ = V(Z), where 


dP , 


dx 


dP 


l{x,y,z) = -r— ( x 0 , yo: zq) x+ "w (x 0 , yo, zq) y + -r— ( xo, yo, zq) z. 


dy 


dP , 


dz 


dP dP dP 

Let a = —(x 0 ,yo,z 0 ), b = —(x 0 ,y 0 ,z 0 ), and c = — (x 0 ,yo,zo)- 

dX -(- cz 

Suppose t / 0. Then, on £, y = — , so the intersection multiplicity of 

—0 

V(P) and £ is, by definition, the multiplicity of (xo : Zo) as a root of the homoge- 

CLX CZ 

neous two- variable polynomial g{x,z) = P(x, — ,z 

multiplicity is at least two so long as g(xo,zo) = 7— (xq,zo) = -^~{xo,zo) — 0- The 

ox oz 

first of these, g(x 0, zq) = 0, follows immediates since g(x 0, Zq) = P(x 0, — - — 7 — Zq) = 

—b 


taiultiplicitypartials 

). By Exercise E.2.8, this 


dg 


dP dP dy 
dx dy dx 


P(xo,yo, Zq) and (xq : yo : Zo) 6 V(P). Next consider 

dx 

dP a dP dg , . dP ax o + czq . a dP . ax o + czq 

& - b W aA 0 ’ 2 "’ = & <l0, _ tap 10 ’ 

Recalling that a = — (x 0 , yo, zq), b = —(x 0 ,yo,Zo) and y 0 = ax ° ^ CZ ° , we find 
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d(J CL c 

~o) = a--b = a-a = 0. Similarly, ^(x 0 ,zo) = — + c = 0, so g(x,z) 
ox 0 oz —0 

and both of its first order partial derivatives vanish at (xo : Zq). Therefore, the 

CLX H - cz 

multiplicity of (xo : Zq) as a root of g(x,z) = P(x, — ,z) is at least two by 

hiultiplicitypartials & 

Exercise 12.2.8, so the intersection multiplicity of V (P) and its tangent line must be 


at least two at the point of tangency. 

The cases a / 0 and c / 0 are similar. Thus, in all cases, the intersection 
multiplicity of V(P) and its tangent line must be at least two at the point of 
tangency. 


Exercise 2.2.18. 

(1) Let P(x,y,z) be an irreducible degree three homogeneous polynomial. 
Show that the intersection multiplicity of V (P) and any line £ at a point 
of intersection is at most three. 

(2) Let P(x,y,z) be an irreducible homogeneous polynomial of degree n. 
Show that the intersection multiplicity of V (P) and any line £ at a point 
of intersection is at most n. 


Solution. 

(1) Let P(x,y,z) be an irreducible degree three homogeneous polynomial. 
Let £ be any line in P 2 , and let (xo : yo ■ zo) £ V(P) D V(Z) be a point of 
intersection. Suppose (x : y : z) = L(s,t) is a parametrization of l with 
(x 0 : y 0 ■ z 0 ) = L(s 0 ,t 0 ). 

Since P(x,y,z) is an irreducible polynomial, it has no linear factors 
and hence no line components. Therefore, P(L(s,t)) is not identically 
zero, so it is again a homogeneous degree three polynomial. Then the 
intersection multiplicity of V(P) and t, which is the multiplicity of the 
root (so : to) of P(L(s, t)), is equal to the exponent k such that (toS — sot) k 
divides P(L(s,t )) but (tos — sot) k+1 does not. Since P(L(s,t)) has degree 
three, we conclude that k < 3, so the intersection multiplicity of V(P) 
and any line £ at a point of intersection is at most three. 

(2) Let P(x, y, z) be an irreducible homogeneous polynomial of degree n and 
let £ be a line in P 2 . Suppose (xo : yo ■ * 0 ) is a point of intersection of 
V(P) with £. Suppose (x : y : z) = L(s,t) is a parametrization of l with 
(x 0 : yo ■ z 0 ) = L(s 0 ,t 0 ). 

Since P(x,y,z) is an irreducible polynomial, it has no linear factors 
and hence no line components. Therefore, P(L(s,t)) is not identically 
zero, so it is again a homogeneous polynomial of degree n. Therefore, the 
exponent k such that (t 0 s — sot) k divides P(L(s,t)) but (tos — sot) k+1 
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does not must be less than or equal to n, so the intersection multiplicity 
of V (P) and i at a point of intersection is at most n. 


Definition 2.2.5. Let P(x , y, z ) be an irreducible homogeneous polynomial of 
degree n. A non-singular point p £ V(P) C P 2 is called a point of inflection or a 
flex of the curve V(P) if the tangent line to the curve at p intersects V(P) with 
multiplicity at least three. 

Exercise 2.2.19. Let P(x, y, z) = x 3 +yz 2 . Show that (0 : 0 : 1) is an inflection 
point of V(P). 


Solution. We first find the tangent line to V(P) at (0 : 0 : 1), whose equation 
is given by 

( S (0 ’ °’ x) ) * + °’ 1} ) y + (£ (0 ’ °> 1} ) 2 = °- 

dP dP dP 

As — — = 3x 2 , — — = z 2 and — — = 2 yz, the tangent line to V(P) at (0 : 0 : 1) is 
ox ay oz 

V(Z) for 

K x, y, z) = (3[0] 2 ) x + ([l] 2 ) y + (2 [0] [1] ) z = y. 

Observe that not all of the first order partials of P(x,y,z) vanish at (0 : 0 : 1), 
so (0 : 0 : 1) is a non-singular point on V(P), and y = 0 on the tangent line to 
V(P) at (0 : 0 : 1). Thus the intersection multiplicity of V(P) and its tangent 
line at (0 : 0 : 1) is equal the the multiplicity of (0 : 1) as a root of P(x,0,z) = 
x 3 + [0];? 2 = x 3 . That is, the intersection multiplicity is the exponent k such that 
(lx — 0 z) k = x k divides P(x,0,z) = x 3 but x k+1 does not. Clearly k = 3, so the 
tangent line intersects V(P) at (0 : 0 : 1) with multiplicity at least three. Hence 
(0 : 0 : 1) is an inflection point of V(P). 


hardinf lection 


Exercise 2.2.20. Let P(x, y, z) = x 3 + y 3 + z 3 (the Fermat curve). Show that 
(1 : — 1 : 0) is an inflection point of V(P). 


Solution. The partial derivatives are 

P x = 3x 2 , P y = 3 y 2 , P z = 3z 2 

and 

P x (l,-1,0) = 3, P y (l,-1,0) =3, P 2 (l,-1,0) = 0. 

Hence (1 : — 1 : 0) is a non-singular point of V(P) and the tangent line to V(P) at 
(1 : —1 : 0) is l(x, y, z) = 3x + 3 y, or y = —x. Now P(x, —x, z) = x 3 + (— a?) 3 + z 3 = 
z 3 , so the intersection multiplicity of V(P) and V(l) at (1 : — 1 : 0) is three. 
Therefore (1 : — 1 : 0) is an inflection point of V(P). 


inflection point 
flex 
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Hessian 

Hessianlcurve 


computingHPs 


2.2.4. Hessians. We have just defined what it means for a point p G V(P) 
to be a point of inflection. Checking to see whether a given point p G V(P) is 
an inflection point can be tedious, but finding inflection points can be extremely 
difficult task with our current tools. How did we know to check (1 : — 1 : 0) in 

hardinf lection 

Exercise 272720? As we know V(P) has an infinite number of points, so it would 
be impossible to find the tangent at every point and to check the intersection 
multiplicity. Moreover, if these inflection points are related to the inflection points 
of calculus, where are the second derivatives? The Hessian curve will completely 
solve these difficulties. We will first define the Hessian curve, then determine how 
it can be used to find the points of inflection. 


Definition 2.2.6. Let P(x,y,z) be a homogeneous polynomial of degree n. 
The Hessian H(P) is 


where 



/ P 

M XX 

P 

r xy 

Pxz\ 

H{P)(x,y,z) = det 

P 

1 xy 

P 

r yy 

PyA 


\ P.r.z 

p 

r yz 

Pzz) 


dP 
dx 
d 2 P 
dx 2 

p = d 2 P 

xy dxdy ’ 


Px = 
p — 

- L XX — 


etc. 


The Hessian curve is V(H(P)). 


Exercise 2.2.21. Compute H(P) for the following cubic polynomials. 

(1) P(x, y, z) = x 3 +yz 2 

(2) P(x, y, z) — y 3 + z 3 + xy 2 — 3yz 2 + 3zy 2 

(3) P(x , y, z) = x 3 + y 3 + z 3 


Solution. 

(1) The first order partials of P(x, y, z) = x 3 + yz 2 are 


Px 

= 3x 2 , 

Py- 

= z\ 

Pz = 

2 yz, 

order partials are 




P 

1 XX 

= 6a; 

P 

r xy 

= 0 

Pxz 

= 0 

P 

r yx 

= 0 

P 

r yy 

= 0 

p 

r yz 

= 2 2 

p 

x zx 

= 0 

p 

r zy 

= 2z 

p 

x zz 

= 2y 
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Hence the Hessian of P(x, y , z) = x 3 + yz 2 is 
/ 6a; 0 0 \ 

H(P)(x,y,z) = det 0 0 2z = 6a;(0 — 4z 2 ) = — 24xz 2 . 

{ 0 2z 2y J 

(2) The first order partials of P(x, y, z) = y 3 + z 3 + xy 2 — 3yz 2 + 3y 2 z are 


P x =y 2 , P y = 3y 2 + 2xy - 3z 2 + 6yz, 
so the second order partials are 


P z = 3z 2 - 6 yz + 3 y 2 , 


Pxx = 0 
Pyx — 2y 
Pzx = 0 


Pxy — 2 y 

Pyv = 6y + 2x + 6z 
P zy = -6z + 6 y 


Pxz = 0 
Pyz = -6 2 ' 


6 y 


Pzz =6 z- Qy 


Hence the Hessian of P(x, y, z) = y 3 + z 3 + xy 2 — 3yz 2 + 3y 2 z, computed 
by cofactor expansion across the first row, is 

/ 0 2 y 0 

2 y 6 y + 2x + Qz —6 z + 6 y 
\ 0 — 6z + 6 y 6 z — 6 y 

= -(2y){(2y){Qz - 6 y) - 0] = -24y 2 (2 - y). 


H(P)(x,y,z) = det 


(3) The partials of P(x, y, z) = x 3 + y 3 + z 3 are 


P x = 3a: 2 , 

Py = 

(M 

CO 

Pz = 

3z 2 , 

so the second order partials are 




Pxx = 6a: 

P 

r xy 

= 0 

Pxz 

= 0 

o 

II 

P 

r yy 

= 6 y 

p 

r yz 

= 0 

Pzx =0 

p 

1 zy 

= 0 

p 

x ZZ 

= 6z 

Hence the Hessian of P{x. 

■ y,z) 

= x 3 

+ y 3 + z 

3 is 


H{P)(x,y,z) = det 


2 6x 
0 

\o 


0 

6 y 
0 



216a; yz. 


hessiandegree 


Exercise 2.2.22. Let P(x,y,z) be an irreducible homogeneous polynomial of 
degree three. Show that H{P) is also a third degree homogeneous polynomial. 


Solution. Let P(x, y, z) = ax 3 + bx 2 y + cx 2 z + dxy 2 + exz 2 + fy 3 + gy 2 z + 
hyz 2 + kz 3 be an irreducible homogeneous polynomial of degree three. Then P x = 
3 ax 2 + 2bxy + 2 cxz + dy 2 + ez 2 is either zero or a homogeneous polynomial of degree 
two, as are P y and P z . Then P xx = 6aa: + 2 by + 2c^ as well as P xy = P yx , P xz = 
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points of inflection 


P Z xi Pyy, Pyz = Pzy and P zz are either zero or homogeneous linear polynomials. 
Therefore, 



/ 

P 

1 XX 

p 

r xy 

p 

x xz 

H(P) = det 


P 

r yx 

P 

r yy 

p 

r yz 


V 

p 

x zx 

p 

1 zy 

p 

x zz 


will be a third degree homogeneous polynomial, since each of the summands P xx P yy P Z z, PxyPyzPzx, 
etc., are the product of three homogeneous polynomials of degree one or they are 
zero, so they are either zero or homogeneous third degree polynomials. Hence the 
sum, H(P), is either zero or it is a third degree homogeneous polynomial. 

Our proof will be complete if we can show that H{P ) is a non-zero polynomial. 

If H{P)(jp) = 0 for all points p £ V(P), then it can be shown that V(P) contains a 
line component using the Implicit Function Theorem. 1 Since P(x,y,z) is an irre- 
ducible polynomial, the only way V(P) can contain a line component is if P(x, y, z) 
is a linear polynomial, which it is not as it has degree three. Therefore H(P)(x, y, z ) 
is not identically zero, so H(P) is a third degree homogeneous polynomial. 

We want to link the Hessian curve with inflection points. 

Exercise 2.2.23. Let P(x,y,z) = x 3 + y 3 + z 3 (the Fermat curve). Show that 
(1 : -1 : 0) e V(P) n V(P(P)). 

Solution. It is clear that P(l,-1,0) = [l] 3 + [-1] 3 + [0] 3 = 0, so (1 : -1 : 

, x , x IcomputingHPs 

0) € V(P). Also, using H(P)(x,y,z) = 216 xyz from part (3) of Exercise 2.2.21, 
we find P(P)(1,-1,0) = 216[1] [— 1] [0] = 0. Thus (1 : -1 : 0) £ V(P(P)), so 
(1 : —1 : 0) £ V(P) DV(H(P)) as claimed. 

Exercise 2.2.24. Let P(x,y,z) = y 3 + z 3 + xy 2 — 3 yz 2 + 3zy 2 . Show that 
(-2 : 1 : 1) £ V(P) n V(H(P)). 

Solution. First, P(-2, 1, 1) = [l] 3 + [l] 3 + [— 2][1] 2 - 3[1][1] 2 + 3[1][1J 2 = 0, 

I comput ingHPs 

so (—2 : 1 : 1) £ V(P). Second, recalling from part (2) of Exercise 2.2.21 that 

H(P)(x, y, z) = -24 y 2 (z~y), 

we find H(P)(- 2,1,1) = -24[1] 2 ([1] - [1]) = 0, so (-2 : 1 : 1) e V(P(P)). 

Therefore, (-2 : 1 : 1) £ V(P) (~l V(P(P)). 

Exercise 2.2.25. Let P(x,y,z) = a; 3 + yz 2 . Show that (0 : 0 : 1) £ V(P) fl 
V(P(P)). 

Solution. Since P(0,0,1) = [0] 3 + [0][1] 2 = 0, (0 : 0 : 1) £ V(P). From part 

/ x Icomput ingHPs 

(1) of Exercise 2.2.21, 

H(P)(x,y, z) = — 24a;2: 2 . 

, Igibson 

i See Lemma 13.3 of l[Gib98] for the proof. 
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Thus H(P)( 0,0, 1) = — 24[0] [l] 2 = 0, so (0 : 0 : 1) G V(P(P)). Therefore, (0:0: 
1) G V(P)nV(tf(P)). 

These exercises suggest a link between inflection points of V (P) and points in 
V(P) flV(tf(P)), but we need to be careful. 

Exercise 2.2.26. Let P(x, y, z) = x 3 + yz 2 . 

(1) Show that (0 : 1 : 0) € V(P) D V(P(P)). 

(2) Explain why (0 : 1 : 0) is not an inflection point of V(P). 

Solution. 

(1) First, P(0, 1,0) = [0] 3 + [1][0] 2 = 0, so (0 : 1 : 0) G V(P). From part 

, > IcomputingHps . , „ , , , 

(1) of Exercise K.2.21, H(P)(x, y, z) = —24 xz 2 . Thus P(P)(0, 1,0) = 
— 24[0] [0] 2 = 0, so (0 : 1 : 0) G V(H(P)). Hence, (0 : 0 : 1) G V(P) fl 
V(P(P)). 

(2) The first order partials of P(x, y, z) = x 3 + yz 2 are 

P x (x,y,z)= 3x 2 , P y (x, y, z) = z 2 , P z (x, y, z) = 2yz. 

Therefore 

P x ( 0,1,0) = 3[0] 2 =0, P y (0,l,0) = [0] 2 =0, P z (0, 1, 0) = 2[1][0] = 0. 

Hence (0 : 1 : 0) is a singular point of V(P). However, the definition of an 
inflection point of V(P) requires the point to be non-singular, so (0 : 1 : 0) 
cannot be an inflection point of this curve. 


We can now state the relationship we want. 


hessianinter sect ion 


Theorem 2.2.27. Let P(x,y,z) be a homogeneous polynomial of degree d. If 
V(P) is smooth, then p G V(P) fl V(H(P)) if and only if p is a point of inflection 
of V(P). 


We will prove this theorem through a series of exercises. 2 The first thing we 
need to show is that the vanishing of the Hessian V(H(P)) is invariant under a 
projective change of coordinates. 


invar ianthessian 


Exercise 2.2.28. Consider the following projective change of coordinates 




2 The following exercises are based on the proof taken from C. G. Gibson’s “Elementary 
| gibson 

Geometry of Algebraic Curves.”l[Gib98] 
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where 


A = 


^ a 11 

d \2 

«13 

021 

d 22 

«23 

\tt31 

<232 

«33 


Suppose that under the projective transformation A the polynomial P(x, y,z) be- 
comes the polynomial Q(u,v,w). 

(1) Show that the Hessian matrices of P and Q are related by 


A. 


(2) Conclude that H(P)(x, y,z) = 0 if and only if H(Q)(u, v, w) = 0. 


/ P 

J XX 

p 

r xy 

Pxz\ 

^ Quu 

Quv 

Quw \ 

p 

1 xy 

P 

r yy 

Py*\=A T 

Quv 

Qw 

Qvw I 

\Pxz 

p 

r yz 

Pzz) 

\Quw 

Qvw 

Qww / 


Solution. To say that the polynomial Pix^y^z) becomes the polynomial 
Q{u, v , w) under the projective transformation A means that, upon substituting the 
expressions u = aux + a\ 2 y + ai 3 z, v = a 2 \x + a 22 y + a 2 3Z, w = a 3 \x + a 32 y + a 33 z 
in place of u,v,w in the polynomial Q , we recover the polynomial P, i.e. , 

Q{aux + a 12 y + ai 3 z, a 21 x + a 22 y + a 23 z, a 3 ix + a 32 y + a 33 z) = P(x, y, z ) 


as polynomials in the variables x, y, z. 

(1) As P(x,y,z) can be written implicitly as Q(u,v,w ), where u,v,w are 
linear functions of x , y, z as determined by the projective transformation 
A , we can compute the partial derivatives of P in terms of those of Q 
using the Chain Rule. P„ Qu * Tx Qv * T Qw * cix - Py — Qu * Oy Qv 
Vy + Q w -Wy , and P z = Q u -u z + Q v -v z + Q w -w z . However, u x = au,u y = 


ai 2 ,u z = a 13 , v x = a 21 ,v y = a 22 , v z = a 23 ,w x = a 3 i,w y = a 32 ,w z = a 33 . 


Thus P x — O'liQu T @’ 2 iQv T Q'3lQw^ Py — ®i2Qu T o 22 Qv T o 32 Qwi and 
Pz = cl\ 3 Q u + a 23 Q t , + a 33 Qu,. Therefore, the second order partials of 
P{x, y, z) are 

3 3 

Pxj/Xj ^ ' y \ Q J kiQ'ljQukUi i 

l-l fc= 1 


where X\ = x, x 2 = y, X 3 = 2 and iti = u,u 2 = v, U 3 = w. 

3 3 

In comparison, A T (Q UiUj )A = A T (^Q UiUs a sj ) = (E CLri 

s=l r — 1 


. Qu 


3 3 

so the ij -entry is EE ariaajQu r u s - This is exactly the same as the for- 

r= 1 s= 1 

mula for P XiX . obtained above, so 


( p 

p 

1 xy 

M 

^ Quu 

Quv 

Quw \ 

p 

r xy 

P 

r yy 

II 

4 

Quv 

Qw 

Qvw 1 

\Pxz 

p 

r yz 

Pzz) 

\Quw 

Qvw 

Qww ) 


A. 
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(2) Using part (1), we obtain the relationship 



/ p 

' 1 XX 

p 

r xy 

P X z\ 


H(P){x,y,z) = det 

P 

r xy 

P 

r yy 

Pyz 



\Pccz 

p 

1 yz 

Pzz) 



( 

^ Quu 

QlLV 

Quw \ \ 

= det 

a t 

Quv 

Qvv 

Qvw 1 ^ 1 


\ 

\Quw 

Qvw 

Qww ) ) 


= det(A T )H(Q)(u, v, w) det(H) = det (A) 2 H(Q)(u,v,w) 

between the Hessians of P and of Q. Since A is a projective transforma- 
tion, det (A) y 0. Therefore, H(P)(x, y,z) = 0 if and only H(Q)(u, v, w) = 
0 . 


Next we need to show that inflection points are mapped to inflection points 
under a projective change of coordinates. 


invariant inf lection 


Exercise 2.2.29. Suppose p is a point of inflection of V(P), and that under a 
projective change of coordinates the polynomial P becomes the polynomial Q and 
pi-> q. Show that q is a point of inflection of V(Q). 


Solution. Let p = (xq : yo : to) be a point of inflection of V(P) and let t be 
the tangent line to V(P) at p. Suppose (x : y : z) = L(s,t) is a parametrization of 
£ such that (xq : yo : z o) = L(so,to)- 

Let A be a projective transformation under which the polynomial P(x, y,z) 
becomes the polynomial Q(u,v,w). Thus P = Q o A as polynomials in x,y,z , so 
Q = PoA _1 as polynomials in u, v, w. Let q = (uq : vq : Wo ) = A(x o : yo ■ zq) be the 
image of p under the projective transformation A. Then the tangent line to V(Q) 
at q is parametrized by AoL with (uq : vq '■ wq) = A(L(sqPo)) for the same (sq : to) 
as above. The intersection multiplicity of V(Q) with the line AL{s,t) is equal to 
the multiplicity of (s 0 : to) as a root of Q(AL(s,t)). However, Q = P o H -1 , 
so Q(AL(s,t)) = (P o A~ 1 )(AL(s,t)) = P(A~ 1 (AL(s,t))) = P(L(s,t)), and the 
multipicity of (s 0 : to) as a root of P(L(s,t)) is at least three since p = L(so,t 0 ) 
is an inflection point of V(P). Therefore the multiplicity of (so : to) as a root of 
Q(AL(s,t)) is likewise at least three, so the intersection multiplicity of V(Q) and 
its tangent line at q = AL(so,t 0 ) is at least three. 

Finally, we must prove that q is a non-singular point of V(Q). Since p is a 
non-singular point of V(P), assume P x (xo, yo, zo) ^ 0. Using P = Q o A, we can 
compute P x using the Chain Rule as 


Px 


d 

dx 


[Q(u,v,w)\ 


,, , . du dv 

Qu(u,v,w) ■ — + Q v {u, v, w) ■ — + Q w {u,v,w ) 

anQ u (u, v, w) + ai 2 Qv(u, v, w) + a 13 Q w (u, v, w) 


dw 

dx 
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Thus 

0 ^ P x (x 0 ,y 0 ,z 0 ) = auQ u (uo, vo, wo) + a 12 Q v (u 0 ,v 0l w 0 ) + a 13 Q w (u 0 , v 0 , w 0 ), 

so at least one of Q u (uo,vo,wo),Q v (uo,vo,wo),Q w (uo,vo,wo) must be non-zero. 
As a result, q is a non-singular point, so we conclude that q is a point of inflection 
ofV(Q). 

ties sianintersect ion 

In the next exercise, we will reduce the proof of Theorem [2.2.2V to the case 
where p = (0 : 0 : 1) e V(P) and the tangent line to V(P) at p is £ = V(y). 

li ny ay j- ant he spmr 1 ant inf 1 e c t i on 

Exercise 2.2.30. Use Exercises 2.2.28 and [2.2.29 to explain why to prove 
fa eg s i anint ers e ct i on 

Theorem 12.2.27 it is enough to show that p is a point of inflection if and only if 
H{P)(jp) = 0 in the case where p = (0 : 0 : 1) € V(P) and the tangent line £ to 
V(P) at p is y = 0, i.e. £ = V(y). 

Solution. Let P(x, y, z) be a homogeneous polynomial of degree n such that 
V(P) is smooth, and let p = (x 0 : yo : zo) be a point on V(P). Let £ be the 
tangent line to V(P) at p, which exists since V(P) is smooth. Suppose (x : y : z) = 
L(s, t) = (ciiS + b\t : a 2 s + b 2 t : a^s + b^t) is a parametrization of t such that (xq : 
Vo '■ Zo) = L( 0, 1). Therefore, without loss of generality, bi = Xo,b 2 = yo,b 3 = zo ■ 
Let P(1,0) = (ai : a 2 : 03 ), which is a distinct point in P 2 . Now select a vector 
(01,02,03) € C 3 so that the matrix 

Ui Ci bA 
A = a 2 c 2 62 

\03 C3 63/ 

is invertible, which we can do as the first and third column are linearly independent 
since they correspond to distinct points in P 2 , and dim C 3 = 3 allows us to select a 
third vector as requested. Observe that 

'0\ f x °\ f s \ /ais + bit\ 

A 0 j = yo | and A 0 j = ct 2 s T b 2 t I . 

V 1 / \ z o) \tj \a 3 s + b 3 tj 

Therefore 



is a projective transformation sending q = (0 : 0 : 1 ) to p and the line v = 0 to 
L(s,t). Now let Q = P o A, so Q{u,v,w ) becomes P(x,y,z) under the projective 
transformation. Furthermore, under the projective transformation induced by A -1 , 
P(x, y, z) becomes Q(u, v,w), p*-> q = ( 0:0:1) and the tangent line £ to V(P) at 
p comes the tangent line v = 0 to V(Q) at q = (0 : 0 : 1). 
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Suppose now that we have proven q is an inflection point of V(Q) if and only 
if H(Q)(q) = 0. We will use this to prove that p is an inflection point of V(P) if 
and only if H(P)(p) = 0. 

linvari ant inf lection 

Assume p is an inflection point of V(P). By Exercise 12.2.29, this implies q is 
an inflection point of V(Q), which in turn implies that H(Q)(q) = 0. Hence, by 

l invari ant he s g % a ft 

Exercise 12.2.28, H{P){p) = 0 as well. Therefore, if p is a point of inflection of V(P), 
then H(P)(p) =0. 

linvari ant he s s i an 

Conversely, suppose H(P)(p) = 0. Then Exercise 12.2.28 implies that H(Q)(q) = 
0, so that q is a point of inflection of V(Q). Therefore p is a point of inflection of 

linvari ant inf lection 

V(P) by Exercise 2.2.29. 


Thus we will assume that the point p = (0 : 0 : 1) £ V(P) and that the tangent 

EndHessianProof 

line to V(P) at p is y = 0 from now until the end of Exercise 12.2.34. 


dehomogenizedcubic 


Exercise 2.2.31. Explain why in the affine patch z 
curve is 


1 the dehomogenized 


A y + (ax 2 + bxy + cy 2 ) + higher order terms, 
where A ^ 0. [Hint: We know that p £ V(P) and p is non-singular.] 


Solution. Let P(x, y, z ) be a homogeneous polynomial of degree n such that 
p = (0 : 0 : 1) £ V(P) and the tangent line to V(P) at p is y = 0. We may write 

P(x, y, z) = az n + fi(x, y)z n ~ 1 + f 2 (x, y)z n ~ 2 H b f n (x, y), 

where a £ C and each fk(x, y) is a homogeneous two- variable polynomial in x. y of 
degree k. Then the dehomogenized curve is 

P(x,y, 1) = a + ft(x,y) + f 2 (x,y) H b f n (x,y)- 

Since p = (0 : 0 : 1) £ V(P), we know that P(0, 0, 1) = 0, but P(0,0, 1) = 
a + /i(0, 0) + / 2 (C), 0) + • • • + /„( 0, 0) = a since any homogeneous polynomial of 
positive degree vanishes at (0,0). Thus a = 0, so P(x,y , 1) = fi(x,y) + f 2 (x,y) + 
h fn(x,y). 

To determine the tangent line to V(P) at p = (0 : 0 : 1), we first compute the 
partials 

P x (x,y,z) = d ^(x,y)z n ~ 1 + ®^(x,y)z n ~ 2 -+ j-^(x,y), 

P y (x,y,z) = d ^(x,y)z n ^ 1 + d ^(x,y)z n ~ 2 -\ b ^( x , y), and 

P z (x,y,z ) = (n- l)f 1 (x,y)z n ~ 2 + (n- 2)f 2 (x,y)z n ~ 3 H b f n -\ (x, y) + 0 


Recalling that any homogeneous two- variable polynomial vanishes at (0,0), almost 
all of the summands of the partials P x , P y , P z above will vanish when evaluated at 
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(0:0: 1), so that P* (0,0, 1) - ^(0, 0)+0, P„(0, 0, 1) = ^(0,0)+0,P z (0,0,l) = 
0. Therefore, if fi{x,y) = (3x + \ y, then P x (0,0, 1) = /3 and P y (0,0,1) = A, so 
that the tangent line to V(P) at (0 : 0 : 1) is given by fix + Xy = 0. However, 
we are told that the tangent line to V(P) at p = (0 : 0 : 1) is y = 0, so 0 = 0 

and A / 0. Therefore, P(x,y, 1) = (Ay) + h{x,y) + f 3 (x,y) H b fn(x,y) = 

A y + (ax 2 + bxy + cy 2 ) + higher order terms, where A ^ 0, as we were to show. 


hessianeqn 


hessianmult 


From this we can conclude that P(x, y, z) is given by 
(2.1) P(x, y, z) = A yz d_1 + (ax 2 + bxy + cy 2 )z d ~ 2 + higher order terms 
where d = deg P. 

Exercise 2.2.32. Explain why the intersection of V(P) with the tangent V(y) 
at p corresponds to the root (0 : 1) of the equation 

P(x, 0, z) = ax 2 z d ~ 2 + higher order terms = 0. 


Solution. Since the tangent line is y = 0, it has parametrization L(x, z) = 
(x : 0 : z), and the intersection multiplicity of V(P) and V(y) at p = (0 : 0 : 1) is 
equal, by definition, to the multiplicity of the root (xq : z 0 ) = (0 : 1) of P(L(x, z)) = 
P(x,0,z). Thus all that remains to show is that P(x,0,z) has the form described. 
Recall from Equation (I2. if that P(x,y,z) = A yz d ~ l + (ax 2 + bxy + cy 2 )z d ~ 2 + 
higher order terms, so 

P(x, 0, z) = A[0]^ + (ax 2 + bx[ 0] + c[ti\ 2 )z d - 2 + ■■■= ax 2 z d ~ 2 + ■■■ . 

Therefore, the intersection of V(P) with V(y) at p = (0 : 0 : 1) corresponds to 
the root (0 : 1) of the equation P(x,0,z) = ax 2 z d ~ 2 + higher order terms = 0, as 
claimed. 


Exercise 2.2.33. Show that p is a point of inflection of V(P) if and only if 
a = 0. [Hint: For p to be an inflection point, what must the multiplicity of (0 : 1) 

jhessianmult 

be in the equation in Exercise 2.2.32?] 

Solution. We already know that p is a non-singular point of V(P), so p is 
a point of inflection of V(P) if and only if the intersection multiplicity of V(P) 
and V(y) at p is at least three. Equivalently, the multiplicity of the root (xo ■ 
Zq) = (0 : 1) of P(x,0,z) must be at least three, which happens if and only if 
(\x — 0z) 3 = a: 3 divides P(x,0,z). Thus p is a point of inflection of V(P) if 
and only if x 3 divides P(x,0,z) = ax 2 z d ~ 2 + higher order terms. Here the higher 
order terms are of the form f 3 (x, 0)z d ~ 3 + ■ ■ ■ + fd(x, 0), following our notation 

Idehoinogenizedcubic 

from Exercise 12.2.31. Yet each /^(x, 0) must be a monomial involving only x, 
so fk(x, 0) = CkX k for k = 3 Thus we may be more precise and write 
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EndHessianProof 


P{x, 0, z) = ax 2 z d ~ 2 + C 3 X 3 z d ~ 3 + • • • + CdX d . Clearly x 3 divides P(x, 0, z) if and 
only if a = 0, so we conclude that p is an inflection point of V(P) if and only if 
a = 0. 

We have now established that p is a point of inflection if and only if a = 0 in 

I hesgiauie gn 

Equation (2.1). All that remains is to show that p £ V(H(P)) if and only if a = 0. 

Exercise 2.2.34. 

(1) Show that 


H(P)(p) = det 


(2a b 0 

b 2c A (d — 1) 
\0 X(d — 1) 0 


higher order terms. 


(2) Conclude that p € V(H(P)) if and only if a = 0. 

Solution. Recall that P(x,y, z) = Xyz d ~ 1 +(ax 2 +bxy+cy 2 )z d ~ 2 +highei order terms 

Jhesgianeqn 

from Equation (2.1). 

(1) To compute the Hessian, H(P)(p), we find the first order partials 
P x (x,y,z) = (2ax + by)z d ~ 2 + higher order terms, 

P v (x,y,z) = Xz d ~ x + (bx + 2cy)z d ~ 2 + higher order terms, 

P z {x,y 1 z) = (d — l)Xyz d ~ 2 + (d — 2)(ax 2 + bxy + cy 2 )z d ~ 3 
Thus the second order partials are 
2 az d ~ 2 + higher order terms, 
bz d ~ 2 + higher order terms, 

(d — 2)(2ax + by)z d ~ 3 + higher order terms, 
bz d ~ 2 + higher order terms, 

2 cz d ~ 2 + higher order terms, 

( d — 1)A z d ~ 2 + (d— 2)(bx + 2cy)z d ~ 3 + higher order terms, 

( d — 2)(2ax + by)z d ~ 3 + higher order terms, 


P — 

1 XX 

P ~ 

r xy — 

P = 

J xz 

p — 

r yx — 

P — 


P ~ 

± 117 . 


P ~ 

± 7.T. 


P:, 


= (d— l)Xz d 2 + (d — 2)(bx + 2cy)z a 3 + higher order terms, 


d- 3 


P = 

± 7.7. 


(d — l)(d — 2)Xyz d 3 + (d — 2 )(d — 3)(ax 2 + bxy + cy 2 )z d 4 + higher order terms. 

All of the higher order terms will vanish when x = y = 0, so the Hessian 
of P(x, y, z) at p = (0 : 0 : 1) is 

(2a b 0 


H(P)(p) = det 


b 2c (d— 1)A 

\0 (d-l)A 0 


as we needed to show. 
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(2) By cofactor expansion across the first row, 

(2a b 0 \ 

H(P)(p) = det b 2c (d— 1)A 

yO (d — 1)A 0 ) 

= (2a)[(2c)(0) - (d- 1) 2 A 2 ] - (6)[(6)(0) - (O)A(d- 1)] 

= —2a{d — 1) 2 A 2 . 

Clearly, if a = 0, then H(P)(p) = 0. Conversely, suppose H(P)(p) = 0. 
Since A / 0, this implies either a = 0 or d = 1. However, if d = 1, 
then a = 0 for a is the coefficient of a term of degree at least two in 
the expansion of P(x,y,z). Therefore, if H(P)(p) = 0, then a = 0, so 
p e V(iJ(P)) if and only if a = 0. 

hessianintersection 

This completes our proof of Theorem 12 .2.27. In practice, we use the Hessian 
to locate inflection points even if V(P) is not smooth by finding the points of 
intersection of V(P) and V(P(P)) and eliminating those that are singular on V(P). 

Exercise 2.2.35. Let P(x,y,z) be an irreducible second degree homogeneous 
polynomial. Using the Hessian curve, show that V(P) has no points of inflection. 

Solution. Let P(x,y,z) = ax 2 +bxy + cy 2 +dxz + eyz + fz 2 be an irreducible 
second degree polynomial. As P(x , y, z) is irreducible, V(P) is neither crossing lines 
nor a double line. Therefore, V(P) is a non-degenerate conic, so V(P) is smooth 

I s ingul ar cl as s i f i c atio n he g si an intersection 

by Theorem 11.9.15. Thus, by Theorem 12.2.27, a point p G V(P) is an inflection 
point if and only if p £ V(H(P)). Now P x = 2 ax + by + dz, P y = bx + 2 cy + ez, 
and P z = dx + ey + 2 fz, so 

^2a b d\ 

H(P)(x,y, z) = det b 2c e 
V d e 2 f) 

is a constant. Thus H(P)(p) = 0 if and only if H(P)(x,y,z) = 0, in which case 
V(P) contains a line. 3 As V(P) is an irreducible second degree curve, it has no line 
components, so H{P) is not identically zero. Thus H{P) is never zero, so V(P) 
has no inflection points. 

We conclude this section with the following theorem, which we state without 

[cubic bezout # 

proof. Theorem 2.2.36 is a direct result of Bezout’s theorem, which we will prove 

bezout 

in Section 3. '6. 28. 

cubic bezout Theorem 2.2.36. Two cubic curves in P 2 will intersect in exactly 3x3 = 9 

We haven’t defined points, counted up to intersection multiplicities. 

intersection “ teibson 

, '-'See Lemma 13.3 of IfUibysl for the proof, which uses the Implicit Function Theorem. 

multiplicities tor two 

curves yet. - DM 
( 8 / 13 / 09 ). 




DRAFT COPY: Complied on February 4, 2010. 


Ill 


P: es . s i ande gr e > e Ihessianinter sect ion 

nineinf lections Exercise 2.2.37. Use Exercise 12.2.22 and Theorem 12.2.27 to show that if V(P) 

is a smooth cubic curve, then V(P) has exactly nine inflection points. 

Solution. Let V(P) be a smooth cubic curve in P 2 . Thus P(x,y,z) is an 
irreducible 4 homogeneous polynomial of degree three, so H{P ) is also a third de- 

|he s s i ande gr e e Icubic bezout 

gree homogeneous polynomial by Exercise 2727221 Therefore, by Theorem 12.2.36, 

V(P) n V(P(P)) contains exactly nine points, each of which is an inflection point 

he s s i an i nt e r s e c t ion 

by Theorem 12.2.27. Hence V(P) has exactly nine inflection points. 

Exercise 2.2.38. Find all nine points of inflection of the Fermat curve, P(x, y, z ) = 
x 3 + y 3 + z 3 . 

Solution. Since P x = 3 x 2 ,Py = 3y 2 ,P z = 3 z 2 , every point of V(P) must be 
non-singular since at least one of its x-, y-, or ^-coordinates will be non-zero. Thus 
V(P) is a smooth cubic curve, so it will have exactly nine inflection points, which 
will be the nine points of intersection of V(P) and V(H(P)). To find these points, 
we must first compute the Hessian of P: 

/6x 0 0\ 

H(P)(x, y, z) = det 0 6j 0 =216 xyz. 

v 0 0 6 zj 

A point p £ P 2 belongs to V(H(P)) if and only if one of its coordinates is zero. 

Now P(0,y,z) = y 3 + z 3 = 0 if and only if y 3 = —z 3 , so setting z = — 1 we 
find y 3 = 1. Letting ui denote a primitive cube root of unity, the three solutions 
of P(0, y, z) = 0 are (0:1: — 1), (0 : u : — 1), (0 : w 2 : —1). Similarly, (1 : 

0 : — l),(w : 0 : — 1), (w 2 : 0 : — 1) are the three solutions of P(x, 0, z) = 0 and 
(1 : — 1 : 0), (u> : — 1 : 0),(w 2 : — 1 : 0) are the three solutions of P(x,y, 0) = 0. 
Hence the nine inflection points of V (P) are 

(0:1: — 1), (0:w:-l), (0 : w 2 : -1), 

(1:0: -1), (w : 0 : -1), (w 2 : 0 : -1), 

(1 : -1 : 0), (w : -1 : 0), ( w 2 : -1 : 0). 

2.3. Group Law 

The goal of this section is to illustrate that, as a consequence of their geometric 
structure, smooth cubic curves are abelian groups. While the group law can be 
stated algebraically, in this section we will develop it geometrically to see why it is 
important for the curve to have degree three. 

4 If P(x,y,z) is reducible, say P(x,y,z) = I(x. y, z)Q(x, y, z) for some linear and quadratic 
polynomials l, Q, then consider a point p 6 V(Z)nV(Q), which exists by the Fundamental Theorem 
of Algebra. Clearly p E V(P) and it is easy to check that p is a singular point. 
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oup LggrdJipibining points 
grouplAbelian 
chord-tangent 
composition law 


4: Group Law:Def of Group 


I'm not sure this term 

i s univ e rsa l . How e v e r, 

Law : EX-ChordLawCommutes 
it appears in 

Husemoller’s "Elliptic 

Curves" (p. 13), 

Knapp's “Elliptic 

Curves" (p. 67), and I 

saw two pages online 

use it. 


2.3.1. Adding points on smooth cubics. Let G denote a smooth cubic 
curve in the projective plane, P 2 (C). We will develop a geometric method for 
adding points so that G is an abelian group under this operation. First, we define 
an abelian group. 

Definition 2.3.1. A group is a set G equipped with a binary operation * 
satisfying the following axioms: 

(Gl) The binary operation is associative, i.e., 

9i * ( 92 * S3) = (si * 92) * S3 
for all Si,S2,S3 € G. 

(G2) There is an (unique) identity element e € G such that e *<? = <? = g*e for 
all g&G. 

(G3) For each g £ G, there is an (unique) inverse element g' £ G satisfying 
S * S' = e = s' * g. 

A group G is said to be an abelian group if, in addition, the binary operation 
* is commutative, i.e., Si * S 2 = S 2 * Si for all si, S 2 € G. 

For points P and Q on C, let £(P , Q) denote the line in P 2 through P and Q. In 
case P and Q are the same point, let £(P, P) be the line tangent to G at P. (This is 
why we must assume the cubic curve G is smooth, in order to ensure there is a well- 

12 . 2 : L ine s and cub i c s 

defined tangent line at every point.) In Section 12.2.3 we saw that the Fundamental 
Theorem of Algebra ensures there are exactly three points of intersection of £(P, Q) 
with the cubic curve C, counting multiplicities. Let PQ denote this unique third 
point of intersection, so that the three points of intersection of G with £(P, Q) are 
P, Q and PQ. In the event that a line £ is tangent to C at P, then the multiplicity 

It an gent mu 1 1 1 w o 

of P is at least two by Exercise 12.2.17. Therefore, if P ^ Q and £(P,Q) is tangent 
to G at P, then PQ = P, for P counted the second time is the third point of 
intersection of £{P , Q) with G. The rule (P, Q) i— >■ PQ gives a binary operation on 
C, which is called the chord-tangent composition law. 

Exercise 2.3.1. Explain why the chord-tangent composition law is commuta- 
tive, i.e., PQ = QP for all points P, Q on G. 

Solution. If P = Q, then PP = PP, so we may assume that P ^ Q. There 
is a unique line £(P, Q) passing through these two distinct points. This line will 
intersect the elliptic curve in a unique third point PQ. However, QP is also the 
third point of intersection of £(P, Q) and G. Therefore PQ = QP. 

While this is a well-defined, commutative binary operation on C, the following 
exercises illustrate that the chord-tangent composition law lacks the properties 
required of a group law. 
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Law : EX-ChordLawNot Assoc 


Exercise 2.3.2. Consider the cubic curve C = {( x , y ) G C 2 | y 1 = x 3 — x } 
and the points P, Q , R on C, as shown below. (Note that only the real part of C is 
shown.) 



Using a straightedge, locate PQ and then ( PQ)R on the curve C. Now locate the 
point QR and the point P(QR) on the curve 6. Is it true that P{QR) = (PQ)R7 
That is, is the chord-tangent composition law associative for these points on C? 


Solution. We find P{QR) by first drawing the line through Q and R to obtain 
the point QR, and then drawing the line through P and QR to get P{QR). 



Now we find ( PQ)R by first obtaining PQ and then drawing the line through this 
point and R to find ( PQ)R . 


114 


Algebraic Geometry: A Problem Solving Approach 



Clearly, the point P(QR) is below the x-axis while the point ( PQ)R is above the 
x-axis, so these are not the same point. That is, P(QR) ^ ( PQ)R , so the chord- 
tangent composition law is not associative. 


The preceding exercise demonstrates that the chord-tangent composition law 
is not associative. The next exercise illustrates that associativity is not the only 
group axiom that fails for the chord-tangent composition law. 


That there is no 


aw : EXn'9feQri#.«l#nJderrtasty 


inspired by a comment 
in Husemoller's 


Exercise 2.3.3. Consider the cubic curve C = {(x, y) £ C 1 2 | x 3 4 + y 3 = 1}. 
and the points P = (0, 1) and Q = (1,0) on 6, as shown below. (Again, we note 
that only the real part is shown.) 



(1) Using the equation of the cubic curve C and its Hessian, verify that P and 
Q are inflection points of C. 

(2) Verify that PP = P. Conclude that if 6 has an identity element e, then 
e = P. 

(3) Verify that QQ = Q. Conclude that if 6 has an identity element e, then 
e = Q. 

(4) Conclude that C does not have an identity element for the chord-tangent 
composition law. 
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Solution. (1) Homogenizing the curve, we have f(x, y. z) = x 3 +y 3 — z 3 . 

The Hessian is given by 

(6x 0 0 \ 

H(x,y,z)= det 0 6 y 0 = — 216a :yz 

yO 0 -6 z) 

The point P = (0, 1) in the plane has homogenoues coordinates (0:1:1) 
and H( 0,1,1) = 0. Similarly, the point Q = (1,0) in the plane has 
homogenoues coordinates (1:0:1) and #(1,0, 1) = 0. Since P,Q € 
V (if) fl C, P and Q are both inflection points. 

(2) The point PP is the third point of intersection of the line tangent to 
6 at P. The tangent line has equation y = 1 - compute the derivative 
implicitly and = — |. Substituting into the defining equation for G 
gives us x 3 + 1 = 1, or a: 3 = 0. The only other solution is x = 0, so 
PP = P. If C has an identity element e, then e = P. 

(3) The point QQ is the third point of intersection of the line tangent to 6 at 
Q. The tangent line has equation x = 1. Substituting into the defining 
equation for G gives us 1 + y 3 = 1, or y 3 = 0. The only other solution is 
y = 0, so PP = P. If 6 has an identity element e, then e = Q. 

(4) The identity element of a group must be unique: if e and / are identity 
elements, then ef = f and ef = e, so e = /. Since we have 2 distinct 
points which act as identity elements, 6 does not have an identity element 
under chord-tangent composition. 


2: Group Law : D=inf lection 


Therefore, the chord-tangent composition law will not serve as a binary oper- 
ation for the group structure on G because it violates both axioms (Gl) and (G2). 
However, we can find a way to make this work. By using the chord-tangent com- 
position law twice in combination with a fixed inflection point, we will construct 
the group law on 6 in the next subsection. 

2.3.2. Group Law with an Inflection Point. Let 6 denote a smooth cubic 
curve in the projective plane, P^(C). As we showed in Exercise 2.2.37 , there 
are nine points of inflection (counting multiplicity) on G. These are the points of 
intersection of the cubic curve, C, with its Hessian curve. 

Select a point of inflection O on 6. We define our binary operation, +, relative 
to this specific point O. For points P, Q on G, define P + Q to be the unique third 
point of intersection of £(0,PQ) with C, where PQ denotes the chord-tangent 
composition of P and Q. That is, P + Q = O(PQ), using the chord-tangent 
composition law notation. We claim that with this binary operation +, C is an 
abelian group, and we call this operation addition, i.e. we can “add” points on G. 
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We will prove that for a given choice of inflection point, O , the cubic curve 
C with addition of points relative to O is an abelian group. Before we verify this 
claim, let’s consider a specific example. 



2.4: Group Law : EX-PlusLaw 


2-4: Group Law:y~2=x~3+1 


Figure 1. The cubic curve C = V{x 3 — y 2 z + z 3 ) in the affine 
patch z = 1 

Consider the cubic curve 6 = V{x 3 — y 2 z + z 3 ) C P 2 , and the points Pi = (2 : 
3 : 1), P 2 = (0 : 1 : 1), P 3 = (-1 : 0 : 1), P 4 = (0 : -1 : 1), P 5 = (2 : -3 : 1) on 6. 

12-4 : Group Law_: y~2=x"3+l 

Figure 12.3.2 shows cm the affine patch z = 1. 

Exercise 2.3.4. Use the equations of the cubic curve C and its Hessian to 
verify that P 2 and P 4 are inflection points of 6. 


Solution. The Hessian is 
( 6x 0 

H{x, y, z) = det 


0 


4 : Group Law : EX-PlusLawP2 


0 —2 z —2 y | = 6x (—12 z 2 — 4 y 2 ) = — 24a;(3 z 2 + y ) 

\ 0 — 2y0 6 z 

Since the x — coordinates of P 2 and P 4 are 0, H = 0. 

Exercise 2.3.5. Let O = P 2 be the specified inflection point so that + is 
defined relative to P 2 , i.e. Q + R = P 2 (QP) for points Q , R on C. 
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( 1 ) Compute Pi + P 2 , P 2 + P 2 , P3 + P2, P4 + P2, and P 5 + P 2 . 

( 2 ) Explain why P 2 is the identity element for 6. 

( 3 ) Find the inverses of P 1; P 2 , P 3 , P4 and P 5 on 6. 

( 4 ) Verify that Pi + (P3 + P4) = (Pi + P3) + P4. In general, addition of points 
on 6 is associative. 

Solution. (1) (a) To compute Pi + P2, note that the third point of 
intersection of f(Pi,P 2 ) and C is P3 and P2(P 3 ) = Pi- Therefore 
P1+P2 = Pi- 

(b) To compute P2 + P2, note that the third point of intersection of 
£(P 2 , P2) and G is P2 since P2 is an inflection point of C, and P2(P2) = 
P 2 . Therefore P2 + P2 = P 2 . 

(c) To compute P3 + P2, note that the third point of intersection of 
e(P 3 ,P 2 ) and 6 is Pi. Then P 3 + P 2 = P 2 (P 3 P 2 ) = P 2 (Pi) = P 3 - 

(d) To compute P4 + P2, note that the third point of intersection of 
e(P 4 , P 2 ) and 6 is (0 : 1 : 0 ), so P 2 (( 0 : 1 : 0 )) = P 4 . 

(e) To compute P 5 + P 2 , note that the third point of intersection of 
£(P 5 ,P 2 ) and 6 is P 5 , and P 2 (P 5 ) = Ps- 

( 2 ) From these five examples it seems like P2 added to any other point yields 
that point again. To verify this, suppose Q is another point on G. Then 
Q + P 2 = P 2 (QP2). Now QP 2 is the unique third point of intersection 
of the line P2) with the curve C, so the three points Q, P 2 ,( 3 P 2 are 
collinear points on C. Then Q + P2 = P2(QP2 ) is the third point of 
intersection of the line £(P 2 , QP2) with G. Yet f!(P 2 , QP2) = Q , P2), and 
the third point of intersection of this line with G is Q. Hence Q + P 2 = Q 
for all points Q on G. 

( 3 ) Pi has inverse P3, P2 has inverse P 2 , P3 has inverse Pi, P4 has inverse 
( 0 : 1 : 0 ), and P5 has inverse P5. 

( 4 ) Let us first compute the left hand side of the equation. To calculate 
P3+P4, we determine that the line connecting these two points i(P3, P4) = 
—x — 1 . We can substitute this into the defining equation for C, which 
gives us 

x 3 -y 2 + 1 = 0 

x 3 -{-x-lf + l = 0 

x 3 — x 2 — 2 x — 1 + 1 = 0 

x(x 2 — x — 2) = 0 


which has solutions x = 0 , — 1 , 2 . So the third point of intersection of l 
and 6 has x — coordinate 2 . We can see that the appropriate y — coordinate 
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is —3, so P 3 -P 4 = P 5 . Now the line connecting P 2 and P 5 has a point of 
tangency at P 5 , so P 2 (P 3 P 4 ) = P 3 + Pi = Ps- 

Now, to compute Pi + P 5 , we first obtain the line i(Pi,P 5 ) is the 
vertical line x = 2. If we substitute this into the defining equation in 
this chart, we obtain 8 — y 2 + 1 = 0 or y = ±3. This means that the 
third point of intersection is not shown in this chart. If we homogenize 
the equation which defines C, we obtain x 3 — zy 2 + z 3 =0. If we set 
z = 0, the equation becomes x 3 = 0. Thus the y— coordinate must be 
non-zero, so the third point of intersection is P 1 P 5 = (0:1:0). Now the 
line connecting (0 : 1 : 0) to P 2 is vertical, which will also intersect 6 at 
P 4 . Therefore, Pi + (P 3 + P 4 ) = P 4 . 

The right hand side of the equation can be evaluated straightfor- 
wardly. Since Pi and P 3 are inverses, Pi + P 3 = P 2 . Since P 2 is the 
identity element P 2 + P 4 = P 4 . 

4: Group Law : EX-PlusLawP4 Exercise 2.3.6. Now let O = P 4 be the specified inflection point so that + is 

defined relative to P 4 , i.e. Q + R = Pi(QR) for points Q , R on 6 . 

(1) Compute Pi + P 2 , P 2 + P 2 , P 3 + P 2 , P 4 + P 2 , and P 5 + P 2 . [Hint: For 

P 4 + P 2 and P 5 + P 2 find the equations of the lines £(Pi, P 2 ) and 1{P$, P 2 ), 

respectively, to find the third points of intersection with C.] Are the 

12. 4: Group L^w : EX-PlusLawP2 

answers the same as they were in part (1) of Exercise 12.3.5? Is P 2 still 
the identity element for C? 

(2) Now compute Pi + P 4 , P 2 + P 4 , P 3 + P 4 , P 4 + P 4 , and P 5 + P 4 . Explain 
why P 4 is now the identity element for C. 

(3) Using the fact that P 4 is now the identity element on 6 , find the inverses 
of Pi, P 2 , P 3 , Pi and P 5 on 6 . [Hint: See the hint on part (1).] Are these 

12. 4: Group Law:EX-PlusLawP2 

the same as the inverses found in part (3) of Exercise 2.3.5? 

Solution. (1) (a) To compute Pi + P 2 , note that the third point of 
intersection of f?(Pi,P 2 ) and 6 is P 3 and Pi(P 3 ) = P 5 . Therefore 
P 1 +P 2 = P 5 - 

(b) To compute P 2 + P 2 , note that the third point of intersection of 
??(P 2 , P 2 ) and 6 is P 2 since P 2 is an inflection point of C and Pi(P 2 ) = 

(0:1: 0). Therefore P 2 + P 2 = (0 : 1 : 0). 

(c) To compute P 3 + P 2 , note that the third point of intersection of 
£(P 3 , P 2 ) and 6 is Pi. The line connecting Pi and P 4 is given by y = 

2x — 1. Substituting into the equation for 6 yields a; 3 — 4a; 2 + 4x = 0, 
which has roots x = 0, 2, 2. So Pi has multiplicity two on this line 
and Pi(Pi) = Pi. 
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(d) To compute P 4 + P 2 , note that the third point of intersection of 
£(P 4 ,P 2 ) and 6 is (0 : 1 : 0), so P 4 ((0:1: 0)) = P 2 . 

(e) To compute P 5 + P 2 , note that the third point of intersection of 
£(P 5 ,P 2 ) and 6 is P 5 , and P 4 (P 5 ) = P 3 . 

We can see that P 2 is not the identity element under addition relative 
to P 4 . 

(2) The given points, along with (0:1:0) are enough to show this result. 

(3) The inverse of P\ is P\. The inverse of P 2 is (0 : 1 : 0). The inverse of P 3 
is P 5 . The inverse of P 4 is P 4 . The inverse of P 5 is P 3 . 

Now we will prove that the cubic curve C with addition of points relative to 
a fixed inflection point O is an abelian group. First, we verify that the binary 
operation + is commutative. 

roup Law : EX-PlusCommutes EXERCISE 2.3.7. Explain why P + Q = Q + P for all points P, Q on C. This 

establishes that + is a commutative binary operation on C. 

Solution. Let P,Q £ 6 and let O £ G be a fixed inflection point. Then P + Q 
is the third point of intersection of £(0, PQ) on C, where PQ is the chord-tangent 
composition. Since PQ = QP , this is the same as the third point of intersection of 
t(0, QP) on C. Therefore P + Q = Q + P. 

1 2 .4 : Group |2a4 : B^Qfi^ubi,gwES-PlusLawP4 

In Exercises B7375 and 2.3.0, the inflection point used to define the addition also 
served as the identity element for the curve C = V(x 3 — y 2 z + z 3 ). In the exercise 
below, you will show this is true for any cubic curve. 

roup Law : EX-PlusIdentity Exercise 2.3.8. Let C be a smooth cubic curve and let O be one of its inflection 

points. Define addition, +, of points on 6 relative to O. Show that P + O = P for 
all points P on C and that there is no other point on C with this property. Thus O 
is the identity element for + on 6 . 

Solution. Let P £ C be a point and addition is defined relative to an inflection 
point O and consider P + O. Let Q be the third point on £{0,PO) and 6 . Then O, 
P and Q are collinear. Now P + O = 0{Q) is the third point on the line connecting 
Q and O on C, which must be P. Therefore P + O = P for all P £ C. 

To prove uniqueness, suppose P + O = P and P + O' = P for all P £ C. Then 
O + O' = O and O' + O = O' . Since O + O' = O' + O, it follows that O' = O. 

Thus (C, O, +) satisfies group axiom (G2). Next, we verify that every point P 
on C has an inverse, so that C with + also satisfies group axiom (G3). 

roup Law : EX-PlusInverses Exercise 2.3.9. Let 6 be a smooth cubic curve and let O be one of its inflection 

points. Define addition, +, of points on C relative to the identity O. 
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(1) Suppose that P, Q , R are collinear points on C. Show that P+(Q+R) = O 
and (P + Q) + R = O. 

(2) Let P be any point on C. Assume that P has an inverse element P” 1 on 
C. Prove that the points P, P _1 , and O must be collinear. 

(3) Use the results of parts (1) and (2) to show that for any P on C there is 
an element P' on 6 satisfying P + P' = P' + P = 0, i.e. every element P 
has an inverse P -1 . Then show this inverse is unique. 

Solution. (1) Consider (P + Q) + R. The line segment containing P 
and Q must intersect at R, so P + Q = O(R). If we construct the line 
segment from O(R) to R, the point of intersection must be collinear with 
R , O and 0{R). Then the third point of intersection must be O. Since O 
is an inflection point, the line tangent to O intersects the curve again at 

O. Hence (P + Q) + R = O. 

The verification that P + (Q + R) = O is similar. 

(2) Construct the segment through P and P -1 with third point Q. Then 
(P + P -1 ) + Q = O while P + P~ 1 = O, so O + Q = O. However, O is 
the identity, so O + Q = Q. Therefore, Q = O and P, P -1 and O are 
collinear. 

(3) Let P’ = OP be the unique third point of intersection of the line £(0, P) 
with the curve C. We claim that P' is an inverse for P. Since P, O, P’ are 
collinear points, P + {O + P') = O and (P' + 0)+P = O by part (1). Yet 
O + P' = P' = P' + O, so P + P' = O and P' + P = O. Therefore, P has 
an inverse element, P' = OP , on 6. Moreover, this must be the unique 
inverse of P on C by part (2), as it is the unique element on C such that 

P, 0,P' are collinear. 

So far we have shown that (C, O, +) has an identity, inverses, and is commuta- 
tive. All that remains in order to prove that 6 is an abelian group is to show that 
+ is an associative operation. Establishing this fact is more involved than verifying 
the other axioms. 

|F ultonl969 

The following three exercises are based on |FultJy], pages 124-125. We will first 
develop some results regarding families of cubic curves. 

p Law: families of cubics Exercise 2.3.10. Start with two cubic curves, C = V(f) and D = V(g). By 

I cubic bezout 

Theorem 12.2.36, there are exactly nine points of intersection, counting multiplicities, 
of 6 and D. Denote these points by Pi, P 2 , . . . , Pg. 

(1) Let A, fj, G C be arbitrary constants. Show that P lt P 2 , . . . , Pg are points 
on the cubic curve defined by A/ + gg = 0. 
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2-4: Group Law: 8 points 


X-GeometricAssociativity 


(2) Let Ai, A 2 , gi, g 2 £ C be arbitrary constants. Show that Pi,P 2 ,...,Pg 
are the nine points of intersection of the cubic curves Ci = V(Ai / + gig) 
and C 2 = V(X 2 f + g 2 g). 

Solution. (1) For Pi, i = 1,...,9, we have A / + gg(Pi) = A/(Pj) + 

gg(Pi) = 0 + 0 = 0 . 

(2) For every A and /i, the points Pi are on V(Xf + gg) for i = 1, . . . , 9. 
Therefore the P,; are on the intersection of any two cubics of this form. 

Let F{x, y, z ) = aix 3 + a 2 x 2 y + a 3 x 2 z + a 4 xy 2 Pa^xyz+a^xz 2 + 07 y 3 +a 3 y 2 z + 
agyz 2 +a±oZ 3 be a cubic whose coefficients, a\,a 2 ,. . . ,a\g, are viewed as unknowns. 
Then, for any point P = (xo : yg : 2 : 0 ) in P 2 , the equation P(P) = 0 gives a linear 
equation in the unknown coefficients, a,;. Explicitly, we obtain the linear equation 

aix 3 0 + a 2 Xgy 0 + a 3 xlz 0 + a^Xgyg + a 5 x 0 y 0 z 0 + 

o-6XoZg + a-jy^ + a^y^zg + agygZQ + aio^Q = 0. 

Recall that the coordinates of P are only determined up to non-zero scalar mul- 
tiple. Since F(x,y,z) is homogeneous of degree three, we have F(Xxo, Xyg, Xzg) = 
X 3 F(xg, 7/0 j +))• Therefore, the zero set of the equation in the ten unknowns 01 , 02 , . . . 
is uniquely determined by P. 

Exercise 2.3.11. Consider eight distinct points in IP 2 , say Pj , P 2 , . . . , Pg , that 
are in general position, which for us means that no four are collinear and no seven 
are on a single conic. Let F be a generic cubic polynomial with unknown coefficients 
Oi, a 2 , . . . , aio- The system of simultaneous equations P(Pi) = P(P 2 ) = ••• = 
P(P§) = 0 is a system of eight linear equations in the ten unknowns oi, o 2 , . . . , a\g. 

(1) Show that if the eight points Pi, P 2 , . . . , P$ are in general position, then 
the rank of the linear system P(Pi) = F(P 2 ) = • • • = P(Ps) = 0 is equal 
to 8. 

(2) Use the Rank-Nullity theorem from linear algebra to show that there are 
two “linearly independent” cubics Fi{x, y, z) and P 2 ( x, y, z) such that any 
cubic curve passing through the eight points Pi, P 2 , . . . , P§ has the form 
APi + gF 2 . 

(3) Conclude that for any collection of eight points in general position, there 
is a unique ninth point Pg such that every cubic curve passing through 
the eight given points must also pass through Pg. 

In this next exercise, we prove the associativity of the newly defined addition 
of points on a smooth cubic curve. 

Exercise 2.3.12. Let 6 be a smooth cubic curve in P 2 and let P, Q, R be three 
points on 6. We will show that P + (Q + R) = (P + Q) + R. 


general position 


1 aw 


The RN intro needs 
revision 
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orderlgroup element 


• Let V(l\) = £(P, Q) and S\ = PQ , so V{1\) fl 6 = {P, Q, Si}. 

• Let V(Z 2 ) = £(S\,0) and S 2 = OS\ = P + Q, so V(/ 2 ) fl C = {Si, O, S 2 }. 

• Let V(l 3 ) = t(S 2 ,R) and S 3 = (P + Q)R, so V{1 3 ) nC = {S 2 , P, S 3 }. 

Similarly, 

• Let V (mi) = £(Q, R) and T) = QR , so V (mi) fl C = {Q, P, Ti}. 

• Let V(m 2 ) = £{Ti, O) and T 2 = OT^ = Q+R, so V(m 2 )ne = {Ti, O, T 2 }. 

• Let V (m 3 ) = £(T 2 , P) and P 3 = P(Q + P), so V(m 3 ) n6 = {T 2 , P, P 3 }. 

(1) Notice that 6' = V(Zim 2 Z 3 ) is a cubic. Find 6' n 6. 

(2) Likewise, C" = V^(mp 2 m 3 ) is a cubic. Find C" fl 6. 

12-4: Group Law: 8 points 

(3) Using parts (1) and (2) together with Exercise 12.3.11, deduce tnat (P + 
Q)R = P{Q + P). 

(4) Explain why ( P+Q)R = P(Q+R. ) implies that ( P+Q)+R = P+(Q+R). 
Conclude that the addition of points on cubics is associative. 

Solution. (1) We have G ' n C = { 0 , P , Q , R , Si,S 2 ,S 3 ,Ti,r 2 }. 

(2) We also have 6" n 6 = {O, P, Q, P, Si, S 2 , Pi,T 2 , T 3 }. 

(3) Both S' and 6" pass through the 8 points {O, P, Q, P, Si, S 2 , Pi, T 2 }. 
Therefore they must pass through the same ninth point, so S 3 = P 3 or 
(P + Q)R = P{Q + R). 

(4) Since (P + Q)R = P(Q + P), we have O ((P + Q)R) = O ( P(Q + P)), 
which is the same as (P + Q) + R = P + (Q + R). 

Therefore, a cubic curve C with a selected inflection point O determines a binary 
operation, +, in such a way that (6, O, +) is an abelian group under addition. 5 

Since (C, O, +) is a group, it is natural to ask group theoretic questions about 
C, such as questions regarding the orders of its elements. First we define an integer 
multiple of a point and the order of a point. 

Definition 2.3.2. Let (6, 0 , +) be a smooth cubic curve and let P ^ O be a 
point on the curve. For n G Z we define n ■ P as follows: 

• 0 • P = O and 1 • P = P 

• For n > 2, we have n ■ P = (n — 1) P + P 

• For n < 0, we set n ■ P to be the inverse of — n ■ P . 

Definition 2.3.3. Let (C, O , +) be a smooth cubic curve and let P ^ O be a 
point on the curve. If there exists a positive integer n so that n ■ P = O and for 
1 < m < n — 1 we have m • P ^ O, then the point P has order n. If no such positive 
integer exists, then the point is said to have infinite order. 

5 We defined addition on C relative to an inflection point, O, but we could define addition on 
C relative to any point O on C. See Husemoller, “Elliptic Curves”, Theorem 1.2 for details. 
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.3:Group Law:FiniteOrder 


P) tangent at P iff 2P=0 


r 2 points are collinear 


p Law: EX-Order 2 example 


-Inflection have order 3 


We can now examine points of finite order. In particular, we are interested here point of inflection 
in points of order two and three. Many areas of mathematics are concerned with 
the computation of the order of various points on a cubic curve. 

2.3.3. Points of Order Two and Three. Let 6 be a smooth cubic curve 
with + defined relative to the inflection point O , the group identity. Let P be a 
point on C. 

Exercise 2.3.13. Show that 2 P = O if and only if i(0, P) is tangent to C at 
P. 


Solution. Suppose 2 P = O, which is the same as P + P = O. If we construct 
the tangent line at P and find the third point of intersection Q , then draw the line 
seqment from Q to O, it must intersect again at O. Since O is an inflection point, 
the multiplicity of the root is (at least) 3, so Q = O and £(P, O) is tangent to C at 
P. 

Conversely, suppose £(P, O ) is tangent to 6 at P and consider P + P. The 
tangent line at P has third point of intersection O and the line segment connecting 
O to itself has third point O. Therefore, P + P = O. 

Exercise 2.3.14. Show that if P and Q are two points on 6 of order two, then 
PQ, the third point of intersection of 6 with £(P,Q ), is also a point of order two 
on e. 

Solution. Let P and Q be points of order 2 and consider PQ, which is the 
third point of intersection of £(P,Q) and C. We note that P + Q has order 2. To 
prove the result, we need to show that P + Q = PQ. 

If P + Q ^ PQ, then suppose P + Q = R. Then R has order 2, so the line 
t(0, R) is tangent at R. However, this line also passes through O and PQ so the 
degree of the root at R is at least 4, which is a contradiction. Hence PQ must also 
have order 2. 

Exercise 2.3.15. Let C be the cubic curve defined by y 2 z = x 3 — xz 2 . Graph 
6 in the affine patch z = 1, and find three points of order two. 

Solution. Add graph here! 

Let 6 be a smooth cubic curve with + defined relative to the inflection point 

O. 


Exercise 2.3.16. Let P be any inflection point on C. Show that 3 P = O. 

Solution. Let P be any inflection point on C. If P = O, then 3 P = 0 + 0 + 
0 = 0 so we may assume P ^ O. Then P + P can be determined by taking the 
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line segment from P to O and finding the third point of intersection R. This point 
can not be O , otherwise the line connecting O and P has intersection multiplicity 
4. Now RP is the line from R to P. This line contains O, so the third point of 
intersection is O. Therefore 3 P = O. 


Law: EX-Point of order 3 


Exercise 2.3.17. Suppose P is point on C and 3 P = O. Conclude that PP = 
P. From this, deduce that P is a point of inflection on C. 


Solution. Suppose 3 P = O. This is equivalent to P + P = — P. Now the 
points P, — P, and O are collinear since P — P = O. Therefore, — P is on the line 
segment tangent at P to O. So PP , which is the third point of intersection, must 
be equal to P. 

If PP = P, then the multiplicity of the tangent line at P must be at least 3. 
Therefore, P is an inflection point. 

1 2 . 6 .4 : Elliptic Curves : Finite0rder2 

We will return to points of finite order in section 12.4.3 after we have developed 
a more convenient way to express our smooth cubic curves. 


2 . 5 : Canonical Form 


2.4. Normal forms of cubics 

The goal of this section 6 is to show that every smooth cubic is projectively equiv- 
alent to one of the form y 2 = x 3 + Ax + B, the Weierstrass normal form, where 

[2 .5 : Canonical Form :EQ-wnf 

the coefficients A and B are determined uniquely. See Equation (2.7). We will 
also show that every smooth cubic is projectively equivalent to the canonical form 

„ 1 2 . 5 : Canonical Form: EX-canonical form 

y A = x(x — l)(a; — A). See Equation 2.4.24. The value of A, however, is not uniquely 
determined, as there are six values of A for the same cubic. We associate to each 
cubic a complex number and vice versa showing that we can parametrize all cubics 
by the complex numbers. Using this, in the next section we will give an algebraic 
characterization of the group law, which may then be used not only in characteristic 
zero, but for positive characteristics and even over non-algebraically closed fields 
such as R, Q, and Z p . 


2.4.1. Weierstrass Normal Form. One set of problems will be to achieve 
the goals outlined above for a general cubic curve C. The other set of problems 
consists of carrying out the computations with a concrete example, the curve {a; 3 + 
y 3 - z 3 = 0}. 

Let C be a smooth cubic curve in P 2 given by the homogeneous equation 
f(x,y,z) = 0. Select an inflection point, O = (a o : &o : Co), on 6 and let l denote 
the tangent line to C at O, where i is defined by the linear equation l(x,y,z)=0. 

6 The development in this section follows the first two sections of chapter three of J. Silver- 
man’s The Arithmetic of Elliptic Curves. 
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Recall that we can projectively change coordinates with an invertible 3x3 matrix 

M. 



We choose M so that 



and l is transformed to the line defined by li(xi,yi, Zi) = z 1 , i.e. the inflection 
point O becomes and (0:1:0) and the tangent line £ becomes the line {zi = 0} 
under the projective change of coordinates M. Recall, that we actually carry out 
the computations of changing coordinates by using the inverse M -1 of M and 
replacing x, y, and z with expressions involving x\, y\, and z\. 

ing Fermat 0 to infinity Exercise 2.4.1. Consider the smooth cubic curve C defined by x 3 +y 3 — z 3 = 0. 

(1) Show that O = (1 : 0 : 1) is an inflection point of C. 

(2) Show that x — z = 0 is the equation of the tangent line to C at O. 

(3) Find a 3 x 3 matrix M such that, under the change of variables 



we have (1:0:1) i — >- (0:1:0) and l(x,y,z) — x — z becomes 
h(xi,yi,zi) = zi. 

(4) Find the equation, fi{x\,y\,Z\) = 0, for the curve Ci that is associated 
to this projective change of coordinates. 


Solution. Let f(x, y, z) = x 3 + y 3 — z 3 . 

(1) V(f) is a smooth cubic. The Hessian H(f) is H(f)(x,y, z ) = —216 xyz. It 

hessianintersection 

is clear that O G V(f)r\V(H(f)), so by Theorem 12.2.27, O is an inflection 
point of C. 

(2) The equation of the tangent to C at O is 


Of 

dx 


(1,0, 1)(* 



(1, 0, l)(y — 0) 


df 

dz 


(1, 0, f){z — 1) = 0. 


Hence the tangent line is defined by 3(x — 1) — 3 (z — 1) = 0. This is the 
line x — z = 0. 
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(3) Let M = (■ a,ij ), det M ^ 0. We want M to map (1 : 0 : 1) to (0 : 1 : 0), 

i.e. 

^ an a\2 ojA 
021 «22 
\031 032 

We also require that M take points on the line V(x — z) to points on the 
line V(zi). Any point on V(x — z) is of the form (a : (3 : a), and any point 
on V(zi) is of the form (7 : S : 0). Hence 



^ an 

012 

«1 3 \ 

^ a\ 


021 

022 

023 

A = 


V°31 

032 

033/ 

w 

\o) 


must hold. The first matrix equation yields the following three equations 
in aij. 


oil + 013 = 0 

021 + 023 = 1 

031 + 033 = 0 


The second matrix equation yields only one equation 
aa 3 i + / 3 a 3 2 + 0033 = 0. 


But since this equation must hold for all a, (3 £ C, we know a 3 2 = 0 and 
031 + 033 = 0. These equations form an underdetermined linear system, so 
there are many projective changes of coordinates M that meet our criteria. 
Since we have freedom to pick values for a jj, provided det M ^ 0, we let 
M be the following. 


/- 1 

M = 1 

\1 



This M satisfies the the conditions and det M = 1^0. 

(4) To find the defining equation fi(xi,yi,zi) = 0 for Ci, we use M~ l . 


M~ l 


(0 1 0 \ 
10 1 
\0 1 -l) 


x = y 1 


y = xi + zi 


z = yi — z\ 
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Then fi(xi,yi,zi) = ( yi ) 3 + (aq + z 3 ) 3 - {y 1 - 2q) 3 , so 
/i(aq, yi,zi) = x\ + 3x\zi + 3aq z\ + 2>y\zx - 2>yiz\ + z\. 

Now we have transformed our original smooth cubic curve C into another 
smooth cubic curve Ci, which is projectively equivalent to C. Let’s now work 
with the new curve Ci that is defined by the equation fi(xi,yi, Zi) = 0 in P 2 with 
coordinates (aq : yi : Zi). 

ical Form: EX-cubic terms EXERCISE 2.4.2. 

(1) Explain why the homogeneous polynomial /i(aq, y±, z\) can be expressed 
as 

fi(xi,yi,zi) = ax\ + z 1 F(x 1 ,y 1 ,z 1 ), 
where a/0 and F( 0, 1, 0) ^ 0. 

(2) Explain why the highest power of y\ in the homogeneous polynomial 
fi{xi,yi,zi) is two. 

(3) Explain how by rescaling we can introduce new coordinates (a: 2 : yi : 22) 
so that the coefficient of x% is 1 and the coefficient of y\z 2 is —1 in the 
new homogeneous polynomial / 2 (a;2, 2/2; z 2 ) = 0. 

Solution. (1) Any homogeneous degree three polynomial /i(aq, 1/1, -Zi) 
is of the form 

^ a i j k x l y J z k . 

i+j+fc= 3 

Since (0 : 1 : 0) G V(fi) and ./i(0, 1,0) = a 0 3 o, we know a 0 3 o = 0. Also, 
since the tangent line to V(fi) at (0 : 1 : 0) is given by Zi = 0, we know 
that <9 x /i (0,1,0) = 3„/(0,l,0) = 0, but d x f( 0,1,0) = ai 2 o, so ai 2 o = 0. 
Now we have that /1 is of the form fi(x\,yi, Zi) = X\{a^Qx\ + ai 2 o yf) + 
ziF(xi, 2 / 1 , z±). Since (0 : 1 : 0) is an inflection point and z\ = 0 is the 
tangent to V(/i) at (0 : 1 : 0), we know that V(zi) intersects V(fi) only 
at the point (0:1:0). This implies that (0 : 1 : 0) is the only point 
at infinity on E(/i), i.e. /(aq,yi,0) ^ 0 unless aii = 0, but observe that 
fi{xi,y0) = Xi(a 30 oxl + a 120 y1), so (^/a ^20 ■ V a 300 : 0) £ E(/i). This 
implies that ai 2 o = 0. We can then write 

fi{xi,yi,zi) = axf + z 1 F(x 1 ,y 1 ,z 1 ). 

We only need to check that a/0 and F(0, 1,0) ^ 0. As before since 
(0 : 1 : 0) is nonsingular, we know that at least one of d x fi(0, 1, 0), 
d y f i(0, 1, 0), and d z f i(0, 1, 0) is nonzero, but d x fi( 0, 1, 0) = <9 y /i(0, 1, 0) = 
0 and <9 2 /i(0, 1, 0) = F( 0, 1, 0), so F( 0, 1, 0) ^ 0. Finally, if a = 0, then fi 
is the product of zi and F{x\, 3/1 , z±). In this case V(z 3 ) intersects V(fi) 
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at (0 : 1 : 0 ) with multiplicity three if and only if E( 0 , 1 , 0 ) = 0 , but then 
V(fi) is singular. 

(2) Since we can write yi, Z\) = axf + Z\F{x\,y\, zi), and /i is homo- 

geneous of degree three, we know F is homogeneous of degree two. Hence 
the highest power of y\ in /i is two. 

(3) We can replace X\ with and if the coefficient of y?zi is r?, we replace 

ya 

z\ with — . 

V 

We can now rearrange the equation f 2 (x 2 , 2 / 2 , z 2 ) = 0 to be of the form 


EQ-homogeneous quadratic 


(2.2) 


y 2 Z 2 + a l x 2V2 z 2 + a 3V2 z 2 — x 2 ~b a 2 x 2 z 2 + < l4, x 2 z 2 4“ a 6 z 2 - 


X-Fermat with specific M 


[2. 5 Canonical Form: EX -moving Fermat 0 to infinity 

Exercise 2.4.3. Refer to the curve defined in Exercise 12.4.1 for the following. 

(1) Show that the matrix 


M- 1 


/0 1 0 \ 
10 1 
\0 1 -lj 


12 . 5 : Canonical Form: EX-moving Fermat 0 to infinity 

does what we want for part (3) of Exercise 12.4.1. 

(2) Find the homogeneous polynomial fi(xi,yi,Zi) that corresponds to this 
projective change of coordinates. 

(3) Verify that /i is of the form fi(xi,yi,zi) = axf + ZiF(xi,yi,Zi), where 
a /0 and F( 0 , 1 , 0 ) 7 ^ 0 . 

(4) Rescale, if necessary, so that the coefficient of X 2 is 1 and the coefficient 
of y%z 2 is - 1 . 

12 .5: Canonical Form: EQ-homogeneous quadra 

(5) Rearrange (# 2 , 2 / 2 , 22 ) = 0 to be in the form of equation (12.2). 


Solution. 


12. 5: Canonical Form: EX-moving Fermat 0 to infinity 

(1) See the solution to Exercise 12.4.1. 

12. 5: Canonical Form: EX-moving Fermat 0 to infinity 

(2) See the solution to Exercise [2.4.1. 

(3) 


fi{xi,yi,zi) = xl + 3xfz 1 +3xizf + 3yfzi-3yizf + zf 
= x\ + zi(3xf + 3x\Z\ + 3 y\ - 3y\Z\ + zf) 

Here a = 1 and F(xi, y%, Zi) = 3x\ + 3x\Z\ + 3 y\ — 3y\Z\ + zf, so 
F{ 0 , 1 , 0 ) =3. 
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(4) The coefficient of x\ is already 1, but the coefficient of y\z\ is 3. We use 
the following change of coordinates 


Xx = x 2 


V 1 = 2/2 

-22 

" 1 = -y 


to obtain 

f2(x2,V2,z 2 ) = xl - x\z 2 


x 2 z 2 


( 5 ) 


y\z 2 


2/2 z\ 


= x 2 — x 2 z 2 + 


ylz 2 


x 2 z 2 


2/2 z\ 


27' 


.3 

z 2 

27' 


Let’s now work in the affine patch z<i = 1, that is, in the affine (x 2 ,U 2 ) plane, 

12 .5: Canonical Form:EQ-hoinogeneous quadratic 

and consider the nonhomogeneous form of equation (2.2), 


Form :EQ -quadrat icl (2.3) 


y 2 + a\x 2 y 2 + a 3 y 2 = x\ + 02X3 + CI4X2 + a 6 , 


keeping in mind that there is an extra point at infinity. We can treat the left-hand 

1 2 .5 : Canonical Form :EQ-quadrat icl 

side of equation (12.3) as a quadratic expression in y 2 . This means we can complete 
the square to remove some of the terms. 

Consider the following concrete examples. 


Exercise 2.4.4. 

(1) Complete the square on the left hand side of the following equation. 

y 2 + 2y = 8x 3 + x — 1 

(2) Find an affine change of coordinates so that y 2 + 2y = 8x 3 +x — 1 becomes 
v 2 = f{u). 

Solution. 

(1) 

y 2 + 2y = 8x 3 + x — 1 

y 2 + 2y + 1 = 8x 3 + x 

(: y + l) 2 = 8x 3 + x 

(2) Define an affine change as follows. 

u = x 
v = y + 1 

Then (y + l) 2 = 8x 3 + x becomes v 2 = 8 u 3 + u. 


Exercise 2 . 4 . 5 . 
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1 Form:EX-completesquare 


nical Form:EQ-quadratic2 


(1) Complete the square (with respect to y) on the left hand side of the 
following equation. 

y 2 + 4 xy + 2y = x 3 + x — 3 

(2) Find an affine change of coordinates such that y 2 + 2y = 8 x 3 + x — 1 
becomes v 2 = f{u). 


Solution. 

( 1 ) 


y 2 + 4 xy + 2 y 
■y 2 + {Ax + 2 )y 
y 2 + {Ax + 2 )y + (2x + l ) 2 
{■y + 2x + l ) 2 


x 3 + x — 3 
x 3 + x — 3 

x 3 + x — 3 + {2x + l) 2 
x 3 + 4x 2 + 5x — 2 


(2) Define an affine change as follows. 


u = x 

v = 2x + y + 1 


Then {y + 2x + l ) 2 = x 3 + 4x 2 + 5x — 2 becomes v 2 = u 3 + 4m 2 + 5 u — 2. 


Now we can do this in general. 

12 .5: Canonical Form:EQ-quadrati 

Exercise 2.4.6. Complete the square on the left-hand side of equation (12.3) 
and verify that the affine change of coordinates 


X 3 = x 2 

y 3 = a 3 x 2 + 2 y 2 + a 3 

gives the new equation 

(2.4) y 2 = 4xg + (a 2 + Aa 2 )x\ + 2{a 3 a 3 + 2 a 4 )x 3 + (a 2 + 4a 6 ) 

[2 .5: Canonical Form:EQ-quadraticl 

Solution. Referring to equation (12.3) we have 

y\ + a\x 2 y 2 + a 3 y 2 = 
y 2 + {a\x 2 + a 3 )y 2 = 

y 2 + (aix 2 + a 3 )y 2 + |(oiX 2 + a 3 ) 2 = 

(2 y 2 + aix 2 + a 3 ) 2 = 

(2 y 2 + aix 2 + a 3 ) 2 = 


x 3 + a 2 x 2 + a 4 x 2 + a 6 


x 2 


a 2 X 2 


a 4 x 2 + a 6 


3 i 2 , , , (aix 2 + a 3 ) 2 

#2 H” 0-2^2 ~\~ CL 4 X 2 Oq 

O Q OO O 

4^2 + 4(l2*^'2 "I” 4(14X2 + 4(Zg -|- 0 .^X 2 2,(110,3X2 + O3 

4^2 + (4q>2 H” Q>i)x2 2(2^4 + 0±0^)X2 + (4a6 + Uq) 
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Hence our change of coordinates is given by 

x 3 = x 2 

V 3 = 2 j / 2 + 01*2 + a 3 

To simplify notation, we introduce the following. 

b 2 = a \ + 4 a 2 

64 = aia 3 + 2a4 
&6 = a 3 + 4ci6 

[2 . 5 : Canonical Form: EQ-quadratic2 

so that equation (12.4) becomes 

nical Form:EQ-quadratic3 (2.5) y 2 = 4x 3 + b 2 x 2 + + 6g. 

We are now ready to make the final affine change of coordinates to achieve 
the Weierstrass normal form. Our goal is to scale the coefficient of a: 3 to 1 and to 
eliminate the x\ term. ' 

Consider the following concrete examples. 

Exercise 2.4.7. 

(1) Suppose we have the equation 

y 2 = x 3 + 6x 2 — 2x + 5. 

Show that the affine change of coordinates 

u = x + 2 
v = y 

eliminates the quadratic term on the right hand side. 

(2) Suppose we have the equation 

y 2 = 4x 3 + 12a; 2 + 4a; — 6. 

Show that the affine change of coordinates 

u = 36a; + 36 
v = 108y 

eliminates the quadratic term and rescales the coefficient of the cubic term 
to one on the right hand side. 

Solution. 

'"This change of coordinates is similar to completion of the square, but with cubics. This was 
first used by Cardano in Ars Magna (in 1545) to achieve a general solution to the cubic equation 
-\-ax 2 = 0. He needed to eliminate the x 2 term then, as we do now. Since the coefficient 

of the cubic term inhis equation is already one, he simply made the substitution u = x — a/ 3. 



cubic IWeierstrass 
normal form 
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(i) 


= x 3 + 6x 2 — 2x + 5 
= (u — 2) 3 + 6(m — 2) 2 — 2(m — 2) + 5 
= u 3 - 14m + 25 


(2) 


y = 4x 3 + 12ar + 4x — 6 


f— ) 

V 108/ 

v 2 

11664 


= 4 


u — 36 
36 


12 


u — 36 
36 


u — 36 
36 


46656 

12 

+ 


(u 3 - 108m 2 + 3888m - 46656) 


1296 - 72u + 1296 ) + gg(u - 36 ) - 6 

v 2 = u 3 + 5184m -31104 


1— l 2 

V 108/ 

v 2 

11664 


= 4 


M — 36 2 
36 


u — 36 2 
36 


2 6 4 


m — 362 
36 


-6 


Exercise 2.4.8. Verify that the affine change of coordinates 

u = 36x3 + 3&2 
v = 108y 3 

gives the Weierstrass normal form 

v 2 — m 3 — 27(&2 - 246 4 )m - 54(63 + 366 2 6 4 - 2 1 66 e ). 

Solution. 

y 2 — 4 xg V 6 2 Xg -t~ 264X3 4 - 6(3 


4- be 


(m 3 — 962M 2 4- 276 2 m — 276^) 4 — (m 2 ~ 6b 2 u + %%) 


46656 

+ — 36 2 ) + b e 

36 


1296 


u 2 = m 3 - 276jM + 6486 4 m + 546^ - 19446 2 6 4 + 116646 e 
v 2 = m 3 - 27(6 2 - 246 4 )m - 54(— 6| + 366 2 6 4 - 2166 e ) 

Again we can introduce the following to simplify notation. 
c 4 = bo — 2464 


C5 — — 62 4“ 366264 — 2166g. 


Then we have the following for our Weierstrass normal form. 
(2.6) v 2 = m 3 — 27c 4 m — 54c6 
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Let’s collect all of the coefficient substitutions that we have made. Recall that 

12 . 5 : Canonical Form : EQ-quadraticl 

the cii s are the coefficients from equation (12.3). Then we have the following. 

h = a\ + 4a 2 

64 = 2a 4 + aia3 

be = a? + 4a6 

c 4 = — 246 4 

C6 = — 6? + 366 2 6 4 — 216&6- 


For upcoming computations it is convenient to introduce the following as well. 


b 8 = a\ae + 4a 2 a6 — aia 3 a 4 + a 2 a ? — a? 
A — — 696s — 86? — 276g 4” 96 2 6 4 6(3 



: EX-disc jrelationship 


Exercise 2.4.9. Show the following relationships hold. 

(1) 46 8 = b 2 b 6 - b\ 

(2) 1728A = c? — c? 


(3) j = 


1728c? 


cl - cs 


These are simply brute-force computations. 


Solution. 

( 1 ) 


9 9 9 9 99 

O 2 OQ — 0 4 = 4 Qqftg -|- 4(Z2^3 "f" 16d2^6 — 4tt^ — Ad\d^d/^ — d\d d 2 

= 468 


(2) 


1728A = 432(— 46363 - 326? - 1086? + 366 2 6 4 6 e ) 

= 432 (—6366 + 6?6? - 326? - 1086;? + 366 2 6 4 6 e ) 
c?-c? = -b\ - 726364 + 1728636? - 138246? + 6? + 726?6 4 - 4326? 6 6 
-12966?6 4 + 155 526 2 6 4 6 6 - 46 6 5 66? 

= 4326? 6? - 138246? - 4326?6 e + 155 5 26 2 6 4 6 6 - 46 6 5 66? 

= 1728A 


(3) By definition j 
result follows. 



and by the previous part A 


^ — < A. Then the 
1728 
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A is called the discriminant of the cubic curve. The discriminant of a poly- 
nomial is an expression in the coefficients of a polynomial which is zero if and 
only if the polynomial has a multiple root. For example, the quadratic equation 
ax 2 + bx + c = 0 has a multiple root if and only if b 2 — 4ac = 0. Similarly, the cubic 
equation ax 3 + fix 2 + qx + 5 = 0 has a multiple root if and only if 

/3 2 y 2 — 4ay 3 — 4f3 3 5 — 27a 2 S 2 + 18a/?7 <5 = 0. 

The discriminant A given above is the discriminant (up to a factor of 16) of the 

12 .5,: Canonical Form : EQ-quadratic3 

right hand side cubic in equation (12.5). The number j defined above is called the 
j -invariant of the cubic curve. We will see its significance soon. 


rm : EX-weierstrassexample 


Exercise 2.4.10. Follow the procedure outlined above to write the following 

12. 5 : Canonical Form: EX-disc j relationship 

cubics in Weierstrass normal form and use part (3) of Exercise 12.4.9 to calculate 
their j- invariants. 

(1) y 2 + 2y = 8x 3 + x — 1 

(2) y 2 + 4 xy + 2y = x 3 + x — 3 


Solution. (1) After we complete the square on the left hand side we 
have (y + l) 2 = 8a; 3 + x. On the right hand side, to scale the cubic 
coefficient to one, we need a factor of (|) 3 . We use the following affine 
change of coordinates. 


u = 2x 
v = y + 1 

This yields the Weierstrass normal form 

v 2 = u 3 + 

Notice that — 27c4 = ^ and — 54c6 = 0, so the j-invariant is 


J = 


1728(— t^ 3 


54 > 


(-^) 3 -(o ) 3 


= 1728. 


(2) After we complete the square on the left hand side we have [y+(2x+l)) 2 = 
a; 3 + 4a; 2 + 5a; — 2. On the right hand side, the cubic coefficient to already 
one, so we only need eliminate the quadratic term. Hence we use the affine 
change of coordinates 


n = a;+- 

v = 2x + y + 1 . 

This yields the Weierstrass normal form 
,,1 106 
V ~ U ~3 U ~~27' 
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Now we have 27c4 = f and 54c6 = ^ . so the j-invariant is 
. _ 1728(^) 3 _ 8 

J (^r) 3 -(^) 3 13 ■ 

To avoid even more cumbersome notation, let’s “reset” our variables. Consider 
the Weierstrass normal form of a smooth cubic C: 

5: Canonical Form:EQ-wnf (2.7) y 2 = X 3 — 27C4X — 54C6 

„ „ 1 2 . 5 : Canonical Form: EX-moving Fe 

Notice that with the specific example ar + y 6 — z A = 0 in P“ in exercises 2.4.1 
and 2.4.3, we chose the initial change of coordinates, the transformation M, so that 
the inflection point is (0 : 1 : 0) with tangent line given by z = 0, but this is not 
a unique transformation. Suppose we had chosen a different transformation. That 
is, suppose instead of having the equation 

y 2 + a\xy + a^y = x 3 + a 2 X 2 + a^x + ag 

we obtained the equation 

y 2 + a\xy + a' 3 y = x 3 + a' 2 x 2 + a\x + a' 6 . 

How different would our Weierstrass normal form have been? 

Exercise 2.4.11. Show that the only (affine) transformation that takes 

y 2 + a\xy + a 3 y = x 3 + a 2 X 2 + a^x + ag 

to 

v 2 + a^uv + a 3 v = u 3 + a' 2 u 2 + a'^u + a ' 6 

is given by 

x = a 2 u + r 
y = a 2 su + a 3 v + t, 

with a,r,s,t £ C and a ^ 0. [Hint: Start with the projective transformation, 
which is also affine, 

x = an u + CI 12 V + ai 3 w 
y = a 2 i u + 0 . 22 V + a 2 3 W 
z = w 

and show that the only way to satisfy the condition in this exercise is for the specific 
Oij to have the form above.] 
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Solution. Consider the change of coordinates given in the hint. First, we see 
that (0 : 1 : 0 ) is left fixed by our desired transformation. This implies that cii2 = 0 
and a 2 2 ^ 0 . We also see that after changing coordinates the coefficient of y 2 z is 
CL22 and the coefficient of x 3 is a 3 -, . Since these need to be scaled to 1 , we see that 
a 22 = °iij so °ii = *a 2 and a 22 = a 3 . Using this information and applying our 
change we have the following in the w = 1 patch. 


ot* v“ (a 3 Oi T 2 a 3 o 2 i)wc T (a 3 OiOi3 -F 2a 3 o 2 3 a 3 o 3)11 
— cx^u 3 T (3a 4 Oi3 T a 4 o 2 — (x 2 CL\d2\ — o^i)!! 2 

+ ( 3 a 033 + 2 a (I2CI13 + 0 04 — a 01023 — 01013021 — 2021023 — 03021)0 

T(o 3 3 + a 2 Oi3 + 04013 + 06 — 0 1 013023 — 023 — 03023) 


a 6 v 2 w + (a 5 ai + 2a 3 a 2 i)wme + (a 3 aiOi3 + 2a 3 a 2 3 + a 3 a 3 )vw 2 

= a e u 3 + (3a 4 ai3 + a 4 a 2 — a 2 oia 2 i — a 2 i)u 2 ui 

09 2 22 2 

+( 3 a 013 + 2 a 02013 + a 04 — a 01023 — 01013021 — 2021023 — 03021)010 

+ (a 3 3 + 020^3 + 04013 + Og — 01013023 — 0^3 — Cl 3 a2 3 )w 3 

For convenience of notation we let 013 = r, a 2 1 = a 2 s, and 023 = f. This gives 
the desired change of coordinates, and we have 

v 2 + a^ 1 (oi + 2 s)uv + a~ 3 (air + 2t + 03)0 


3 1 — 2/oi 2\ 2 

= o + a ( 3 r + a 2 — sai — s )u 

+a _4 ( 3 r 2 + 2 ra 2 + 04 — tai — rsai — 2st — sa 3 )u 
+a _6 (r 3 + r 2 o 2 + 004 + 06 — rta\ — t 2 — ta 3 ) 

a 6 v 2 w + a 5 (ai + 2 s)uvw + a 3 (ai r + 2 1 + a 3 )vw 2 
= a 6 u 3 + a 4 ( 3 r + a 2 — sai — s 2 )u 2 w 
+a 2 ( 3 ?’ 2 + 2?’a2 + 04 — ta\ — rsa\ — 2 st — sa 3 )uw 2 
+(r 3 + r 2 o 2 + ?’04 + 06 — rta\ — t 2 — ta 3 )w 3 

Using this change of coordinates, we can compute the following relationships 8 

12 I. 5 : Canonical Form:EQ-homogeneous quadratic 

between equivalent cubic curves with coefficients a* in equation (12.2) with coordi- 
nates {x : y : z) and coefficients a' with coordinates (u : v : w). 

^This is Table 1.2 in Silverman’s book. 
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$j$-invariant 

aa\ = cl\ + 2s 
a 2 a' 2 = a ,2 — sai + 3 r — s 2 
a 3 a 3 = 03 + rai + 2 1 

a 4 a' 4 = a 4 — sa 3 + 2ra 2 — (t + rs)ai + 3 r 2 — 2 st 
a 6 a' 6 = a 3 + ra± — ta 3 + r 2 a 2 — rta 1 + r 3 — t 2 

a 2 b 2 = b 2 + 12 r 

a 4 &4 = &4 + r&2 + 6r 2 

a 6 6' 6 = &6 + 2r6 4 +r 2 b 2 + 4r 3 

a 6 b' 8 = b 8 + 3rb e + 3 r 2 b 4 + r 3 b 2 + 3r 4 

4 / 

a c 4 = C 4 

(y, Cq cq 

a 12 A' = A 
•/ 

J =J 

Notice that if two smooth cubic plane curves are projectively equivalent, then 
the value j for each is the same, which is why we call this number the ^-invariant. 

Let 6 and G' be two cubic plane curves, written in Weierstrass normal form. 

C : y 2 = x 3 + Ax + B 
& : y 2 = x 3 + A'x + B’ 

Exercise 2.4.12. Suppose G and G' have the same j- invariant. 

(1) Show that this implies 

2I 3 A * 

4A 3 + 27 B 2 ~ 4A' 3 + 27 B' 2 ' 

(2) Show that from the previous part we have A 3 B' 2 = A l3 B 2 . 


Solution. 


(1) From above we can write the j-invariant of each cubic in terms of C 4 and 
Cq. For C, we have C 4 = —A/27 and cq = —B/ 54. Then 
6912A 3 , 6912xl ,3 


m = 


4 A 3 + 27 B 2 


and j(G') = 


4 A' 3 + 27 B' 2 


and the result follows by equating the two. 

(2) Cross multiplication and simplification give the result. 
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In the next exercises we construct the transformations that send 6 to G'. We 
need to consider three cases: A = 0, B = 0, AB Y 0. 

Exercise 2.4.13. Suppose A = 0. 

(1) Show that if A = 0, then B Y 0. [Hint: Recall, G is smooth.] 

(2) What is j if A = 0? 

(3) Explain why B’ Y 0. 

(4) Show that the following change of coordinates takes 6 to S'. 

x = {B/B’) 1,3 u 
y = (B/B') 1/2 v 

Solution. (1) Suppose A = 0, then C is defined by y 2 = a; 3 + B. Since 
y 2 = x 3 has a singular point at (0, 0), we know that B/0. 

(2) If A = 0, then j = 0. 

(3) If A = 0, then B Y 0, but since 0 = A 3 B 12 = A ,3 B 2 , we have A' = 0. 
Since S' is also smooth, we know B' Y 0. 

(4) 

y 2 = x 3 + B 

(( B/B') 1/2 v ) 2 = ({B/B') 1/3 u) 3 + B 
v 2 = u 3 + B' 

Exercise 2.4.14. Suppose B = 0. 

(1) What is j if B = 0? 

(2) Explain why A! Y 0. 

(3) Show that the following change of coordinates takes 6 to C'. 

x = ( A/A') 1/2 u 
y = (A/A') 3/4 v 


Solution. 


(1) If B = 0, then 


6912H 3 

4A 3 


= 1728. 


(2) If B = 0, then A Y 0 since 6 is smooth. But 0 = A' 3 B 2 
have B' = 0. Since S' is also smooth, we know A! Y 0. 

(3) 


A 3 B ,2 , so we 


y 2 = x 3 + Ax 

((A/A') 3/4 v) 2 = ((A/A') 1/2 u) 3 + A((A/A') 1/2 u) 
v 2 = u 3 + A'u 
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Exercise 2.4.15. Suppose AB Y 0. Find a change of coordinates that takes C 
to 6'. [Hint: See the two previous problems.] 


Solution. Suppose AB Y 0. We can use either of the changes in the preceding 
problems. 


x = {B/B') 1/3 u 
y = (B/B') 1/2 v 


Then 


{(B/B') 1 / 2 v ) 2 


x 3 + Ax + B 

({B/B') 1/3 u) 3 + A((B/B') 1/3 u) + B 
u 3 + A{B/B') 2/3 u + B' 
u 3 + A'u + B' 


We can summarize the preceding discussion with the following theorem. 


1 Form:THM-j invariant 1 


Theorem 2.4.16. Two smooth cubic curves are projectively equivalent if and 
only if their j-invariants are equal. 


The following exercises yield a characterization of smooth cubics via the j- 
invariant. 


ariant parametrization 1 


Exercise 2.4.17. Let 7 be any complex number except 0 or 1728, and consider 
the cubic curve 6 defined as follows. 


y 2 + xy = x 3 


36 1 

7- 1728 2 ' ~ 7 - 1728 


$j$-invariant 


Compute j for this cubic. 



140 


Algebraic Geometry: A Problem Solving Approach 


Solution. Notice that 


Now we can compute j. 

j 


a i 
a 2 

03 

04 

a 6 

bi 

b& 

C 4 

C6 


1 

0 

0 

-36 

7 - 1728 

-1 

7 - 1728 

1 

-72 

7 - 1728 
-4 

7 - 1728 

7 

7 - 1728 
-7 

7 - 1728' 


1728(— 1728) 3 


1 7 V3 _ ( -7 12 

'■7-1728/ '■7-1728/ 

1728 (^ 728 ) 

7-1728 _ ^ 

1728 (s4fSS') 

1728 


7-1728 

= 7 


ariant parametrization 2 


Exercise 2.4.18. Compute j for the following cubics. 

(1) y 2 +y = X 3 

(2) y 2 = x 3 + x 


Solution. (1) For y 2 + y = x 3 we have ai = a 2 = 04 = ag = 0 and 
03 = 1, so b 2 = 64 = 0 and b e = 1. Then C 4 = 0 and Cq = —216. This 
gives us j = 0 . 

(2) For y 2 = x 3 +x we have ai = 03 = a 2 = a§ = 0 and 04 = 1, so & 2 = = 0 

and & 4 = 2. Then C 4 = —48 and cq = 0. This gives us j = 1728. 

12 . 5 : Canonical Form : THKE-./5 :Hamaniirn^i ^(gEirioBl-Qadi^'rialiir^As-qxamphgriant paramel 

Exercise 2.4.19. Use Theorem 2.4.16 and Exercises 2.4.10 and 2.4.18 to show 
that V(x 3 +xz 2 — y 2 z) and V(8x 3 +xz 2 — y 2 z— 2yz 2 — z 3 ) are projectively equivalent. 

Solution. First we consider these two cubics in the affine z = 1 patch. They 
are 

y 2 = x 3 + x and y 2 + 2y = 8 cc 3 + x — 1 . 
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1 Form:THM-j invariant 2 


ical Form: EX-canonical 1 


rm:EQ-canonical factored 


1 Form: EX-distinct roots 


From earlier work we know the ji- invariant of each cubic is 1728. Then by Theorem 

1 2 . 5 : Canonical Form:THH-j invariant 1 

12.4.16 the two cubics are projectively equivalent. 

[2 . 5 : C a n o n i c a 1 1 2E <5r i£ afiX>n j c My To r mi ~E Xpq r amelnr li a alt i pcj. r Fm e t r i z a 1 1 o n 2 

Exercises (2.4.17) and (2.4.18) establish the following theorem. 


Theorem 2 . 4 . 20 . If 7 is any complex number, then there exists a plane cubic 
curve whose j-invariant is 7. 


$j$-invariant 

parametrization! 

cubic 

moduli spacelcubic 
canonical form 


2.4.2. Canonical Form. As we have just seen the Weierstrass normal form 
is very useful and provides a nice way to characterize smooth plane cubics. Another 
form that is equally useful is the canonical form of the cubic. Consider equation 

[2 .5,: Canonical Form:EQ-quadratic3 

(2.5) from above. 

y 2 = 4x 3 + b 2 x 2 + 264 X + be 

[2 .5 : Canonical I]2irSi::giilMi|mmria'htB<EQii : EQ-quadratic3 

Exercise 2.4.21. Rewrite equation (2.5) on page 1131 111 (£1,2/1) using the 
change of coordinates below. 


x = Xi 
V = 2 2/1 


Solution. This cubic is now 


2 _ 3 1 ^2 2 1 ^4 be 

Vi — x i + ~^ x i + ~2 Xl ~4’ 

12 . 5 : Canonical Form : EX-canonical 1 

The change of coordinates in Exercise 2.4.21 scales the cubic coefficient on the 
right hand side to one. Now we can factor the resulting equation from to obtain 

( 2 . 8 ) Vi={x i _ ei)(xi - e 2 )(xi - e 3 ). 

Exercise 2.4.22. Show that ei,e 2 ,e 3 are distinct. [Hint: Recall, the cubic 
curve V (( x — e\z){x — e 2 z)( x — e^z) — y 2 z) is smooth.] 

Solution. Suppose two of the roots are the same, say, e 2 = e 3 - Then our 
cubic is defined by 

fix, y, z) = {x- ei z){x - e 2 z) 2 - y 2 z = 0. 

= {x — e 2 z) 2 + 2{x — ei z)(x — e 2 z) 


= —2yz 


But now notice that 

Of 

dx 

oi 

Oy 

Of 9 

= —e\{x — e 2 z) 2 ~ 2e 2 {x — e\z){x ~ e 2 z) — y 2 . 

We see then that (eie 2 : 0 : ei) is a singular point, but our curve is smooth. 
Therefore, ei,e 2 ,e 3 are distinct. 
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X-canonicalf actorexample 


1 Form: EX-canonical form 


nical Form:EQ-lambda, ei 


Consider the following example. 

[2.5: Canonical Form: EX-weierstrassexample 

Exercise 2.4.23. In Exercise 12.4. 10 we found the Weierstrass normal form of 
y 2 + 2y = 8x 3 + x — 1 to be y 2 = x 3 + \x. Factor the right hand side to find values 
for ei, e 2 , and e, 3 . 


Solution. 


y = 


x +-x 



= x 1 x - 

ei 

\ 

= 0 

e 2 

i 

> k* 

•<s> 1 

II 

e 3 

5b 

II 


iV2\ ( , iV2 

“2“ 


Now we can do this in general. 

[2 .5 : Canonical Form:EQ-canonical factored 

Exercise 2 . 4 . 24 . Rewrite equation (BIS) m (012,2/2) using the change of coor- 
dinates below. 


xi = (e2 - ei)ai2 + e 3 

Vi = (e 2 - e 1 ) 3/2 y 2 


Solution. 


y\ 


((e 2 - e l ) 3/2 y 2 Y 


vl 


y\ 


(xi - ei)(xi - e 2 )(a;i - e 3 ) 

((e 2 - ei)x 2 + ei - ei) ((e 2 - ei)ai2 + e\ - e 2 ) ((e 2 - ei)a : 2 + ei - e 3 ) 

/ (e 2 - e 1) , ei - ei \ / (e 2 - ei) ei - e 2 \ / (e 2 - ei) , e 3 - ei 

I x 2 H I I x 2 H I x 2 H 

V e 2 - ei e 2 - ei y V e 2 - ei e 2 - ei ) \ e 2 - ei e 2 - ei 

x 2 {x 2 - 1) (x 2 - — — — 

V e 2 - ei 


Exercise 2.4.25. Show that if we make the substitution 


(2.9) A = 

e 2 - ei 

12 . 5 : Canonical Form: EX-canonical form 

in the equation we found in Exercise 12.4.24, we get 


y\ = x 2 (x 2 - l)(x 2 - A). 


y\ = x 2 [x 2 - 1) ( x 2 - 


e 3 - ei 


e 2 - ei 


yl = x 2 {x 2 - 1){X2 - X) 


Solution. 
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1 Form:EQ-canonical form 


X-canonicallambdaexample 


We say a smooth cubic is in canonical form if we can write 

(2.10) y 2 = x(x — l)(x — A). 

Exercise 2.4.26. Find an affine transformation that puts y 2 + 2y = 8cc 3 + a:— 1 
in canonical form. What is A? 


cubiclcanonical form 


[2 . 5 : Canonical Form : EX-canonicalfiactorexample . 

Solution. From Exercise 2.4.23 we have ei = 0, e 2 = ^ and e 3 = % , 

we will take the affine transformation 


so 


i\/2 iy/2 

——x — 



to obtain 


v 2 = u(u — 1 )(u + 1). 


In this case notice that A = — 1. 


We digress for a moment here. By now we have become comfortable working 
in P 2 and in various affine patches. We have seen that the context often determines 
when it is most advantageous to work in an affine patch. We usually work in the 
affine cry-plane, i.e. the z = 1 patch, but we need to be sure that we are not missing 
anything that happens “at infinity.” 


tion only infinite point 


Exercise 2.4.27. Let 6 C P 2 be the smooth cubic defined by the homogeneous 

equation y 2 z = x{x — z)(x — \z). Show that the only “point at infinity” (x\ : y\ : 0) 

on 6 is the point (0:1:0). We will see the significance of the point (0:1:0) in 
1 2. 6: Elliptic Curves 
section E.b. 


Solution. Recall that points at infinity are points whose third coordinate is 
zero, i.e. (a : (3 : 0). If (a : /3 : 0) € 6, then 0 = x(x — 0) (a: — 0), so x = 0. Hence 
the only point at infinity on 6 is the point (0:1:0). 

12 .5; Canonical Form : EQ-canonical factored 

In equation (E.8) wc factored the right hand side and called the roots ei, e2, 
and e3, but these labels are just labels. We could just as easily have written e2, 
e3, and e\. In other words, we should get the same cubic curve no matter how we 
permuted the e^s. There are 3! = 6 distinct permutations of the set {ei, e2, e 3 }, so 
we expect that there would be six equivalent ways to express our cubic in canonical 

12 .5: Canonical Form :EQ- lambda, ei 

form. Recall that we defined A as a ratio in equation (12.9). Changing the roles of 
e2 and e3 would give 1/A rather than A. The two cubics 

y 2 = x(x — l)(x — A) 

and 

y 2 = x(x — l)(x — 1/A) 
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six-to-one correspon- 
dencelcubidcanonical 

ical ForfcuEM-six lambdas I 


should still be equivalent. 

Exercise 2.4.28. Suppose we have the following canonical cubic 


$j$-invariant 


y 2 = x(x — l)(x- A), 


12 .5: Canonical Form:EQ-canonical factored 

where A corresponds to the order ei, e 2, 63 of the roots in (12.8). Show that the other 
five arrangements of (ei, e 2 , 63 } yield the following values in place of A. 


1 

A 


1- A 


1 

1- A 


A- 1 
A 


A 


A- 1 


Solution. There set of permutations on a set of three elements {1,2,3} has 
six members {(1), (12), (13), (23), (123), (132)}. Corresponding to each permutation 
we have the following. 


(1) 

e 3 — ei 
e 2 — ei 

= A 


(12) 

e 3 — e 2 

ei — e 2 

= 1 

-A 

(13) 

ei — e 3 


A 

e 2 — e 3 

= A 

- 1 

(23) 

62 -ex 
e 3 — ei 

1 

“ A 


(123) 

ei — e 2 


1 

e 3 — e 2 

~ r 

-A 

(132) 

e 2 — e 3 

A 

- 1 

ei — e 3 


A 


As we have seen the value of A in a canonical form of C is almost uniquely 
determined by C. The correspondence between complex numbers A ^ 0, 1 and 
smooth cubic curves C is a six-to-one correspondence , where if A is a complex 

12 . 5 : Caponical Form: EX-six 

number assigned to C, then all of the complex numbers in exercise (2.4.28) are 
assigned to 6. Though A is not uniquely determined, the j-invariant, as we would 
expect, is unique. 


EX-canonical j -invariant 


Exercise 2.4.29. Show that if a smooth cubic curve 6 has an equation in 
canonical form 

y 2 = x(x - l)(x - A), 


then its j-invariant is 


[Hint: Write the equation y 2 = 

12 . 5 : Canonical Form: EX 

Exercise 2.4.9 to compute j.] 


■ gs (A 2 -A + l) 3 

A 2 (A — l) 2 ' 

x(x — l)(x — A) in Weirstrass normal form and use 


-disci relationship 


Solution. 

y 2 = x{x — l)(x — A) 
y 2 = x 3 — (1 + X)x 2 + Xx 


lambdas 
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Here we see that ai = ct 3 = = 0, 02 = — (1+A), and 04 = A. Then 62 = — 4(1+A), 

&4 = 2A, and b e = 0 so C 4 = 16(A 2 — A + 1) and cq = 32(1 + A)(2A 2 — 5A + 2). 

. _ 1728(16 3 )(A 2 - A + l ) 3 

3 ~ 16 3 (A 2 - A + l ) 3 - 32 2 (1 + A) 2 (2A 2 - 5A + 2 ) 2 

1728(16 3 )(A 2 — A + l ) 3 
27648A 4 - 55296A 3 + 27648A 2 
1728(16 3 )(A 2 — A + l ) 3 
27648A 2 (A 2 - 2A + 1) 

16 2 (A 2 — A + l ) 3 
A 2 (A — l ) 2 
(A 2 -A + l ) 3 
" A 2 (A — l ) 2 

12 . 5 : Canonical Form : EX-canonicallambdaexample 

Exercise 2.4.30. Use the A found in Exercise 12.4.26 to compute the j-mvariant 

9 „ 12 . 5 : Canonical Form : EX-canonical j -invariant 

of y z + 2y = Sx 6 + x — 1. [Hint: Use the expression in Exercise 12.4.29.1 Check that ~ 

12 . 5 : Canonical FormiEX-weierstrassexample 

this agrees with the computation of j in Exercise E.4.10. 


[2 . 5 : Canonical Form : EX-canonicallambdaexample „ 

Solution. In Exercise 2.4.26 we found A to be -1 for y z + 2y = 8a; 3 + x — 1. 
Then according to our previous exercise we have 


• = o 8 ((- 1 ) 2 -(- 1 ) + 1) 3 
J (- 1 ) 2 (- 1 - 1) 2 



= 1728. 


[2.5: Canonical Form:EX-weierstrassexample 

This value of j agrees with our computation in Exercise 2.4.10. 


rm: EX-lambda j invariant 


Exercise 2.4.31. Show that the j-invariant of a smooth cubic curve C can be 
written as 



12 . 5 : Canonical Form: EX-six lambdas 

where the yi range over the six values A, 1/A, . . . from exercise 12.4.28. 


Solution. 
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i>i - 3 


,i=i 


= 2 

= 2 7 

= 2 7 

= 2 8 
= i 


\ 2 i 1 i fi v 2 i 1 i ^ 
A +^ + (l-A) + ( [ri)2 + 


A 2 


-3 


A 2 (A — l) 2 

A 4 (A - l) 2 + (A - l) 2 + A 2 (A - l) 4 + A 2 + (A - l) 4 + A 4 - 3A 2 (A - l) 2 

A 2 (A — l) 2 

2(A 6 - 3A 5 + 3A 4 - A 3 + 3A 2 - 3A + 1) 


A 2 (A — l) 2 


(A 2 — A + l) 3 
A 2 (A — l) 2 


Q !. 5 : Canonical Form: EX-lambda j invariant 

Exercise 12.4. 31 demonstrates that the value of the ./-invariant., while expressed 
in terms of a particular choice of A associated to C, is independent of which A 

[2 . 5 : Canonical Form : EX-lambda j invariant 

corresponding to 6 we select. When we combine Exercise 12.4.31 and Theorem 

12. 5: Canonical Form:THM-i invariant 1 12. 5 : Canonical Form: EX-six lambdas 

12.4. ±6 we see that, as we would expect, the six values in Exercise 12.4.28 really do 

give the same smooth cubic. 


Exercise 2.4.32. Verify that the values of a\ and b\ are the same no matter 
which of the six options of A is selected in the canonical form. 


Solution. Here’s what I get in one case ai/\ 
not a\ as I thought should happen. 



^2 


Exercise 2.4.33. I conjecture that j( A) is some natural invariant expressed in 
terms of a\ and b\. Find this expression. 


ptic Curves : Finite0rder2 


My idea of how this 
EX-Nun#ajD isotfotethfe 

condition of the 
tangent line to C at P 
passing through O is a 
linear condition on P, 
so that the points P of 
order 2 are the points 
of intersection of 6 


Solution. I haven’t found it yet. 


2.4.3. An Application: Points of Finite Order. As we have seen it is 
often convenient to express a smooth cubic in canonical form. For our final appli- 
cation in this section we will prove that there are exactly three points of order two 

[2 .4: Group Law : _EX-0rder 2 points are collinear 

on a smooth cubic. We showed in Exercise 2.3.14, that if we have two points P 
and Q of order two, then there is a third point PQ also of order two, but we are 
not assured of the existence of the two points P and Q or that there is not another 

12 .4: Group Law: EX-Order 2 example 

point R 1 of order two, not collinear with P and Q. Exercise 2.3.1b suggests there 
are exactly three such points and now we set about proving this in general. Recall, 

|2.4:Gyoup Law: EX-1 (D,P) tangent at P iff 2P=0 

in Exercise 2.3.13 we showed that a point P € C has order two if and only if the 
tangent to C at P passes through the identity element O. 

Exercise 2.4.34. Let 6 = V(x(x — l)(x — A) — y 2 ) be a smooth cubic curve 
with + defined relative to the inflection point O = (0 : 1 : 0). 
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12 1. 5: Canonical FormiEQ-canonicgil form 

(1) Homogenize Equation 12. 10 and find the equation of the tangent line V(l) 
to G at the point P = (xq : yo : 2o)- 

(2) Show that (0 : 1 : 0) £ V(l) if and only if either z 0 = 0 or y 0 = 0. 

(3) Show that O is the only point in G D V(l) with zo = 0. 

(4) Show that (0 : 0 : 1), (1 : 0 : 1), and (A : 0 : 1) are the only points in 
C nV(l) with yo = 0. 

(5) Conclude that there are exactly three points of order two on 6. 

Solution. 

(1) The homogenization of y 2 = x(x — l)(x — A) is y 2 z = x(x — z)(x — A z). 
Alternatively 

f(x, y, z ) = x(x -z)(x- A z) - y 2 z = 0. 

The tangent line at (xo : yo '■ zo) is given by 

[(x 0 - zo)(x 0 - A^o) + x 0 (x 0 - A z 0 ) + x 0 (x 0 - z 0 )] (x - x 0 ) 

—2yo z o{y — Vo) — [^ 0(^0 — A 20 ) + Ax 0 (x 0 — z 0 ) + y%] (z — zo) = 0. 

(2) Suppose first that (0 : 1 : 0) € V(l). Then we have the equation 

We have just shown that any cubic C has exactly three points of order two. In 
fact, we have found these points explicitly, but we can say even more. 

Exercise 2.4.35. (1) Show that the points of order two on G, together 

with O = (0 : 1 : 0), form a subgroup of 6. 

(2) Show that this subgroup is isomorphic to Z 2 x Z 2 . 

Solution. (1) We know from the previous exercise there are exactly 
three points of order two on C. Let Pq, Pi, and P 2 denote the points 
on G of order 2. We need to show that {O, Pq, Pi, P 2 } is a group under 
+. Since 2 Pi = O, we have that P^ 1 = Pi, so we only need to check that 
Pi + Pj e {0,Po,P\,P2}- Associativity follows from {O,P 0 ,Pi,P 2 } C C. 

1 2 .4: Group collinear 

We showed in Exercises E.3.13 ahd 2.3.14 that Pi is of order two if and 
only if the tangent to C at Pj passes through O. Moreover, if Pj and Pj 
are of order two, then £(Pj, Pj) intersects G at the third point of order two 
Pfc, and since C.{Pk, O) intersects G at Pk, we have P, + Pj = Pfc . Hence 
{O, Pq, Pi, P 2 } is closed under +. 

(2) Z 2 x Z 2 = {(0, 0), (1, 0), (0, 1), (1, 1)}. The map defined by 

O H> (0,0) 

Pi (1,0) 
p 2 ^ (0,1) 

P 3 ^ (1,1) 
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is a group isomorphism. 

1 2. 4: Group L jS; ^XjrlrufpL ^ cfekcitK -tPdpiffi to mfe k> til e r 3 

We showed in Exercises 2.3.16 and 1273717 that a point P £ 6 satisfies 3 P = O 

bine inf lections 

if and only if P is an inflection point. By Exercise 212737 there are exactly nine 
inflection points on C, but O has order one. Thus there are eight points of order 
three on 6. 

In general, there are n 2 points on C whose order divides n. Hence there are 
twelve points of order four on C, as there will be sixteen whose order divides four, 
but four of these are already counted among the three points of order two and O. 


2. 6: Elliptic Curves 


2.5. The Group Law for a Smooth Cubic in Canonical Form 

The goal of this section is to reformulate the group law for a smooth cubic that it 
is already expressed in canonical form y 2 = x(x — l)(x — A). By doing so, we will 
see that the group law for cubics is valid not only over C, but over fields of positive 
characteristic 9 and non-algebraically closed fields, too. 


ic Curves : 0=infinity 


We have already shown that the set of points of a smooth cubic curve C forms 

1 2 .4 .2 : Group Law :D=inf lection 

a group under the binary operation + we defined in Section 12.3.2. In what follows 

[2 I. 5 : Canonical Form 

we will use the canonical form developed in Section 2.4 to determine the (affine) 
coordinates of the point P + Q given coordinates of P and Q. We will use the 
point at infinity (0 : 1 : 0) as our identity O on G. When we work in the affine 
patch 2 = 1, we will see that the line £(0, PQ) that we use to determine P + Q will 
correspond to the vertical line through PQ. 

2.5.1. The Identity, Addition, and Inverses. First, we need to establish 
that O £ C and that any vertical line in the affine xy-plane does indeed pass through 

O. 


Exercise 2.5.1. Consider the cubic curve C in homogeneous canonical form 
given by y 2 z = x(x — z)(x + z), i.e. C = V(x 3 — xz 2 — y 2 z). 

(1) Show that the point at infinity (0 : 1 : 0) £ 6. 

(2) Show that (0 : 1 : 0) £ V(H(x 3 — xz 2 — y 2 z )), the Hessian curve of G, and 
conclude that O = (0 : 1 : 0) is an inflection point. 

(3) Show that every vertical line in the affine zy-plane meets G at (0 : 1 : 0). 

(4) Sketch the graph of the real affine part of 6, y 2 = x 3 — x. 

(5) Let P and Q be two points on the real affine curve. Show geometrically 
that if the line £(P, Q) through P and Q intersects G a third time at the 
point PQ = (a, b), then P + Q = (a, —b). 

9 We would need to modify our calculations from the previous sections for fields of character- 
istic two or three. 
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(6) Now suppose that R = (a : b : 1) is a point on G. Show that the line 
£(0,R) is given by the equation x — az = 0, which is the vertical line 
x = a in the cry-plane. 


Solution. 

(1) 

We have 0 3 


f 6cc 

0 

-2z 

(2) H = det 

0 

-2z 

-2y 


\—2z 

-2 y 

—2x 


—2 z —2 y = 6cc (Axz — 4 y 2 ) + 8 z 3 and H( 0:1:0) = 


0. Therefore, O = (0 : 1 : 0) is an inflection point of C. 

(3) A vertical line in the cry— plane has equation x = c for some constant c. 
This line intersects C in two points in the xy— plane, (c, ±\/c 3 — c). If we 
substitute x = c in the dehnining homogeneous equation, we have 


c 3 — cz 2 — y 2 z = 0. 


If we set z = 1, we obtain the two previously listed solutions. In order 
to obtain the third point of intersection, we must set z = 0 into the 
homogeneous equation and learn that x 3 = 0. So x = 0 and y must be 
nonzero, which is equivalent to the point O = (0 : 1 : 0). Therefore, every 
vertical line meets G at O = (0 : 1 : 0). 

, s 12. 4: Group Law : EX-ChordLawNot Assoc 

(4) Take a look at Exercise 12.3.2. 

(5) Draw a vertical line in your graph. 

(6) Let R = (a : b : 1) and O = (0 : 1 : 0) be points on C. This line segment 
connecting these points can be parameterized by x = at, y = (b — 1 )t + 1 
and z = t. By eliminating the parameter, we have x — az = 0. In the 
chart z = 1, this results in the equation x = a. 

origin as vertical lines Exercise 2.5.2. Let A ^ 0, 1 be a complex number and consider the cubic 

curve G in homogeneous canonical form given by y 2 z = x{x — z)(x — Az), i.e. 
G = V(x(x — z)(x — Az) — y 2 z). 

(1) Show that the point at infinity, (0 : 1 : 0) £ G. 

(2) Show that (0 : 1 : 0) £ V(H(x(x — z)(x — Az) — y 2 z )), the Hessian curve 
of C, and conclude that O = (0 : 1 : 0) is an inflection point. 

(3) Show that every vertical line in the affine cry-plane meets C at O. 

(4) Suppose that P = (a : b : 1) is a point on S. Show that the line 1(0, P) is 
given by the equation x — az = 0, which is the vertical line x = a in the 
(cr, y)-plane. 


Solution. 


(1) The point (0 : 1 : 0) £ C since l 2 • 0 = 0 • 0 • 0. 
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(2) The Hessian is given by 

/ 6x - 2(A + 1 )z 0 

H = det 0 —2z 

y — 2(A l)cr T 2A z — 2 y 

which is equal to 

(6a; — 2(A + 1)2:) (— 4Aa :z — 4 y 2 ) + (2A z — 2(A + l)cr) (— 4,z{\z — Ax — x)) . 

At the point (0:1: 0), we have H = 0. Therefore (0 : 1 : 0) is an 
inflection point. 

(3) A vertical line of the form x = c in the chart z = 1 yields y = ± \J c(c — l)(c — A) 
To obtain the third point of intersection, we must set 2 = 0, thus x 3 = 0 
and the third point is (0 : 1 : 0). 

(4) Let R = (a : b : 1) and O = (0 : 1 : 0) be points on C. This line segment 
connecting these points can be parameterized by x = at, y = (b — l)t + 1 
and z = t. By eliminating the parameter, we have x — az = 0. In the 
chart 2 = 1, this results in the equation x = a. 

Now we have established that if 6 = V(x(x — z) (x — A 2) — y 2 z) is given in 
canonical form, then (0 : 1 : 0) is an inflection point, so henceforth we let O = 

(0 : 1 : 0) be our identity element. Since any vertical line l in the affine cry-plane 
intersects C at O, we define + relative to O and i. Before we develop an algebraic 
expression for the coordinates of P + Q, we first consider the coordinates of P -1 , 
the inverse of the point P. Recall, that if P £ 6 then the inverse P -1 of P is the 
third point of intersection of 6 and £(0,P). 

urves : EX inverse is flip Exercise 2.5.3. First, we want to work in the affine patch 2 = 1, so we deho- 

mogenize our cubic equation, y 2 = x(x — l)(x — A). Let P = (aq,yi) be a point in 
the cry-plane on 6 with y 1 ^ 0. 

(1) Find the linear equation that defines £(0, P). 

(2) Find the point P' = ( cr2,y2 ) that is the third point of intersection of 
£{0,P) and C in the cry-plane. 

(3) Show that P + P' = O. Conclude that P' = P -1 . 

Solution. (1) We know that £ is a vertical line in the affine cry-plane, 
so its equation is x = X\ 

(2) Every point on affine 1(0, P) has the form (cn,y), so the coordinate yi is 
the other solution to y 2 = x\{x\ — l)(xi — A). This corresponds to — y\. 

(3) We have £(P, P') intersecting the curve C at O = (0 : 1 : 0). Since O is an 
inflection point, 1(0, O) intersects C at O, so P + P' = O P' = P~h 
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Therefore, if P = (xi : yi : 1) is a point on 6, the additive inverse of P is the 
point P 1 = [pc i : — y\ : 1) on C. Notice in Exercise 12.5.3 we assumed y 1 ^ 0 for 
our point P. Now we see what the inverse of a point on the x-axis in the affine 
xy - plane is. 

Exercise 2.5.4. Let P = (aq,0) be a point in the cry-plane on 6 defined by 
y 2 = x(x — l)(x — A). 

(1) Show that 2 P = O, so that P = P _1 . 

12. 4: Group Law: EX-1 (0,P) tangent at P iff 

(2) Show that this agrees with Exercise 2.3.13, that is, show that the tangent 
to 6 at P = (xi,yi) in the cry-plane is a vertical line if and only if yi = 0. 

Solution. To compute P + P, we notice that the tangent line is vertical, so 
that the third point of intersection is O. Since O is an inflection point, the line 
connecting O to O has third point of intersection O. Therefore 2 P = O, which is 
equivalent to P = P” 1 . 

2.5.2. The Group Law. Our goal in this section is to obtain an algebraic 
formula for the sum of two points on a cubic in canonical form. 

Exercise 2.5.5. Consider the cubic curve C = V (cr 3 — xz 2 + z 3 — y 2 z ) and the 
points Pi = (1 : 1 : 1), P 2 = (0 : 1 : 1), P 3 = (-1 : 1 : 1), P 4 = (-1 : -1 : 1), 

lalgebraicgroupexample 

P5 = (0 : —1 : 1), Pq = (1 : — 1 : 1) on C. Figure 2.5.5 shows C in the affine z = 1 
patch. 

jalgebraiQgroupgxample 

(1) Use a straightedge and figure 12.5.5 to find P{ + P2, Pi + P 3 , Pi + Pa, and 
P 3 + P 4 geometrically. [Hint: O = (0 : 1 : 0), the point at infinity, is the 
identity and we use the vertical line through PiPj to find P,; + P 3 ] 

(2) Find the coordinates of Pi + P2, Pi + P3, Pi + P4, and P3 + P 4 . [Hint: 
Use the equation of the line through P, and Pj to find the coordinates of 
the point PiPj. Now find the coordinates of Pi + Pj using the equation of 
the vertical line through P,Pj-} 

Solution. (1) Picture! 

(2) We have Pi + P2 = P4, Pi + P3 = P5, Pi + P4 = Pq and P3 + P4 = O = 
(0:1: 0). 

Exercise 2.5.6. Let 6 be the affine cubic curve defined by the equation y 2 = 
x 3 + x 2 — 2x. Let P denote the point (—1/2, —3^2/4) and Q denote the point 
(0,0). 

(1) Write the defining equation of 6 in canonical form and verify that P and 
Q are on 6. 

(2) Find the equation of t?(P, Q). the line through P and Q. 


group 

LS flip 


2P=0 
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Figure 2. C in the affine aiy-plane 


(3) Find the coordinates of the point PQ on C, that is, the coordinates of the 
third point of intersection of 6 and £(P, Q). 

(4) Let O denote the inflection point (0:1:0) and find the coordinates of 
the point P + Q on C using O as the identity element. 

(5) Find the coordinates of 2 P on C. 

(6) Find the coordinates of the point P~ l on C using O as the identity element. 

(7) Show that 2 Q = O. [Hint: Show that the tangent to C at Q passes through 

12. 4: Group Law: EX-1 (0,P; tangent at P iff 2P=0 

O and invoke Exercise 2.3. 13)] 

(8) Find the coordinates of all three points of the points of order 2 on C. 


Solution. (1) This can be expressed as y 2 = 
tuting the coordinates for P we have 
Substituting the coordinates for Q yields 0 = 0. 

(2) The line passes through (0, 0) and has slope m 

y = 

(3) To find the points of intersection of the line y 
substitute and obtain 


= x(x — l)(a; + 2) Substi- 
2 = 1 = (^)(^)( 1 )- 

= \ which is 

2 

= x and the curve C, 



0 

0 


x 3 + x 2 — 2x 

x 3 + x 2 — 2x 
x 3 — ^ x 2 — 2x 

X { X+ \) 


Thus PQ has x — coordinate 4 and y — coordinate \Jl2 = 6y/2. 

(4) P + Q = (4,-6 V / 2). 
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(5) I no longer trust my solution. 

Now we carry out these computations in a more general setting to derive an 
expression for the coordinates of P + Q. Let 6 = V(x(x — z){x — A z) — y 2 z) be a 
smooth cubic curve. Dehomogenize the defining equation x(x — z) (x — \z) — y 2 z = 0 
to get the affine equation y 2 = f(x), where f(x) = x(x — l)(x — A). 

ves : EX Koblitz Canonical EXERCISE 2.5.7. Suppose P = (x\ : y\ : 1) and Q = (x 2 : yi : 1) are two points 

on C, with Q ^ P _1 (that is x\ ^ X 2 ), and let y = ax + /3 be the equation of line 
£(P,Q) through the points P and Q. 

(1) Suppose P ^ Q. Express a in terms of aq, #2> 2/i> ?/2- 

(2) Suppose P = Q (in which case £(P, Q) is the tangent line to C at P). Use 
implicit differentiation to express a in terms of X\ , y-\ . 

(3) Substitute ax + /3 for y in the equation y 2 = f(x) to get a new equation 
in terms of x only. Write the resulting equation of x in the form x 3 + 
Bx 2 + Cx + D = 0. 

(4) If P + Q has coordinates (*3 : y 3 : 1), explain why x 3 + Bx 2 + Cx + D 
must factor as {x — x±)(x — X 2 ){x — x 3 ). 

(5) By eciuating coefficients of x 2 in parts (4) and (5), conclude that 

x 3 = — x 1 — x 2 + a 2 + A + 1, 

where a is the slope of the line £{P, Q). 

(6) We now have an expression for the ^-coordinate of P + Q. Use this to 
conclude that 

P + Q = ( — X\ — X 2 + a 2 + A + 1 : yi + a(x 3 — X\) : l) 

where a is the slope of £(P, Q). [Hint: Use the relationship between the 
^-coordinates of PQ and P + Q along with the fact that (x\,yi) lies on 
the line defined by y = ax + /?.] 

Solution. (1) a = — — — 

x 2 - Xi 

(2) Using implicit differentiation, we obtain 2 y^, = f'(x), so a = ^4^ 

(3) Replacing y with ax + /3 gives the following. 

(ax + /3) 2 = x(x — l)(x — X) 

a 2 x 2 + 2 afix + f3 2 = x 3 — (A + l)x 2 + \ 2 x 

x 3 + (—a 2 — A — \)x 2 + (A 2 — 2 a(3)x — f3 2 = 0 

From this we see that B = —a 2 — A — 1, C = A 2 — 2 a/3, and D = —/3 2 . 

(4) First, note that since we obtain P + Q by taking the second point of 
intersection of y 2 = x(x — l)(x — A), and the vertical line through PQ, 
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we see that if P + Q has coordinates (£3,2/3), then PQ has coordinates 
(073, z/3)j he. both points have the same ^-coordinate, £3. Since P, Q, 
and PQ all lie on the line defined by y = ax + /? and the curve defined 
by y 2 = x(x - l)(x - A), the pairs (£1,2/1), (£2,2/2), and (£3, -y 3 ) satisfy 
both equations. In other words £1, £2, and £3 all satisfy (ax + / 3) 2 = 
£(£ — 1 )(£ — A), from which we get £ 3 + Bx 2 + Cx + D = 0 . Hence, 
£1, £2, and £3 are roots of £ 3 + Bx 2 + Cx + D = 0 . This implies that 
£ 3 + Bx 2 + Cx + D = (x — £i)(£ — £2) (£ — £3). 

( 5 ) First, observe that (x — £i)(£ — £2) (a; — £3) = £ 3 — (£1 + £2 + x 3 )x 2 + 
(£i£2 + £i£3 + X2X 3 )x — X\X2X 3 . This gives the equation 

£ 3 + Bx 2 + Cx + D = £ 3 — (£1 + £2 + X 3 )x 2 + (£i£’ 2 + £l£3 + X2X 3 )x — £i£2£3, 

so B = — £1 — £2 — £3. From above we know B = — a 2 — A — 1 . Hence, 
— or — A — 1 = — £1 — £2 — £3, so finally we have 

£3 = — £1 — £2 + a 2 + A + 1 . 

(6) I am worried about the //—coordinate. 


Therefore, if P = (£1 : 1/1 : 1 ),P = (£2 : 2/2 : 1 ) are points on C = V(£(£ — 
l)(x — X) — y 2 ), then P + Q has coordinates (x 3 : y 3 : 1 ) given by 

2 




yi - y 1 

£2 — £1 


x 3 = < 


— 2£i -(- A T 


1) 

2 2/1 


ifP^Q 


if P = Q 


2/3 = yi+a(x 3 -xi). 

12. 6 ^Elliptic Curves :EX ^roup example 

Exercise 2.5.8. Verify the results in Exercise E.h.6 using the above formula. 


Solution. My work does not match up - that’s why I am nervous. 


I would take out this 

entire section or simply 

li P ti StSM^I : ^iu^ oblitz 

without any exercises 
or proof. The first is 
that we already have 
an expression for 
P + Q whenever C is 
in canonical form, 
which we can always 
get. Second, we should 
really verify that 


We may perform a similar sequence of calculations for a cubic in general form. 
Let C be the cubic curve defined by y 2 z = ax 3 +bx 2 z+cxz 2 +dz 3 , where a, b,c,d € C. 
Dehomogenize this defining equation to get the affine equation y 2 = f(x), where 
f(x) = ax 3 + bx 2 + cx + d and / has distinct roots. 

Exercise 2 . 5 . 9 . Suppose P = (xi : yi : 1 ) and Q = (£2 : 2/2 : 1 ) be two points 
on C, with Q ^ P _1 , and let y = ax + /? be the equation of line £(P,Q) through 
the points P and Q. 

( 1 ) Suppose P ^ Q. Express a in terms of £1, £2,2/1, 2/2- 
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(2) Suppose P = Q (in which case £(P, Q) is the tangent line to C at P). Use 
implicit differentiation to express a in terms of X\. ij\. 

(3) Substitute ax + jd for y in the equation y 2 = f(x) to get a new equation 
in terms of x only. Write the resulting equation of x in the form x 3 + 
Bx 2 + Cx + D = 0. 

(4) If P + Q has coordinates P + Q = {x$ : 2/3 : 1), explain why Ax 3 + Bx 2 + 
Cx + D must factor as a(x — x\)(x — X 2 ){x — X 3 ). 

(5) By equating coefficients of x 2 , conclude that 

a 2 — b 

X3 = —xi - x 2 -\ , 

a 

where a is the slope of the line 1{P, Q). 

(6) We now have an expression for the ^-coordinate of P + Q. Use this to 
conclude that 

P + Q = ( — Xi — X 2 1- -a 2 : yi + a{x% - Xi) : 1 ) 

\ a a ) 

where a is the slope of £{P, Q). 


Therefore, if P = (x\ : yi : 1),P = (x^ : y? : 1) are points on G = V(ax 3 + 
bx 2 + cx + d— y 2 ), then P + Q has coordinates (£3 : j/ 3 : 1) given by 

2 

if P^Q 


b l / yi - yi 

— X \ - X2 h - 


a a \x 2 — £1 


X3 = < 


— 2xi — — I — 


b , 1 ( f(x 1 ) 


2 yi 


if P = Q 


V3 = Vl + Ol{X3 — X\). 


2.5.3. Rational Points on Cubics. Of particular importance to number 
theory and the theory of elliptic curves is the following property of the group law 
for elliptic curves. 

Definition 2.5.1. Let y 2 = f(x) be an affine equation of a smooth cubic 
curve, where f(x) is a polynomial with rational coefficients. A point P = ( x, y ) is 
a rational point if x, y € Q. 

Once we have a rational point, a natural follow-up would be to ask how many 
rational points exist on a given curve. We first note the following property of 
rational points. 


point national 


Curve: EX RationalPoints 


Exercise 2.5.10. Let y 2 = f(x) be an affine equation of a smooth cubic curve, 
where f(x) is a degree three polynomial with rational coefficients. Suppose P and 
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BS - We probably need 
a couple of exercises 
working with cubics 
over Q. 

Over C, all elliptic 
curves are tori. Over 
the rationals, the 
curves are different. 
Look at Mazur for 
descriptions. 


2.7: Cubics : Tori 


Q are rational points on this curve, so that P, Q £ Q 2 and Q y? P 1 . Prove that 
P + Q is also a rational point. 

Solution. Let P, Q £ C with P = (£ 1 , 2 / 1 ) and Q = (£ 2 , 2 / 2 ) are rational 
coefficients. If P y? Q, we have a = V2 ~ Vl and all coefficients are rational numbers. 
So the algebraic combination of rational numbers in the previous exercises show 
that P + Q must also have rational coefficients. If P = Q, then a = G Q and 

the combination is still rational. Since Q y? P _1 , we have X\ y? £2 and the quotient 
is defined. 

What happens if Q = P _1 ? In this case P + Q would be equal to the point at 
infinity O = [0 : 1 : 0]. While this point does have rational coordinates, this point 
is technically not on this particular affine chart. How can we address this? 

2.5.4. Cubics over Other Fields. Another important consequence of our 
algebraic formulation for the group law is that the operations involved are inde- 
pendent of the field of definition. With this addition law, we can define the group 
law for cubic curves not only over C, but also over R, Q, and even over finite fields. 
However, there is one subtlety that we need to be aware of. Some of the calculations 
need to be modified if the characteristic of the field is equal to 2 . 

|AshGross2006 

Exercise 2.5.11. This is inspired by l[AGl) 6 ], pages 105-109. Let C be the 
cubic curve given by y 2 = x 3 + 1 . 

(1) Show that (0,4) and (2,3) are points of C over F 5 . 

(2) Use the formulas for addition above to compute (0, 4) + (2, 3). 

(3) Find all of the points on 6 that are defined over F 5 . 

Solution. (1) We have 4 2 = 16 = 1 (mod 5) and 0 3 + 1 = 1 (mod 5), 
so the point (0,4) £ 6 . Similarly, 3 2 = 9 = 4 (mod 5) and 2 3 + 1 = 9 = 4 
(mod 5), so (2, 3) £ C. 

(2) We have a = = = ^ L . Over F 5 , this a is the solution to the equation 

2x = —1 (mod 5), or 2£ = 4 (mod 5) which has solution x = 2. So 
£3 = — 2 + 2 2 = 2 and 2/3 = 4 + 2(2 — 0) = 8 = 3 (mod 5). I really need 
to check the signs in this computation. 

(3) If we have a £ F 5 , the only choices for a 2 are 0, 1, or 4. Substituting 
values for x we obtain the points (0,1), (0,4), (2,2), (2,3) and (0,0). 

2.6. Cubics as Tori 

The goal of this problem set is to realize a smooth cubic curve in P 2 (C) as a 
complex torus. 
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Exercise 2.6.1. Draw a sequence of diagrams to show that if we attach the 
circle A to the circle C and the circle B to circle D , we obtain a torus. 


BS - Be more explicit 
about steps in 
construction 





Exercise 2.6.2. Let T : [0, 27t] — ► C be defined by T{6) = e lB and let / : C — > C 
be defined by f(x) = \fx. 

(1) Show that T([0, 27r] ) is a unit circle in C. 

(2) Show that / o T([0, 27r] ) is a half circle. 


Exercise 2.6.3. Now let T : [0, 27r] — > C be defined by T(6) = 2e lB and let 
/ : C — > C be defined by /( x) = \J x(x — 1). 

(1) Show that T([0, 27t] ) is a circle of radius 2 in C. 

(2) Show that / o T( 0) — f o T(2ir). 

(3) Show that / o T([0, 2tt]) is a closed curve in C — [0, 1]. 

(4) Sketch an intuitive argument for f(x) = \] x{x — 1) being well-defined on 
C — [0, 1] in two ways: (i) by setting ^2(2 — 1) = +y/2, and then (ii) by 
setting -y/2(2 — 1) = — \/2. This construction establishes a 2 sheeted cover 
of C. 
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Exercise 2.6.4. Let T : [0, 27 t] — > C be defined by T{6) = i e *(0+ 7r / 2 ) and let 
/ : C — > C be defined by f{x) = \J x{x — 1). 

(1) Show that T([0, 27r]) is the circle of radius with center 0, starting at 
the point \i. in the counterclockwise direction. 

(2) Show that /oT(0) and / oT(2tt) give different values and that these exist 
on each of the two sheets. 

(3) Justify intuitively why / o T([0, 27r]) can be viewed as illustrated where 
Sheet 1 corresponds to \[2 and Sheet 2 corresponds to — \/2 as in the 
previous problem. 

Exercise 2.6.5. Consider V{y 2 — x(x — z )) in P 2 . Now instead of considering 
two C sheets, we include the point at infinity, so we have two P 1 sheets, i.e. our 
two sheets are now spheres rather than planes. 

(1) Show that for each (x : z) £ P 1 there are two possible values for y, except 
at (0 : 1) and (1:1). 

(2) Consider the following figure in which the bottom sphere corresponds to 
the (x : ^)-axis, which is really P 1 , the projective line. Show that sitting 
over this projective line are two sheets, each of which is P 1 . 
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(3) Replace the segments in [(0 : 1), (1 : 1)] in Sheets 1 and 2 with circles A 
and B. Draw a sequence of diagrams to show that if we attach circle A 
in Sheet 1 to circle B in Sheet 2, then we obtain a sphere. 

(4) Conclude that V(y 2 — x(x — z)) C P 2 is a sphere. 


Exercise 2.6.6. Now consider / : C — > C defined by f(x) = y/x(x — l)(x — A). 

(1) Justify that / is well-defined on two possible sheets. 

(2) Show that / is a 2-to-l cover of the x-axis except at x = 0, x = 1, and 
x = X. 

(3) Homogenize y 2 = x(x — l)(x — A) to show that we now have a two-to-one 
cover of IP 1 except at (0 : 1), (1 : 1), (A : 1), and (1 : 0), where each of the 
two sheets is itself a P 1 . Explain how this is related to (b). What is the 
extra ramified point? 

(4) Use the earlier exercises to draw a sequence of diagrams illustrating how 
y 2 = x(x — z)(x — A z) in P 2 is a torus. 


2.7. Cross-Ratios and the j-Invariant 
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We have seen that every smooth cubic curve can be thought of as a two-to-one 
cover of P , branched at exactly four points. This section will show how we can 
always assume, via a change of coordinates, that three of these four branch points 
are (1 : 0), (1 : 1) and (0 : 1). We will start with a series of exercises that explicitly 
give these changes of coordinates. We then will have a series of exercises putting 
these changes of coordinates into changes of coordinates of C. It is here that the 
cross ratio is made explicit. The key behind all of this is that two ordered sets of 
four points are projectively equivalent if and only if they have the same cross-ratio. 
The cross ratio will then return us to the j- invariant for a cubic curve. 


2.7.1. Projective Changes of Coordinates for P 1 . Given any three points 
(a?i : yi), (x 2 ■ 2/2), (£3 : 2/3) € P 1 , we want to find a projective change of coordinates 
T : P 1 — > P 1 such that 


T( Xl :yi) = (1:0) 

T(x 2 :y 2 ) = (0:1) 

T(x 3 : y 3 ) = (1:1) 

We will see that not only does such a map always exist, but that it is unique. 

We first have to define what we mean by a projective change of coordinates for 
P 1 . In Section 1.5, we gave a definition for project change of coordinates for P 2 . 
The definition for P 1 is similar, namely that a projective change of coordinates is 
given by 


u = ax + by 
v = cx + dy , 

where ad — be ^ 0. We write this as 

T{x : y) = {ax + by : cx + dy). 
Now, we could write (x : y) £ P 1 as a column vector 

(;) 


If we let 


A = 


a b 
c d 


then we can think oi T(x : y) = (ax + by : cx + dy) in terms of the matrix 
multiplication 

^ x \ fa b \ f x \ ( ax + by \ 

V ) I c d I \ y ) \ cx + dy I 


A 
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In P 1 , we have that (x : y) = (Xx : X y) for any constant A ^ 0. This suggests the 
following: 


Exercise 2.7.1. Show that the matrices 


and B = 


give rise to the same change of coordinates of ' 


Solution. We have 


= 2- A 


3x + 2 y 
x + 4y 


B t x \ _ l 6 4 W £ \ / 6x + 4y \ 

V v J ~ V 2 8 A*',/\2* + 8yy 

Let T 4 denote the projective change of coordinates corresponding to the matrix A 
and Tb the projective change of coordinates corresponding to the matrix B. Then 
we have 

Ta(x : y) = (3x + 2y : x + 4y) 

= (6a; + 4y : 2x + 8 y) 

= T b (x : y), 

giving us our result. 


Exercise 2.7.2. Show that the matrices 


and B = 


A a A b 
Ac A d 


for any A ^ 0, give rise to the same change of coordinates of ! 
This means that the projective change of coordinates 
(x : y) — > (ax + by : cx + dy) 


(x : y) — > (Xax + Xby : Xcx + Xdy) 


are the same. 


Solution. We have 


ax + by 
cx + dy 


A a A b 
Ac A d 


Xax + Xby 
Xcx + Xdy 
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Let Ta denote the projective change of coordinates corresponding to the matrix 
A and T B the projective change of coordinates corresponding to the matrix B. Then 
we have 

Ta(x : y) = ( ax + by : cx + dy ) 

= (A ax + Xby : A cx + A dy) 

= T b (x : y), 

giving us our result. 

Our desired projective change of coordinates T such that 

T(x\ : yi ) = (1 : 0), T{x 2 : y 2 ) = (0 : 1), T(x 3 : y 3 ) = (1:1) 
is 

T(x : y) = ((x 2 y - y 2 x){xiy 3 - x 3 yi) : (xiy - y\x){x 2 y 3 - x 3 y 2 )). 

(It should not be at all clear how this T was created.) 

Exercise 2.7.3. Let 

(xi : yi ) = (1 : 2), (x 2 : y 2 ) = (3 : 4), (x 3 : y 3 ) = (6 : 5). 

Show that 

(1) T(x : y) = (28a: - 21 y : 18a; - 9 y) 

(2) T(1 : 2) = (1 : 0), T ( 3 : 4) = (0 : 1), T( 6 : 5) = (1 : 1) 

Solution. We have 


x 2 y - y 2 x = 3y — 4a: 
xiy-yix = y-2x 

and 

xiy 3 - x 3 i n = 5-12 = -7 
x 2 y 3 - x 3 y 2 = 15-24 = -9 

Then 

T(x : y) = {(x 2 y — y 2 x){x\y 3 — x 3 y\) : (xry — y\x){x 2 y 3 — x 3 y 2 )) 

= ((3y — 4a:) (—7) : (y — 2a;)(— 9)) 

= (28a; — 21 y : 18x — 9 y) 
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Then we have 

T( 1:2) = (28-21:18-18) 

= (7:0) 

= (1:0) 

T( 3 : 4) = (84 - 84 : 54 - 36) 

= (0:18) 

= ( 0 : 1 ) 

T(6:5) = (168 - 105:108 -45) 

= (63 : 63) 

= (1:1) 

Exercise 2.7.4. Let (*i : y \ ) = (3 : 1), (x 2 ■ y 2 ) = (8 : 5), and (x 3 : y 3 ) = 
(2 : 7) Find the map T such that 

T( 3 : 1) = (1 : 0), T( 8 : 5) = (0 : 1), T( 2 : 7) = (1 : 1). 

Solution. We have 


x 2 y - y 2 x = 8y -5x 
xiy-yix = 3 y-x 

and 

xiy3 - x 3 yi = 19 
x 2 y 3 - x 3 y 2 = 46 

Then 

T(x : y) = {(x 2 y - y 2 x)(x!y 3 - x 3 y!) : (xiy - yix)(x 2 y 3 - x 3 y 2 )) 



= ((81/ - 

5*) (19) 

: (33/ 

— *)(46)) 




= (-95* 

+ 1523/ 

—46* + 1382/) 



Then we get 








T( 3 

1) = 

(-133 : 0) = 

(1 

0) 


T( 8 

5) = 

(0: 

322) = 

(0 

1) 


T( 2 

7) = 

(874 

: 874) = 

(1 

1) 


Exercise 2.7.5. Show for the projective change of coordinates 

T(x : y) = ((x 2 y - y 2 x)(xry 3 - x 3 yi) : (xi y - yix)(x 2 y 3 - x 3 y 2 )). 

that 


T( Xl : yi ) = (1 : 0), T(x 2 : y 2 ) = (0 : 1), T(x 3 : y 3 ) = (1:1) 



164 


Algebraic Geometry: A Problem Solving Approach 


uniqueness 


Solution. We have 


T(x i : i/i ) 


T(x 2 : y 2 ) 


T{x 3 : j/3 ) 


((*22/i - 2/2*i)(*i2/3 - *32/1 ) : (*i?/i - 2/i*i)(*2j/3 - x 3 y 2 )) 
((*22/1 - 2/2*l)(*l2/3 - *32/1 ) : 0 • (*22/3 - * 32 / 2 )) 

((*22/1 - 2/2*i)(*i2/3 - * 32 / 1 ) : o) 

( 1 : 0 ) 

((*22/2 - 2 / 2 * 2 ) (*l2/3 - *32/l) ; (*12/2 - yi*2)(*22/3 - * 32 / 2 )) 
(0 • (xij /3 - * 32 / 1 ) : (* 12/2 - 2 / 1 * 2 ) (*22/3 - * 32 / 2 )) 

(0 : (* 12/2 - 2 / 1 * 2 ) (*22/3 - * 32 / 2 )) 

( 0 : 1 ) 

((*22/3 - 2/2*3) (*l2/3 - *32/1 ) ; (*12/3 - yi*3)(*22/3 - * 32 / 2 )) 

( 1 : 1 ) 


These problems give no hint as to how anyone could have known how to create 
T ; the goal of these last problems was to show that this T actually does work. 

We now want to start looking at uniqueness questions. 

Exercise 2.7.6. Let T(x : y) = (ax + by : cx + dy) be a projective change of 
coordinates such that T(1 : 0) = (1 : 0), T(0 : 1) = (0 : 1), T(1 : 1) = (1 : 1). Show 
that 

a = d 7^ 0 

and that 

b = c = 0. 

Explain why T must be the same as the projective change of coordinates given by 
T(* :y) = (x: y). 

Solution. We have 


(1:0)= T(1 : 0) = (a : c) 
which means that c = 0 and a ^ 0. Similarly, 

(0:1) = T(0 : 1) = (b : d), 
giving us b = 0 and d ^ 0. Finally, since 

(1:1)= T(1 : 1) = (a + b : c + d) = (a : d), 


we must have a = d. 
We certainly have 


T(x,y) = (ax : ay) = (x : y). 
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Part of showing uniqueness will be in finding a decent, easy to use formula for 
the inverse of our map T. 

Exercise 2.7.7. Let T(x : y) = (ax + by : cx + dy) be a projective change of 
coordinates and let 



be its associated matrix. Let 



Show that 

A ■ B = det(.A)/, 

where I is the two-by-two identity matrix. 
Solution. We know that 


Now 


det(A) = ad — be. 


A-B = 



ad — be —ab + ba 
cd — cd —be + ad 


= (ad — be) 
= det(-A)/ 


1 0 
0 1 


This suggests the following for the inverse for T. 

Exercise 2.7.8. Let T(x : y) = (ax + by : cx + dy) be a projective change of 
coordinates and let 

S(x : y) = (dx — by : — cx + ay). 

Show that S is the inverse of T, meaning that for all (x : y) £ P 1 we have 
S(T(x : y)) = (x : y) and T(S(x : y)) = (x : y). 


A = 


Solution. Let 


a b 
c d 
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be its associated matrix. Let 


B = 


d - b 
—c a 


We know that T(x : y ) = {ax + by : cx + dy) can be described via matrix 
multiplication as 

f x \ ( ax + by \ 


A 


V 


cx + dy 


In a similar way, S{x : y) = (dx — by : — cx + ay) can be described as 


x 


y 


dx — by 
—cx + ay 


Then we can describe S{T{x : y)) = (x : y) via 

/ x \ ( d —b\(a b \ ( x 


B-A 


y 


— c a 


c d 


y 


{ad — bc)x 
{ad — bc)y 


Thus 


S{T{x : y)) = {{ad — bc)x : {ad — bc)y) = {x : y) 
The argument for showing T{S{x : y)) = {x : y) is similar. 


Exercise 2.7.9. Let {x\ : y\), {x 2 : y 2 ), (£3 : 2/3) € P 1 be three distinct points. 
Let Ti and T 2 be two projective change of coordinates such that 

Ti{ Xl : yi) = (1 : 0), T ± {x 2 : y 2 ) = (0 : 1), 7i(x 3 : 2/3) = (1:1) 

and 

T 2 {x 1 : 2/1) = (1 : 0), T 2 {x 2 : y 2 ) = (0 : 1), T 2 {x 3 : y 3 ) = (1 : 1). 

Show that Ti o T 2 _1 is a projective change of coordinates such that 

T x o T^{ 1 : 0) = (1 : 0), T x o T^{ 0 : 1) = (0 : 1), T x o T 2 ~\ 1 : 1) = (1 : 1). 
Show that T x and T 2 must be the same projective change of coordinates. 


Solution. We have 

T x o T 2 _1 (l : 0) = T x {x x : y x ) 

= (1 = 0) 

T x o T 2 _1 (0 : 1) = T x {x 2 : y 2 ) 

= ( 0 : 1 ) 

T x o T 2 _1 (l : 1) = T x {x 3 : y 3 ) 

= ( 1 : 1 )- 

[uniqueness 

By exercise E.V.o, we have that 

T 1 oT 2 1 {x : y) = {x : 1 /), 
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which means that 

Ti(x : y ) = T 2 (x, y). 

Thus our desired map T is unique. 

Exercise 2.7.10. Mathematicians will say that any three points in P 1 can be 
sent to any other three points, but any fourth point’s image must be fixed. Using 
the results of this section, explain what this means. (This problem is not so much 
a typical math exercise but is instead an exercise in exposition.) 

Solution. Suppose we have three points 

Pi = (aq : Di),P 2 = (x 2 ■ 1/2), P3 = (£3 : 2/3) 
and three other points 

<?1 = (ui ■■ Vi),q 2 = (u 2 : v 2 ),q 3 = (u 3 : v 3 ). 

We will find a projective change of coordinates T such that 

T{xi : yi) = ( Ui : iq) 

T{ x 2 : y 2 ) = (u 2 : v 2 ) 

T{x 3 : y 3 ) = (u 3 : v 3 ) 

We know that there is are unique projective changes of coordinates T) and T 2 
such that 

Ti(aq : yi) = (1:0) 

Ti(x 2 :y 2 ) = (0:1) 

^1(0:3 : 1/3) = ( 1 : 1 ) 

T 2 ( Ul : Vl ) = (1:0) 

T 2 {u 2 : v 2 ) = (0:1) 

T 2 {u 3 : v 3 ) = (1:1) 

Our desired map is now simply 

T = T 2 ' 1 oTi. 

There is no freedom at all for where any other point can be mapped. 

Finally, we can see how anyone ever came up with the map 

T(x : y) = {(x 2 y - y 2 x){a. qy 3 - x^) : (aq y - yix)(x 2 y 3 - x 3 y 2 )). 



We just have to find a matrix 


a b 
c d 
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such that 



Solving for the coefficients for A is now just a (somewhat brutal) exercise in algebra. 


2.7.2. Working in C. Algebraic geometers like to work in projective space 
P". Other mathematicians prefer to keep their work in affine spaces, such as C", 
allowing for points to go off, in some sense, to infinity. In this subsection we 
interpret the projective change of coordinates T : P 1 — > P 1 in the previous section 
as a map T :CU { 00 } ->CU { 00 }. 

Given three points x±, X 2 and X 3 in C, we want to find a map T : C U { 00 } — > 
C U { 00 } such that 


T(x 1 ) = 00 

T{x 2 ) = 0 
T(x 3 ) = 1 


For now, set 

T( A = ( x 2 - x)(xi - x 3 ) 

(xi - X)(X 2 - ®3)’ 

The next three exercises are in parallel with those in the previous subsection. 


Exercise 2.7.11. Let x\ = 1/2, x 2 = 3/4, and X 3 = 6/5. (Note 
correspond to the dehomogenization of the three points {x\ : yi) = (1 
1 / 2 ) = (3 : 4) in the previous subsections first problem.) Show that 

^ rr, s 28cc — 21 

(2) T(l/2) = 00 , T(3/4) = 0, T(6/5) = 1. 


that these 
: 2), (x 2 : 


Solution. We have 

T( x = (x 2 - x)(xi - x 3 ) 

(xi - x)(x 2 - x 3 ) 

(|-»)(|-§) 

(I -*)(!-§) 

28x - 21 
18x — 9 

Showing T(l/2) = 00 , T(3/4) = 0 and T(6/5) = 1 involves just plugging into the 
above. 


Exercise 2.7.12. Let x\ = 3, x 2 = 8/5, and X 3 = 2/7. Find the map T such 

that 


T(3) = 00 , T(8/5) = 0, T{ 2/7) = 1. 
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Solution. We set 

T(x) 


Exercise 2.7.13. Show for 
T{x) 


that 


p 2 ^ x)(xi - x 3 ) 
(x\ - x)(x 2 - x 3 ) 

(!~*) (3~f) 

( 3 -*)(§-?) 
95a; - 152 
46a; - 138 


(x 2 - x)(xi - x 3 ) 
(xi - x)(x 2 - x 3 ) ' 


T(x i) = oo, T( x 2 ) = 0, T(x 3 ) = 1. 


Solution. We have 

T(x i) 


T(x 2 ) 


T{x 3 ) 


{x 2 - X\)(x\ - x 3 ) 
{xi - Xi)(x 2 - x 3 ) 
(x 2 - x 1 )(x 1 - x 3 ) 
0 • (a; 2 — x 3 ) 

= OO 

(x 2 - x 2 ){x 1 - x 3 ) 
(xi - x 2 )(x 2 - x 3 ) 
0 • (a;i - x 3 ) 

(xi - x 2 )(x 2 - x 3 ) 
= 0 

(x 2 - x 3 )(xi - x 3 ) 
(xi - X 3 )(x 2 - x 3 ) 

= 1 


The next exercise will link the map T : CU{oo} — » C U {oo} with the map 
T : P 1 — > P 1 . Recall in P 1 that 

(x:y) = ( X : 1 ), 

V 

provided that y ^ 0. By a slight abuse of notation, we can think of dehomogenizing 
as just setting all of the y’s equal to one. 

Exercise 2.7.14. Show that the map T : P 1 — > P 1 given by 

T(x ; y) = (ax + by : cx + dy) 

will correspond to a map T : C U {oo} — > C U {oo} given by 


cx + d 
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Solution. We have 

T(x : y) = (ax + by : cx + dy) 
giving us our result. 


f ax + b \ 
\cx + d ) 


Exercise 2.7.15. Show that the map T : P 1 — > P 1 given by 

T(x : y ) = ((x 2 y - y2 x )(x 1 y 3 - x 3 y 3 ) : (x\y - yix)(x 2 y 3 - x 3 y 2 )) 

will correspond to the map T : C U {00} — > C U {00} given by 

T( n = ( x 2 - x)(xi - x 3 ) 

(xi - x)(x 2 - x 3 ) ' 

Here the dehomogenization is the map achieved by setting y = 1 . 
Solution. We have 


T(x:y) = ((x 2 y - y 2 x)(xiy 3 - x 3 yi) \ (xiy - yix)(x 2 y 3 - x 3 y 2 )) 

{ ( x 2 ~ x)(xi - x 3 ) _ \ 

V (x\ - x)(x 2 - x 3 ) ' ) 

2.8. Cross Ratio: A Projective Invariant 

Suppose we are given some points in P 1 . We can label these points in many 
ways, by choosing different coordinate systems. This is the same as studying the 
points under projective changes of coordinates. We would like to associate to our 
points something (for us, a number) that will not change, no matter how we write 
the points. We call such numbers invariants. 

If we start with three points pi = (x\ : yi),p 2 = (x 2 : y 2 ),p 3 = (£3 : y 3 ) € P 1 , 
no such invariant number can exist, since any three points can be sent to any other 
three points. But we cannot send any four points to any other four points. This 
means that any collection of four points has some sort of intrinsic geometry. So 
add a fourth point £>4 = ( x 4 : 1/4) € P 1 . Then 


Definition 2.8.1. The cross ratio of the four distinct points pi,p 2l p 3l PA is 


[Pl,P2,P3,P4] 


(x 2 yA ~ y2XA)(xry 3 - x 3 yi) 
(ar2/4 - 2/i £4) (x 2 y 3 - x 3 y 2 ) ' 


We need to show that this number does not change under projective change of 
coordinates. 


uniqueness crossratio 


Exercise 2.8.1. Let 


Pi = (1 : 2),p 2 = (3 : 1 ),p 3 = (1 : 1),P4 = (5 : 6). 


( 1 ) Calculate the cross ratio [pi,P2,p 3 ,P4\- 




DRAFT COPY: Complied on February 4, 2010. 


171 


(2) Let T : P 1 P 1 be 

T( x : y ) = (3x + 2y :2x + y). 

Find T(p 1 ),T(p 2 ),T(p 3 ),T(p 4 ). 

(3) Show 

[T(pi),T(p 2 ),T(p 3 ),T(p 4 )\ = \pi,p 2 ,P3,Pa\- 


Solution. For pi = (1 : 2 ),p 2 
(Pl,P2,P3,P4\ = 


= (3 : 1), p 3 = (1 : 1),P4 = (5 : 6), we have 

0 ’ 2?/4 ~ y 2 X 4 )(xiy 3 - x 3 yi) 

(xiy 4 - ViXa) ( x 2 y 3 - x 3 y 2 ) 

( 3 - 6 - 1 - 5)(1 - 1 - 2 - 1 ) 

(l-6-2-5)(3- 1-1-1) 

13 

T 


+ 2 y : 

2x + y) , we 

have 



T(pi) 

= T(1 : 

2) = 

(7: 

4) 

T(P2) 

= T( 3 : 

1) = 

(11 

:7) 

T(P3) 

= T(1 : 

1) = 

(5: 

3) 

T(pa) 

= T( 5 : 

6) = 

(27 

: 16) 


Then we have 

[T( Pl ),T(p 2 ),T(p 3 ),T(p 4 )\ 


(11 • 16 — 7 • 27)(7 -3 — 5-4) 
(7 • 16 — 4 • 27)(11 -3 — 7-5) 
13 

T’ 


giving us that [T{p 1 ),T(p 2 ),T(p 3 ),T(p 4 )] = \pi,p 2 ,P3,p4- 


Exercise 2.8.2. Let pi = (xi : yi),p 2 = (x 2 : y 2 ),P 3 = { x 3 : y 3 ),p 4 = {x 4 : y 4 ) 
be any collection of four distinct points in P 1 and let T(x, y) = (ax + by : cx + dy) 
be any projective change of coordinates. Show 

[T(pi),T(p 2 ),T(p 3 ),T(p 4 )\ = \pi,p 2 ,p 3 ,p 4 \. 

(This is a long exercise in algebra, but at the end, there should be satisfaction at 
seeing everything being equal.) 


Solution. We have [T(pi),T(p 2 ),T(p 3 ),T(p 4 )] being 

((ax 2 + by 2 )(cx 4 + dy 4 ) - (cx 2 + dy 2 )(ax 4 + by 4 ))((axi + by!)(cx 3 + dy 3 ) - (cx i + dyi)(ax 3 + by 3 )) 
((ax i + by 1 )(cx 4 + dy 4 ) - (cxi + dyi)(ax 4 + by 4 ))((ax 2 + by 2 )(cx 3 + dy 3 ) - (cx 2 + dy 2 )(ax 3 + by 3 )) 
Now 

((ax 2 + by 2 )(cx 4 + dy 4 ) - (cx 2 + dy 2 )(ax 4 + by 4 )) 

equals 

(ac — ac)x 2 y 4 + (ad — cd)x 2 y 4 + (be — ad)x 4 y 2 + (bd — bd)y 2 y 4 
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which is 

{ac- bd){x 2 y 4 - x 4 y 2 ). 

Similarly we have 

{{ax i + by\){cx 3 + dy 3 ) - {cx i + dy 4 ){ax 3 + by 3 )) = 

{{ax i + by 1 ){cx 4 + dy 4 ) - {cx i + dy 1 ){ax 4 + by 4 )) = 

{{ax 2 + by 2 ){cx 3 + dy 3 ) - {cx 2 + dy 2 ){ax 3 + by 3 )) = 


{ac - bd){x 4 y 3 
{ac — bd){x\y 4 
(ac - bd){x 2 y 3 


Then 

[T{ Pl ),T{p 2 ),T{p 3 ),T{p 4 )} 
which is indeed [pi,P 2 ,P 3 ,P 4 \- 


{x 2 y 4 - 242 / 2 ) ~ {xry 3 - x 3 y 4 ) 
( 212/4 - x 4 yi){x 2 y 3 - x 3 y 2 ) 


x 3 yi) 

x 4 y\) 

x 3 y 2 ) 


The above cross ratio depends, though, on how we ordered our four points 
Pi,P 2,P3P4- If we change the order, the cross ratio might change. 

Exercise 2.8.3. Let pi,p 2 ,p 3 ,p 4 be any four distinct points in P 1 . Show 

[Pl,P2,P3,P4\ = 7 T- 

\P2,P1,P3,Pa\ 

Solution. Let p 4 = {x 4 : yi),p 2 = {x 2 : y 2 ),p 3 = {x 3 : y 3 ),p 4 = {x 4 : y 4 ). 

{xiy 4 - yix 4 ){x 2 y 3 - x 3 y 4 ) 


Then we have 


[P2,Pl,P3,P4] = 
amination is the 

[Pl,P2,P3,P4,\ = 


{x 2 yA - V 2 X 4 ){xiy 3 - x 3 y 4 ) ’ 
which by direct examination is the inverse of 

{ X 2 V 4 - 1/224) (ah 2/3 - 231/1) 


(212/4 - 2/124) (222/3 - 232/2) 

Exercise 2 . 8 . 4 . Let p 4 = (ar : 2/1), P2 = {x 2 ■ 2/2), P3 = (23 : 2/3), Pa = (24 : 2/4) 
such that [pi , p 2 . P3 . p 4 \ ^ ±1. Show that there is no projective change of coordinate 
T{x : y) = {ax + by : cx + dy) such that T interchanges p 4 with p 2 but leave P3 and 
p 4 alone. In other words, show there is no T such that 

T{pi) =p 2 , T{p 2 ) = pi , T{p 3 ) =p 3 , T{p 4 ) =p 4 . 

luniLquenesscrossratio 

Solution. By 12.8.1, we have 

[T{pi),T{p 2 ),T{p 3 ),T{p 4 )\ = \pi,P2 ,P 3 ,Pa\- 
But we just showed in the previous exercise that 


[Pl,P2,P3,P4\ = 


1 


\P2,Pl,P3,P4}' 

If there is such a projective change of coordinate T, we need to have 

[pi,P2,p3,p4 = 7 1 7 , 

lPi,P2,P3,P4l 

which would mean that [pi,P2,P3,P4] = ±1, which contradicts our assumptions. 
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Exercise 2.8.5. Let pi = (xi : yi),p 2 = (*2 '■ 2/2), P3 = (*3 : y 3 ),P 4 = (*4 : 2/4) 
be any collection of four distinct points in P 1 . Show that 

[P2,Pl,P4,P 3 \ = \P1,P2,P3,P4\- 


Solution. We have 

\Pl,P2,P3,P4] 


(*22/4 - 2/2*4) (*12/3 - *32/1) 
(*i 2/4 - 2/1*4) (*22/3 - x 3 y 2 ) 
(xry 3 - x 3 yi)(x 2 y4 - y 2 X4) 
(■ x 2 y 3 - x 3 y 2 ){xiy4 - 2/1^4) 

= [P2 1 Pl,P4,P 3 \ 


Exercise 2.8.6. Using the notation from the previous problem, find two other 
permutations of the points Pi,P2,P 3 ,P4 so that the cross ratio does not change. 


Solution. We have 

\P 3 ,P4,PI,P2] 


{X4V2 - V4X 2 ){x 3 y4 - Xiy 3 ) 

(x 3 y 2 - y 3 x 2 )(x 4 yi - xxy 4 ) 
(x 2 y4 - V2X4){xiy 3 - x 3 yi) 
(* 12/4 - 2/1*4) (*22/3 - *32/2) 
= [PhP2,P 3 ,P4\- 


Since we always have \p 2 ,Pi,P4,p 3 ] = [pi , p 2 , p 3 , P4] , we get [pi,p 2 ,p 3 ,P4] = 
\p 3 iP 4 iPiiP?\ = [P4,P3,P2,Pi] giving us our two other permutations. 

Let 


\Pl,P2,P 3 ,P4\ = A. 


We have shown that there are four permutations of the Pi,p 2 ,p 3 ,P 4 that do not 
change the cross ratio but we have also shown 

\P2,Pi,P 3 ,Pa] = j- 

Exercise 2.8.7. Using the above notation, find permutations of the Pi,p 2 ,p 3 ,P 4 
so that all of the following cross ratios occur: 


A, 


1 1 

A ’ 1 — A 


,1 — A, 


A 

A - 1 


A- 1 
A 


Solution. The method is to just start permuting the P\ 1 p 2l p 3 ,P 4 until you 
get all six possibilities. 
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Here is one possible set of choices: We will show that 


A 

1 

A 

1- A 


1 

1- A 

A 

A- 1 
A- 1 
A 


[Pl,2 2 ,P3,f>4] 

[Pl,P2,P4,f>3] 

\Pl,P3,P2,Pi] 

[Pl,P3,P4,P2] 

[Pl,P4,P3,P2] 

[Pl,P4,P2,P3] 


The first is just the definition and the second we have already shown. Consider 


\P\,P3,P2,Pa] 


Now 


(*32/4 ~ 2/3*4)(*l2/2 - ^yi) 

(*12/4 - 2/1*4) (*32/2 - *22/3) 

(*32/4 ~ 2/3*4) (* 1 2/2 - *22/l) 

(*12/4 - 2/1*4) (*22/3 - *32/2) 

*1*32/22/4 - *2*32/12/4 - *1*42/22/3 + *2*42/12/3 
(*12/4 ^ 2/1*4) (*22/3 - *32/2) 


x _ (*22/4 - 2/2*4) (*12/3 - *32/1 ) 

(*12/4 - 2/1*4) (*22/3 - *32/2) 

((*12/4 - 2/1*4) (*22/3 - *32/2) _ (*22/4 ~ 2/2*4) (*l2/3 - *32/l) 
(*12/4 - 2/1*4) (*22/3 - *32/2) (*12/4 - 2/1*4) (*22/3 - *32/2) 

*1*32/22/4 - *2*32/12/4 ~ *1*42/22/3 + *2*42/12/3 
(*12/4 - 2/1*4) (*22/3 - *32/2) 

= bl,P3,P2,P4] 


Since [pi>P2,P4,P3] = [ pi ,p 2 ^ 3 ,p 4 ] » we must have 

[Pl,P3,P4,P2] = 7 7 = 

[Pl)P3,P2,P4j 

Now for the fifth equation. We have that 


1 

1- A' 


1 _ 1 - A 1 _ A 

1 - A ~ 1 - A ~ 1 - A “ A- 1' 


Since 1 - \pi,Pi,Ps,Pi] = \pi,P 3 ,P 2 ,Pi\, we get that 


= 1 - [Pl>P3,P2,P4] 

= [Pl.P4,P3,P2] 


A- 1 
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Since we know that interchanging the third and fourth term in the cross ratio will 
invert the cross ratio, we get the last equation: 

= [Pl,P4,P2,P3]- 

The above explains Exercise 2.5.20. 

Exercise 2.8.8. There are 4! = 24 permutations of the four points Pi,P 2 ,P 3 ,P 4 - 
For any ordering of these points, there are four permutations (including the identity) 
that preserve the cross ratio. Show that the list A, 4, j), , 1 — A, are the 

only possible values for the cross ratio, no matter how we order the four points. 

Solution. We have 

A = \pi,P2,P3,Pi] 

= \P2,Pl,P4,P3\ 

= \P3,P4,Pl,P2\ 

= \Pi,P3,P2,Pl] 

We get the values for the remaining 20 permutations will give us our other 
values, as follows: 

J = \P1,P2,P4,P3] 

= \P2,Pl,P3,Pi\ 

= \P4,P3,Pl,P2] 

= \P3,Pi,P2,Pl\ 

1-A = \pi,P3,P2,P4] 

= [P3,Pl,P4,P2] 

= \P2,P4,Pl,P3\ 

= [P4,P2,P3,Pl ] 

= [Pl,P3,P4,P2\ 

= \P3,Pl,P2,Pi] 

= \P4,P2,Pl,P3\ 

= \P2,P4,P3,Pl] 
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= [Pl,P4,P3,P2] 

= [P4,Pl,P2,P3] 

= \P3,P2,Pl,Pi] 

= [P2,P3,P4,Pl] 

= [Pl,Pi,P2,P3] 

= [Pi,Pl,P3,P2] 

= \P2,P3,Pl,Pi\ 

= [P3,P2,Pi,Pl]- 


2.9. The /-Invariant 


But how are these cross ratios related to this chapter’s main topic, cubic curves? 
In the Weierstrass normal form for a cubic, we showed that any cubic curve can be 
written as y 2 = f(x), where f(x) is a cubic polynomial. In P 2 , we have the corre- 
sponding homogeneous equation zy 2 = f(x, z). Letting {x : z) be the homogeneous 
coordinates for P 1 , we know that there is a projective change of coordinates that 
sends two of the roots of / to (1 : 0) and (1:1), leaving (0 : 1) fixed. The third root 
is then sent to some point (A : 1). This further explains the Weierstrass normal 
form 

y 2 =x(x~ l)(x- A), 


given in section 2.5. 

As discussed in section 2.5, it would be great if the third root A was unique. 
But that is false, as its value depends on how we order the three roots (and what 
we define as infinity). We know that by rearranging these four points, we can get 
the third root to be any of the values A, 1, 1 — A, ^j-, w e would 

like to have a single number that encodes all of this information. While not at all 
obvious, that number is 


j(\) = os ( A2 ~ A + 1 ) 3 

} A 2 (A — l) 2 ’ 

which we called in section 2.5 the j -invariant. (The 2 8 only appears for quite 
technical reasons for when our curves are defined not over C but over fields of 
characteristic two, which we will not be concerned with.) 


Exercise 2.9.1. Show that 

a) 

(2) j(A)=j (rfl) 

(3) i(A) = j (1 - A) 

0) J(A) = J (x=i) 
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( 5 ) 


Solution. This is an exercise in algebra. 

(1) We have 


3 



2 8 


((i)M + i) 3 
(i) 2 (i-i) 2 


28 ((g) q-^ 2 )) 3 

(^Ha(i-a)) 2 

28 (j) 6 ((l-A + A 2 )) 3 

(i) 4 * ((l- A)) 2 


os (! ~ A + A 2 ) 
A 2 (1 - A ) 2 


J(A) 


(2) Now 


3 


1- A 


((A 

) 2 -a+ 

0 

(a; 

((a 

r(A-' 

)Va- 

) 2 

A) + (l-A) 2 )) 

(A)' 

(A) 2 (W) 2 

(l — 1 + A + l — 2A + A 2 ) 3 

(A) 4 *- 
(i - a+a T =j(x> 

A 2 (1 — A) 2 


(3) Continuing, we have 


3 (1 - A) 


08 (0 ~ A ) 2 - (1 - A) + 1 ) 

(1 — A) 2 (l — A — l) 2 

8 (t - 2A + A 2 - 1 + A + 1) 
(1 - A) 2 A 2 


(l — A + A 2 ) 3 
A 2 (1 - A ) 2 


J(A) 
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(4) We have 


((A) 2 - A-)' 

((iA) (A 2 - A(A - 1 ) + (A - l) 2 }^ 

( A ) 2 (^) 2 

(lii) 8 (A 2 -A 2 + A+A 2 -2A + l ) 3 

ww 


= 2> (I ~ A + X T =JW 

A 2 (1 — A ) 2 

(5) We could grind through the algebra, but we have done enough work to 
produce an elegant solution. Using part 1 we can rewrite j (A=T) = 
j ^ > which can be simplified to j > which we have calculated in 

Part 4 as j( A). 

Exercise 2.9.2. Given any four distinct points p i, p 2 , Pa, Pa in P 1 , show that 
the j-invariant of the cross ratio does not change under any reordering of the four 
points and under any projective linear change of coordinates. (This is why we are 
justified in using the term “invariant” in the name j-invariant.) 

[g ood cross 

Solution. We have seen by I??, that there are 6 values for the cross ratio de- 
pending on the order of the points. If [pi , p 2 , P. 3 , £> 4 ] = A, then the other possibilities 
for the cross ratio are 

1 1 i a A A-l 
A’ 1 — A’ 1 ’A-l’ A ' 

All of these values will produce a value equal to j( A). We are justified in calling j 
an invariant of the cubic curve. 

Thus given a smooth cubic curve, we can put the curve into Weierstrass normal 
form and associate to this curve a singe number j. A natural question is if two 
different curves could have the same j invariant. The next exercises will show that 
this is not possible. 

Exercise 2.9.3. Suppose that 


j(\) = 08 (A 2 - A + l ) 3 
J(A) 2 A2(A _ 1)2 


for some constant a. 
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(1) Show that any solution y of the equation 

2 8 (A 2 - A + l) 3 - aA 2 (A - l) 2 = 0 
has the property that 

3 in) = a- 

(2) Show that the above equation can have only six solutions. 

(3) Show that if A is a solution, then the other five solutions are \ , jA- 5 1 — 

\ A A— 1 
A i A-l’ a • 

(4) Show that if we have two curves zy 2 = x(x — z) (x — Az) and zy 2 = 
x (x — z) (x — yz) with 


jW = i(Xb 

then there is a projective change of coordinates of P 1 with coordinates 
(x : z) taking the first curve to the second. 


Solution. (1) Let y be a solution to 2 8 (A 2 — A + l) 3 — aA 2 (A — l) 2 = 0, 
which means that 2 8 (y 2 — /x + 1) 3 — ay, 2 (y—1) 2 = 0. Solving this equation 
for a yields a = 2 • 

(2) Since j( 0) = 2 8 ^ 0, this polynomial is nonconstant. The degree of this 
polynomial as a function of A is 6. By the Fundamental Theorem of 
Algebra, there can only be 6 solutions. 

(3) Suppose A is a solution to 2 8 (A 2 — A + l) 3 — aA 2 (A — l) 2 = 0. Then 
j( A) = a. By the first exercise in this section, the other values with the 
same invariant are 


1 1 

A’l — A’ 


1 — A, 


A A-l 
A-l’ A 


. The first part of this problem shows that these are also solutions to the 
polynomial. 

(4) I need to work on this part. 


2.10. Torus as C/A 

We will begin this section with background material from abstract algebra to 
make clear what a quotient group is. After that material is developed, we will 
expeditiously proceed to the goal of this problem set, namely to realize a torus as 
the quotient group C/A. 
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partition 

equivalence relation 


2.10.1. Quotient Groups. Given a group G with binary operation ★, a sub- 
set S of G is said to be a subgroup if, equipped with the restriction of * to S x S, 
S itself is a group. Given a known group G, a way to generate examples of groups 
is to look at all its subgroups. Another way of generating examples is to “collapse” 
a certain type of subgroup N of the group G into the identity element of a new 
“quotient group” G/N. In order for this “quotient” construction to yield a group, 
N must satisfy certain properties that make it a so-called normal subgroup of G. 
Notation: Let G be a group with binary operation *. This binary operation * 

induces an operation * (by abuse of notation) on subsets of G defined as follows: 
if S and T are subsets of G, then S *T := {s * t : s £ S,t £ T}. If S = {s} is a 
singleton, then we write sT for {s} * T; likewise, we write St for S * {t}. 

Definition 2.10.1. Given a nonempty set A, we say that a collection P of 
subsets of A is a partition of A if P consists of nonempty, pairwise disjoint sets 
whose union is A. This means that if 

P = { U a }a£l , 

where I is an indexing set, then the elements of P satisfy the following two condi- 
tions. 

(1) P a fl Pp = for all a, /? £ /; 

(2) A = U ae iU a . 

Exercise 2.10.1. Let A be a nonempty set. 

(1) Let ~ be an equivalence relation on the set A. Show that the set of 
equivalence classes of ~ is a partition of A. 

(2) Suppose P is a partition of A. Show that the relation ~, defined by x ~ y 
if and only if x and y belong to the same element of P, is an equivalence 
relation. 

Solution. (1) To show that the equivalence classes form a partition of A, 
we will show that any two equivalence classes are either equal or disjoint. 
Let [a] and [b] be two equivalence classes, for a,b £ A. Suppose [o]fl[6] ^ 0. 
Then there is some element x £ A with x ~ a and x ~ b. By symmetry, 
a ~ x, and then by transitivity a ~ b. To see that this implies [a] = [6], 
let y £ A. Then 

y £ [a\0 y ~ GOy ~ bO y £[b\ 

thus [a] = [6]. Therefore two equivalence classes are either equal or dis- 
joint, so the collection of equivalence classes forms a partition of A. 

(2) We must show that ~ is reflexive, symmetric, and transitive. Clearly for 
any a £ A, a is in some element of P so that a ~ a and ~ is reflexive. 
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quotient 


To see that ~ is symmetric suppose a,b G A with a ~ b, so that a and b 
belong to the same subset of A in the partition P. Then b ~ a. Lastly, 
suppose a ~ b and b ~ c for a,b,c G A. Then a and 6 are in the same 
subset and b and c are in the same subset in P. Since P is a partition b 
is in exactly one element of P, thus a, 6, and c are all in the same element 
of P and a ~ c. Therefore ~ is also transitive, thus it is an equivalence 
relation. 

The previous exercise shows that partitions give natural equivalence relations 
and that equivalence relations are natural ways of generating partitions. 

Definition 2.10.2. Let G be a group. A quotient group of G is a partition of 
G that is a group under the subset operation induced by the binary operation on 
G. 


Exercise 2.10.2. For i = 0, 1, 2, let 3Z + i := {3n + i : n G Z}. Show that 
{3Z, 3Z + 1, 3Z + 2} is a quotient group of the additive group Z. 

Solution. By the Division Algorithm, every integer can be written uniquely 
in the form 3q + r for 0 < r < 2. Thus {3Z, 3Z + 1, 3Z + 2} is a partition of Z. It 
is straightforward to check that {3Z, 3Z + 1,3Z + 2} is closed under the induced 
addition with additive identity 3Z. The elements 3Z + 1 and 3Z + 2 are inverses. 

Exercise 2.10.3. Suppose Q is a quotient group of a group G. Prove the 
following. 

(1) Let e be the identity of G and let E be the unique element of Q with 
e G E. Then E is the identity in the group Q. 

(2) Let A G Q, a G A, and a -1 the inverse to a in G. Let A' be the unique 
element of Q containing a -1 . Then A' is the inverse to A in Q. 

(3) Let A G Q. For any a G A, A = aE = Ea. 

Solution. (1) Let A G Q and a G A. Since e G E, we have a = a * e G 
A-kE and a = e*aGEkA; since A*E and E-kA are in the partition Q 
and contain the element a, we must have A = A* E = E ★ A. Thus E is 
the identity in Q. 

(2) Since e = a * a~ l G A* A ! , A * A! = E.. 

(3) For all x G E, a * x G A * E, thus aE C A * E = A. Let a -1 G A' , where 
A' is the inverse to A in Q. Then a -1 A C A! * A = E, thus A C aE. 
Therefore aE = A. A similar argument shows Ea = A. 

Exercise 2.10.4. Suppose Q is a quotient group of a group G and let S G Q. 
Prove that for any g G G, both gS G Q and Sg G Q. 


quotient group 
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normal subgroup 


Solution. Let s £ S so we may write S = sE = Es by the previous exercise. 
Then gS = ( gs)E and Sg = E(gs ); again by the previous exercise ( gs)E £ Q and 
E{gs) £ Q. 

Definition 2.10.3. Let G be a group. A normal subgroup TV of G is a subgroup 
of G that is the identity element of some quotient group Q of G. The subsets of G 
in Q are called the cosets of TV. If TV is a normal subgroup by virtue of being the 
identity element of the quotient group Q , we write Q = G/N and say that Q is the 
group G mod TV. 

Exercise 2.10.5. Identify all possible normal subgroups of the additive group 
Z. (Hint: start by analyzing the previous exercise.) 

Solution. A normal subgroup of G arises as the identity A of a quotient group 
Q. By the previous exercise, for any quotient group Q of Z E contains 0 and for all 
g£Z, g + E = E + g. Every subgroup contains 0 and the second condition follows 
since Z is abelian. Thus every subgroup of Z is normal. 

Recall, from above, that gN = {gn : n £ TV}. In the next exercise we will 
establish that TV is normal if and only if gN = Ng. gN and Ng are two sets and 
we will show equality as sets. In particular, we show that every element of gN is 
in Ng and vice versa, but it is not necessarily true that gn = ng for a particular 
n £ N , i.e. the group need not be abelian. 

Exercise 2.10.6. Show that a subgroup TV of a group G is normal if and only if 
gN = Ng for all g £ G. [Hint: If gN = Ng for all g £ G , define Q = {gN : g £ G}. 
Show that the operation on subsets of G is well-defined on Q and makes Q into a 
group.] 

Solution. Suppose TV is a normal subgroup of G. Then TV is the identity 
element for a quotient group of G, thus gN = Ng for all g £ G by previous. 

Conversely, suppose TV is a subgroup of G such that gN = Ng for all g £ G. 
Define Q = {gN : g £ G}. We will show Q is a quotient group with identity TV. 

We first check that Q forms a partition of G. Every g £ G is contained in an 
element of Q, namely g £ gN since TV is a subgroup of G and e £ TV. If g, h £ G 
with gN fl hN ^ 0, then gn £ hN for some n £ TV and thus g £ hN . This implies 
gN = hN, thus the distinct elements of Q form a partition of G. 

For gN,hN £ Q, gN * hN = ghN £ Q, and (gTV) -1 = g~ x N. The subgroup 
TV is the identity of Q, thus TV is a normal subgroup of G. 

Exercise 2.10.7. Given a quotient group Q of a group G, show that the element 
of Q containing e (the identity element of G) is a normal subgroup of G. 
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[quotient 

Solution. Let E be the element of Q containing e. By Exercise I2.1U.3, for all 
g € G, gE = Eg. Thus E a is normal subgroup of G by the previous exercise. 


abelian 


Exercise 2.10.8. Suppose G is an abelian group. Show that every subgroup 
is normal. 


Solution. Suppose G is abelian and let N be a subgroup of G. Then gN = Ng 
for all g £ G, thus by the previous exercise N is normal. 

In the discussion above, we have produced some ways of generating examples of 
groups: finding subgroups and taking quotients. (To be sure, there are more ways 
of generating groups from given ones: for instance, one can take direct products, or 
ultraproducts, but that’s not useful to us at this point.) But how do we compare 
groups? One way of doing this is to look for maps between groups that preserve 
group structure. 

Definition 2.10.4. Suppose (G,*g) and (H,*h) are two groups. A map p : 
G — >■ iL is said to be a homomorphism if <p( x *g v) = p(x) *h p{y) for all x,y € G. 
If a homomorphism is bijective, we call it an isomorphism and say that the groups 
G and H are isomorphic. We denote this by G = H. 

If two groups are isomorphic, they are essentially “the same.” If there is a 
homomorphism between two groups there is still a nice relationship between G and 
H. 


isomorphism theorem 


Exercise 2.10.9. Let p : G — > H be a homomorphism, and let e be the identity 
element of H. Let ker(ip) := {g £ G : p{g) = e}. (We call ker(y>) the kernel of ip.) 


(1) Show that ker(<p) is a subgroup of G. 

(2) Show that ker(<p) is a normal subgroup of G. 

(3) Show that if p : G — > H is onto, then the quotient group G/ker(<p) is 
isomorphic to H. 


Solution. (1) For a,b £ ker(^), ip(ab) = p(a)p(b) = ee = e, thus 
ab £ ker(^j). For a £ ker(^j) we have p(ea) = <£>(aa -1 ) = ^(a)^(a -1 ) = 
ep{a^ 1 ) = ip{a~ l ). Since p is a homomorphism, p(ec) = e, thus < p(a~ 1 ) = 
e so o _1 is also in the kernel. 

(2) Let N = ker(y>) and let g £ G. To prove N is normal we must show 
gN = Ng, or equivalently gNg~ l = N. Let n G N. Then <p(gng~ 1 ) = 
( p(g) ( fi(n)p{g~ 1 ) = pi.gypl.g~ 1 ) = p{gg~y = p(e) = e, thus gng _1 £ N. 
This proves gN g~ x C N . To see that these two sets are in fact equal, let 
n G N . One checks that g~ x ng is also in N, thus n = g{g~ 1 ng)g ~ 1 G 
gNg~ x and we have gN g~ x = N. Thus TV is a normal subgroup of G. 
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group 


(3) We will extend the map <p to Tp : G/N — > H 1 where N = ker(c^). The 
elements of G/N can be written as aN for a £ G\ one checks that aN = bN 
if and only if 6a _1 £ N. With this in mind we define Tp(aN) = <p{a). 

First let’s verify that this map is well-defined. Suppose aN = bN 
in G/N , so that 6a _1 £ N. Then 6a _1 = n for some n £ N, and we 
have Tp(bN) = tp(b) = ip(na) = tp(n)(p(a) = tp(a) = Tp(aN). Thus Tp is a 
well-defined map from G/N to H. 

That this map is a homomorphism follows since tp is a homomorphism. 
To see that Tp is one-to-one, suppose Tp{aN) = Tp{bN). Then p{a) = ip(b) 
and = e. Thus ab~ x £ N, thus aN = bN. 

To prove that Tp is also onto, and therefore an isomorphism, let h £ H. 
Since ip is onto, there exists some g £ G with ip(g) = h. Then Tp(gN) = 

<p(g) = h. 

The previous exercise gives us a way to check whether a subset S' of a group G is 
a normal subgroup. If we can realize the subset S as the kernel of a homomorphism, 
then it must be a normal subgroup. 

Exercise 2.10.10. Let G be the multiplicative group of all invertible 2x2 
matrices over the real numbers, and let N be the subset of G consisting of matrices 
having determinant equal to 1. Prove that TV is a normal subgroup of G. 

Solution. We will show that N is the kernel of a homomorphism from G 
to R*, the multiplicative group of non-zero reals. Let <p : G — > K* be defined by 
4>{M) = det M. For any two matrices M, N £ G, det (MN) = det M det N, thus <p 
is a homomorphism. The kernel of <fi is the set of all matrices in G with determinant 
1. 


2.10.2. The Torus. In order to understand some of the geometry of a torus, 
we need to determine how a torus is formed. We will begin by using a little group 
theory to realize a circle, S' 1 , as the quotient group K/Z. 

Exercise 2.10.11. 

(1) Show that R is an abelian group under addition. 

(2) Show that Z is a subgroup of R and conclude that Z is a normal subgroup. 

Solution. (1) Clearly, the real numbers are closed under addition and 
this operation is associative and commutative. We have identity element 
0 and for any r £ R, the additive inverse is — r. 

(2) Let a, 6 £ Z. Then a + b and —a are also integers, thus Z is a subgroup. 

l abelian 

Since R is abelian, by exercise I2.iu.8, Z is normal. 


Exercise 2.10.12. Define a relation on M by x ^ y if and only if x — y £ Z. 
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(1) Verify that ~ an equivalence relation. 

(2) Let [a;] denote the equivalence class of x, that is, [x] = {y £ R | x ~ y}. 
Find the following equivalence classes: [0], [|], and [\/2] . 

(3) The equivalence relation ~ gives a partition of R. Explain how this par- 
tition R/Z is the realization of a circle. [Hint: Explain how progressing 
from 0 to 1 is the same as going around a circle once.] 

Solution. (1) For any x £ R, x ~ x since x — x = 0 £ Z. Thus ~ is 
reflexive. If x — y £ Z, then y — x = — (x — y) £ Z. Thus x ~ y => y ~ x 
and ~ is symmetric. To see that ~ is transitive, suppose x ~ y and y ~ z 
for x,y,z £ R. Then x—y £ Z and y—z £ Z, so x— z = (x—y) + (y—z) inZ 
and x ~ z. Therefore ~ is also transitive. 

(2) [0] = {y £ R|0 - y} = Z 

[5] = {y e R| y - 5 e Z} = {x + ||x e Z } 

[x/2] = {y € R|j/ — v/2 eZ} = {x + \/2|x G Z} 

(3) Under this equivalence relation, every x £ R is related to a y £ [0, 1) 
(namely y = x — \_x \ ) . We can picture wrapping this interval around a 
circle, with 1 ~ 0. 

[isomorphism theorem 

We can also use Exercise 12.10.9 to give an isomorphism between R/Z and the 
circle. Let S' 1 denote the unit circle centered at the origin in R 2 . As we have already 
seen R 2 is in one-to-one correspondence with C, so we can regard S 1 as the set 
S 1 = {x £ C | |x| = 1}. Recall, that any complex number has a polar representation 
x = r(cos 0 + i sin 0), so we can express S' 1 as S 1 = {cos 6 + i sin 8 : 9 £ R} C C. 

Exercise 2.10.13. Show that 5* 1 is a group under (complex) multiplication. 

Solution. Let x, y £ S 1 . Then x,y £ C with |x| = 1, \y\ = 1. We have \xy\ = 
|x||j/| = 1, thus xy £ S 1 and S 1 is closed under multiplication. The multiplicative 
identity 1 is clearly in S 1 . For any x £ S 1 , x 7^ 0 so we may find { S S 1 . 

Exercise 2.10.14. Define a map <j> : R — > S 1 by (f>(9 ) = cos27r0 + i sin 2tt0. 

(1) Show that <t> is onto. 

(2) Show that <j> is a homomorphism, i.e. show that <f>(a + (3) = (f>(a)<t>(f3) for 
all a, 0 £ R. 

(3) Find ker^ and conclude that R/Z = S 1 . 

Solution. (1) Any x £ S 1 can be written as x = cos a+i sin a for a £ R; 
letting 8 = ^ we have cj>(6) = x. 

(2) This can be checked using the sum formulas for sine and cosine. Al- 
ternately we can use Euler’s Formula to write cf>(6) = e 2 ' KlS . Then for 
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Figure 3. lattices (1,*) and (! + *,*} 


ct,/3 £ M, 

(j)(a + /3) = e 2 ™ ( “ +/3) = e 2 ™ a+2 ™P = e 2 ™ e 2™/? = «/,( a )^(/3). 

(3) The kernel of (f> is all 6 £ K. with <fi(0 ) = e 2 ’”® = 1. Thus ker</> = Z. Thus 
by the First Isomorphism Theorem, R/Z = S 1 . 

We now want to extend the ideas in the previous exercises to the complex plane. 
Let ix i and X 2 be complex numbers such that // is not purely real. Let the integer 
lattice A be defined as A = {muj + nx 2 : m, n £ Z}. We will call the parallelogram 
formed by joining 0, x\, xi + W 2 , u> 2 , and 0 in succession the fundamental period- 
parallelogram. We will realize a torus as a quotient group C/A. 

Exercise 2.10.15. (1) Sketch the lattice generated by uq = 1 and 0 J 2 = i- 

[Hint: Sketch the fundamental period-parallelogram of this lattice.] 

(2) Sketch the lattice generated by x\ = 1 + * and W 2 = i. 

Solution. 

Exercise 2.10.16. (1) Show that C is an abelian group under addition. 

(2) Show that A is a subgroup of C and conclude that A is a normal subgroup. 

Solution. (1) Clearly the complex numbers are closed under addition 
and this operation is associative and commutative. We have identity ele- 
ment 0 and for any x £ C, the additive inverse is — x. 

(2) For x, y £ A we can write x = ax \ + bx 2 ,y = coj 1 + dx 2 for a, b,c,d £ Z. 
Then x + y = (ax 1 + bx 2 ) + (y = ax 1 + dx 2 ) = (a + c)x 1 + (b + d)x 2 £ A 
and — x = —ax 1 — bx 2 £ A. Thus A is closed under addition and inverses, 
so it is a subgroup of C; since C is abelian A is a normal subgroup. 

Exercise 2.10.17. Define a relation on C by x ~ y if and only if x — y £ A. 
Show that ~ is an equivalence relation. 
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Solution. For all x £ C, x ~ x since x — x = 0 € A, thus ~ is reflexive. If 
x ~ y then y — x = —(x — y) £ A, thus y ~ x and ~ is symmetric. If x ~ y and 

y ~ 2 , then x — z = (x — y) + (y — 2 ) € A, thus x ~ z. This proves that ~ is an 

equivalence relation. 

Since ~ is an equivalence relation, it is natural to ask about the quotient group 
C/A. 

Exercise 2.10.18. Let A c C be the integer lattice generated by {w 1 = 1, uq = 
i} and let a, b £ R. 

(1) Find all points in C equivalent to ^ + \i in the group C/A. 

(2) Find all points in C equivalent to | + \i in C/A. 

(3) Show that a ~ a + i in C/A. 

(4) Show that bi ~ 1 + bi in C/A. 

Solution. (1) A point x = a + bi £ C is equivalent to \ + \i in C/A 

if and only if x — \ + \i = (a — 5 ) + (6 — |)i £ A, or equivalently 

x = (| + m) + (| + n)i for some m, n £ Z. 

(2) A point x = a + bi £ C is equivalent to 3 + \i in C/A if and only if 

x— | = (a— |) + (b— |)i £ A, or equivalently x = (| +m) + (j +n)i 

for some m,n £ Z. 

(3) a — (a + i) = £ A, thus a ~ a + i. 

(4) bi — ( 1 + bi) = — 1 £ A, thus bi ~ 1 + bi. 

Exercise 2.10.19. Sketch a sequence of diagrams to show that C/A is a torus. 
[Hint: Construct a torus using uq = 1 and uq = * by identifying the horizontal and 
vertical sides of the fundamental period-parallelogram as in the previous problem. 
Now repeat with any lattice.] 

Exercise 2.10.20. Let A C C be the integer lattice generated by {uq = 1, uq = 
i}. 

(1) Sketch a vertical segment in the fundamental period-parallelogram and 
illustrate to what this corresponds on our torus. Sketch a horizontal line 
in the fundamental period-parallelogram and illustrate to what this cor- 
responds on our torus. 

(2) Show that \ +i £ C/A has order 4 and write all of the elements of +i). 

(3) Represent the fact that / + i has order 4 geometrically on the fundamen- 
tal period-parallelogram by sketching a line in C that has slope | and 
considering its image in C/A. 

(4) Sketch the paths traced by these segments on the torus. What do you 
notice about this path on the torus? 


torus 
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(5) Pick any element a € C/A and show that if a has finite order, then the 
path on the torus represented by the line through 0 and a is a closed path. 

(6) Suppose an element a has infinite order. What can you say about the 
slope of the line through 0 and a. Illustrate this phenomenon on the 
fundamental period-parallelogram in C and on the torus. 

2.11. Mapping C/A to a Cubic 

The goal of this problem set is construct a map from C/A to a cubic curve. 


In this section we assume some knowledge about complex variables and analysis. 

[complex appendix 

For a quick outline of the basics that we are going to use, please refer to Appendix IA 
or your favorite introductory complex variables textbook. 

We have established that given any smooth cubic curve C we can realize 6 
topologically as a torus. We have also seen that given any integer lattice A = 

{mui i + nui 2 ■ in, n € Z} C C, with W1/W2 not purely real, we can construct a torus 
C/A. Our goal in this section is to generate a smooth cubic curve given a lattice A. 

Hence, we will construct a map from the quotient group C/A to C 2 whose image is 
the zero locus of a non-singular cubic polynomial. In order to do this we will use 
the Weierstrass p- function p : C/A — >• C defined by 


p(x) 


E 

m,n£Z 

(m,n)/( 0,0) 


1 

( x — mix i — 111 x 2 ) 2 


1 

(»7lWi + nu)2) 2 


Then our map C/A C 2 will be given by the map x >->• (p(x), p'(x)), and the 
smooth cubic will be defined by the differential equation [p'(x)] 2 = 4[p(x)] 3 + 
Ap(x) + B. 

At this point it is not at all clear how we arrived at the function p. We begin 
by considering the minimal properties that are essential for our map C/A — > C. We 
will then show that p has these properties and gives us our desired cubic. 


Exercise 2.11.1. Show that for a function f : C/A — »• C to be well-defined, 
the function / : C — > C must be doubly-periodic, that is, 

/(x + wi) =/(x) and f(x + u 2 )=f(x), 

for all x in the domain of /. 


Solution. For / to be well-defined on the quotient group C/A, /([#]) must 
be independent of the choice of representative x of the equivalence class [x] . Since 
x = x + uq( mod A) and x = x + u>2( mod A) in C/A, we have f(x) = f{x + uii) 
and f(x) = f(x + w 2 ) for all x in the domain of /. 
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To define the function / we seek we need only consider what happens on the cells 
fundamental period-parallelogram. Our first hope is that / is analytic on its fun- 
damental period-parallelogram, i.e. / has a Taylor series, f(x) = X)^Lo a nX n - This 
will not work. 

Exercise 2.11.2. Show that if a doubly-periodic function / is analytic on 
its fundamental period-parallelogram, then / is constant. (Hint: Use Liouville’s 
Theorem.) 

Solution. If / is analytic on its fundamental period-parallelogram, then / is 
analytic on C. By Liouville’s Theorem, / must be a constant function. 

We see then that / cannot be analytic on its entire fundamental period-parallelogram. 
The next hope is that / is be analytic except with a single pole at 0, and hence at 
the other lattice points by double periodicity. Furthermore, we hope that the pole 
at 0 is not too bad. We can do this, but 0 will be a pole of order two, as the next 
two exercises illustrate. 

It is inconvenient to integrate over these parallelograms if the singularities are 
on the boundaries, but we can translate the vertices, without rotating, so that the 
singularities are in the interior. The translated parallelograms will be called cells. 

Exercise 2.11.3. Show that the sum of the residues of / at its poles in any 
cell is zero. 


Solution. By the Residue Theorem the sum of the residues of / at its poles in 
a cell is equal to a constant multiple of the line integral around the parallelogram. 
The integral around any translated parallelogram in the lattice must vanish, because 
the values assumed by the doubly periodic function / along the two pairs of parallel 
sides are identical, and the two pairs of sides are traversed in opposite directions as 
we move around the contour. In particular, let the vertices of the cell be denoted 
by t, t + LOi, t + u>\ + W 2 , and t + W 2 - Then the sum of the residues of / at its poles 
in this cell is given by integrating / over the boundary contour C of the cell. 


(2.1b)7rz^Res(/) = J f{x)dx = 


rt.+ui i 


f{x)da 






f{x)dx + / f(x)dx + / f(x)dx 

J t-\-LUi~\-0J2 J t-\-0J2 


In the second integral on the right-hand side, make the substitution u = x — uq to 
get 


r t+Uli_+Ul2 


/ t+U) 2 




f(u + ijj\)du. 
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In the third integral on the right-hand side, make the substitution u = x — ui 2 to 
get 

ft+u 2 ft 


/ f(x)dx = / 


f(u + co 2 )du. 


[residue 

Then (12.11) becomes 




't+U)i 


rt+LU i 


fit+U) 2 


/ [f(u) - f(u + UJ 2 )]du + 


[f(u + u i) - f(u)]du. 


Jt. Jt 

Since / is doubly-periodic, f(u + ui i) = f(u + ui 2 ) = /(u), so the integrands above 
both vanish and line integral is zero. Hence the sum of the residues is zero. 


Exercise 2.11.4. Show that if / has a single pole at 0 in its fundamental 
period-parallelogram, not including the other vertices, then 0 must be a pole of 
order at least two. 


Solution. If / has a pole of order one at 0, then in a neighborhood of 0 / has 
the form 

r / \ CL — \ 2 

J (X) = \- clq ct\X a 2 x + . . . , 

X 

where a_i ^0. If / has no other poles in this cell, then the sum of the residues of 
/ at its poles in this cell is 2 iria-i contradicting the previous exercise. 

We have now established that a candidate for our function could have the form 

f(x) = — ^ — h flo + a i x + d 2 x2 + • • • 
x z 

Exercise 2.11.5. Show that if 

, , CL— 2 2 S 

/( x) = — — + a 0 + a\X + a 2 x + a 3 x +... 
x z 

is doubly-periodic, then / is an even function, i.e. «i = 03 = • • • = 0. [Hint: 
Consider the function /( x) — f(—x).] 

Solution. If / is doubly-periodic, then f(x) — /(— x) is also doubly-periodic, 

but 

f(x) — f{—x) = 2a\X + 2 a 3 X 3 + . . . 

is analytic and, therefore, constant. Since /(0) — /(— 0) = 0, we have f{x) — f{—x) = 
0 for all x in the domain of /. Hence di = 013 = • • • = 0. 

We can change coordinates to eliminate a 0 so that / is now of the form 

, v CL — 2 o 4 

J\x)= — 5 - + a 2 x + CI 4 X +... 
x z 

Now we are ready to introduce the Weierstrass p-function. 

p(*) = ^2 + 

m,neZ 

(ra,n)/(0,0) 


(2.12) 


(x — muii ~ nui 2 ) 2 (muii + nuj 2 ) 2 ’ 
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A series a n is absolutely convergent whenever l a « l < 00 • 


A series of functions /„ is uniformly convergent with limit / if for all e > 0, 
there exists a natural number N such that for all x in the domain and all n > N, 
I fn{x) - f(x) I < e. 

Exercise 2.11.6. Show that p(x) converges uniformly and absolutely except 
near its poles. Conclude that p(x) is analytic on the complex plane except at the 
lattice points A = {moj\ + nui2}- 


Solution. Writing w = mui l + nui 2 for the general lattice point, we have 



1 

1 


2 xio — x 2 


x( 2 cu — x) 

1 

to 

" ^2 


UJ 2 (x — lo ) 2 


tv 2 (x — w) 2 


For x A with |x| < f , we have |2 u> — x\ < 4 =^ and \{x — to) 2 \ > thus 


Comparing with the series 
lutely away from its poles. 


x {2 lo — x) 
tv 2 (x — w) 2 

A 3 we see that p(x) converges uniformly and abso- 



Since p(x) converges uniformly and absolutely, we can differentiate term-by- 
term to find p'(x), and the order of summation does not affect the value of the 
function, so we can rearrange the terms. 


Exercise 2.11.7. Find p'( x) and show that p'(x) is doubly-periodic. 


Solution. 


p\x) 



E 



p' (x + uj) — — -5- + 'y — 77 ; 77 

(x + w) 3 2 -— ' ((i+wi)-rawi-nw2) 3 

0 , 0 ) 

The terms of p'(x + ui 1 ) are exactly the same as the terms of p'(x), but written in a 
different order. Since p(x) and p'(x ) converge absolutely, the order of summation 
does not affect the sum. Hence, p'(x + u 1 ) = p'{x). Similarly, p'(x + 0J2) = p’(x), 
so p'{x) is doubly-periodic. 


Exercise 2.11.8. Show that p(x) is doubly-periodic. (Hint: Consider the 
functions Fi{x) = p(x + Wj) — p(x) for i = 1, 2.) 


absolutely convergent 
uniformly convergent 
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Solution. Let Fi(x) = p(x + oji) — p(x) and ^(a;) = p(x + 102 ) ^ p{x) . Then 
F[{x) = p'{x + C 02 ) — p'{x) and F^x) = p'{x + 0 J 2 ) — p'(x). From above, p(x) is 
doubly-periodic, so F[{ x) = F^x) = 0. Then Fi{x) = C\ and F 2 (x) = c 2 . To find 
ci, let x = — oji/ 2. Then ci = Fi(— ur/2) = p(w i/2) — p(—oj i/2). Since p(x) is an 
even function, Ci = 0. Similarly, C 2 = 0, and the conclusion follows. 

Consider the function F(x) = p(x) — x~ 2 . 

Exercise 2.11.9. Show that F is analytic in a neighborhood of 0. 

Solution. There is a neighborhood of 0 which does not contain any other 
w e A, thus F(x) = p{x) - x~ 2 = E w eA,^o ((sEp - is analytic in this 
neighborhood. 


Exercise 2.11.10. Find the Taylor series expansion of F at 0. 


Solution. We compute F( n )(0) = E yjsrr- so the Taylor series expansion is 
F(x) = a\x + CL2X 2 + CL3X 3 + . . . where 


a n 


\ ' (n + t) 

2-^ (J n + 2 

ojEA 

ujj^O 


Exercise 2.11.11. From above we know that p(x) is even, so F is also even. 
Show that the odd powers of x vanish in the Taylor expansion of F at 0. 


Solution. From the previous exercise we have the coefficient of x n in the 
Taylor series of F(x) is a n = E For every w £ A, — u is also in the 

lattice. Thus the terms ^it +2 and ^1” ~|i + 2 in the sum will cancel when n + 2 is odd. 
Thus a n = 0 for n odd and F(x) is even. 

Exercise 2.11.12. Now we can rewrite p(x) = x~ 2 +F{x). Find the coefficients 
of x 2 and x 4 in this expression for p(x). 


Solution. Using our Taylor expansion of F(x) we have 


p{x) = -3 + x 2 


Exercise 2.11.13. Let 


3 Eui + xi f 5 E W 


A 

Cl! 7^0 


wGA 

co^O 


9 2 


= 60V -1 

^ to 4 


Cl! 7^0 


and 


53 = 140 E^L 

w€A 
CJ 7^0 

Find the x 2 and x 4 coefficients of p(x) in terms of 52 and < 73 . 
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Solution. The coefficient of x 2 is 3^„ eA A = ^32 and the coefficient of x 4 
is 5 ^J6 = ^§33, thus we can write p(x) = ^ + 32^ 2 + ^ 33* 4 + 

Exercise 2.11.14. Find the coefficients of x and x 3 in p'(x) in terms of 32 and 
33- 


Solution. Differentiating the Taylor series expansion of p(x) we obtain 
„ , 2 1 1 3 
P( x ) = -^3 + W 92X+ 7 93X + --" 

Thus the coefficient of x is ^32 and the coefficient of x 3 is ^33. 

We will now establish a cubic relationship between p(x) and p'(x). In the 
previous exercises we found the following expressions for p(x) and p'(x). 

p(x) = ^2 + ^q92X 2 + ^9sx a + 0(x 6 ) 

2 1 1 

p’{x) = 3 + —32a: + -g 3 x 3 + 0(x 5 ) 

x 6 10 7 

Exercise 2.11.15. Compute p(x) 3 and p'(x) 2 , and only consider terms up to 
first order, that is, find / and 3 such that p(x) 3 = f(x) + 0(x 2 ) and p'( x) 2 = 
g{x) + 0( x 2 ). 


Solution. Using the Taylor expansions of p{x) and p'(x ) we obtain 


PW 3 = ^6 + 


332 1 
20 a; 2 


333 

28 


g/(x) 2 = — - ^ — - 433 
x 6 5 x 2 7 


0(3 

0(a 


Exercise 2.11.16. Show that p'(x) 2 = 4 p(x) 3 — g 3 p{x) — 33. 


Solution. Let H(x) = p'(a;) 2 — (4p(a;) 3 — g 2 p(x) — 33). We know that p(x),p'( x) 
are analytic away from the lattice A. Substituting the expressions from the previous 
exercises we find that H(x) has no pole at 0. Since H is doubly-periodic it has no 
pole at any lattice point, thus H is analytic on all of C. Therefore H is constant. 
Since H{ 0) = 0, H{x) = 0 on all of C thus 

p\x) 2 = 4p(a:) 3 - g 2 p{x) - g 3 . 




CHAPTER 3 

Higher Degree Curves 


The goal of this chapter is to explore higher degree curves in IP 2 . There are five 
parts. In the first, we define what is meant by an irreducible curve and its degree. 
We next show how curves in P 2 can be thought of as real surfaces, similar to our 
observations for conics (Section 11.7) and cubics (Section 12. b). In the third part, we 
develop Bezout’s Theorem, which tells us the number of points of intersection of 
two curves. We then introduce the ring of regular functions and the function field 
of a curve. In the fourth part, we develop Riemann-Roch, an amazing theorem that 
links functions on the curve, the degree of the curve and the genus (the number of 
holes) of the curve into one formula. In the last section, we consider singular points 
on a curve and develop methods for resolving them. 


3.1. Higher Degree Polynomials and Curves 

The goals of this section are to define what it means for a curve to be irreducible 
and to define the degree of a curve. 


In Chapter 1 we dealt with conics, which are the zero sets of second degree 
polynomials. In Chapter 2, we looked at cubics, which are the zero sets of third 
degree polynomials. It is certainly natural to consider zero sets of higher degree 
polynomials. 

By now, we know that it is most natural to work in the complex projective 
plane, P , which means in turn that we want our zero sets to be the zero sets of 
homogeneous polynomials. Suppose that P(x,y,z) £ C[x,y,z] is a homogeneous 
polynomial. We denote this polynomial’s zero set by 

V(-P) = {(a : b : c) £ P 2 : P(a, b, c) = 0}. 

Exercise 3.1.1. Let P(x, y, z) = (x + y + z)(x 2 + y 2 — z 2 ). Show that V(P) is 
the union of the two curves V(a : + y + z) and V(x 2 + y 2 — z 2 ). 

Solution. Let {a :b : c) £ V(P). Then we know that 

0 = P(a, b,c) = (a + b + c)(a 2 + b 2 — c 2 ) 
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which can happen if and only if a + b + c = 0 or a 2 + b 2 — c 2 =0, which in turn 
means that 

(a : b : c) € V(x + y + z) UV(i 2 + y 2 — z 2 ). 

Thus, if we want to understand V(P), we should start with looking at its two 
components: V(x + y + z) and Y{x 2 + y 2 — z 2 ). In many ways, this reminds us 
of working with prime factorization of numbers. If we understand these build- 
ing blocks — those numbers that cannot be broken into a product of two smaller 
numbers — then we start to understand the numbers formed when they are strung 
together. 

Exercise 3.1.2. Let P{x,y, z) = (x + y + z) 2 . Show that V(P) = \{x + y + z). 

Solution. Let (a : b : c) € V(P). Then we know that 
0 = P(a, b, c) = (a + b + c) 2 

which can happen if and only if a + b + c = 0, which in turn means that 

(a : b : c) € V(x + y + z). 

Both [x + y + z)(x 2 + y 2 — z 2 ) and (x + y + z) 2 are reducible, meaning that 
both can be factored. We would prefer, for now, to restrict our attention to curves 
that are the zero sets of irreducible homogeneous polynomials. 

Definition 3.1.1. If the defining polynomial P cannot be factored, we say the 
curve V(P) is irreducible. 

When we are considering a factorization, we do not consider trivial factoriza- 
tions, such as P = 1 • P. For the rest of this chapter, all polynomials used to define 
curves will be irreducible unless otherwise indicated. 

Definition 3.1.2. The degree of the curve V(P) is the degree of its defining 
polynomial, P. 

The degree of a curve is the most basic number associated to a curve that is 
invariant under change of coordinates. The following is an example of this phenom- 
enon. 

Exercise 3.1.3. Let P(x,y,z ) = x 3 + y 3 — z 3 . Then V(P) is a degree three 
curve. Consider the projective change of coordinates 

x = u — w 

y = iv 

Z = U + V 
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Find the polynomial P(u,v,w) whose zero set V(P) maps to V(P). Show that 
V(P) also has degree three. 

Solution. We have 


P(u, v, w) 


P(u — w, iv, u + v) 

(u — iv) 3 + (iv) 3 — (u + v) 3 

(u 3 — 3 u 2 w + 3 uw 2 — w 3 ) — iv 3 — ( u 3 + 3 u 2 v + 3 uv 2 + v 3 ) 
—3 u 2 v — 3u 2 w — 3 uv 2 + 3 uw 2 — (1 + i)v 3 — w 3 , 


which has degree three. 


3.2. Higher Degree Curves as Surfaces 

I I . 7 : Conics 73 iSkiifeiies : Tori 

The goal of this section is to generalize our work in Sections 11. V and 12.6, where we 
realized smooth conics and cubics over C as topological surfaces over R. 


3.2.1. Topology of a Curve. Suppose f(x,y,z) is a homogeneous polyno- 
mial, so V(/) is a curve in P 2 . Recall that the degree of V(/) is, by definition, the 
degree of the homogeneous polynomial /. We will see that this algebraic invariant 
of the curve is closely linked to the topology of the curve viewed as a surface over 
R. Specifically, it is related to the “genus” of the curve, which counts the number 
of holes in the surface. 

Before we proceed to higher degree curves, we return to our previous experience 
with conics and cubics. 


BS-add material at 
beginning about 
visualizing zero sets as 
surfaces. 


Exercise 3.2.1. Consider the conics defined by the homogeneous equation 
x 2 — y 2 = A z 2 1 where A is a parameter. Sketch affine patches of these in the chart 
z = 1 for A = 4, 1, 0.25. 


Solution. Consider the conics defined by the homogeneous equation x 2 — y 2 = 
A z 2 , where A is a parameter. Sketch affine patches, in R 2 , of these in the chart z = 1, 
for A = 4, 1, 0.25. 
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As A — ► 0, we get x 2 — y 2 = 0, or ( x — y)(x + y) = 0. In R 2 , this looks like 



but this picture isn’t accurate over C in P 2 . Instead, topologically the picture looks 
like “kissing spheres”: 



Thus, the topological version of the original equation, x 2 — y 2 = Xz 2 , should be 
found by perturbing the kissing spheres a little to account for A ^ 0: 



A = 0 
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Therefore, by mildly perturbing the specialized, non-smooth conic, we find that 
topologically a smooth conic (those in this exercise for which A ^ 0 ) is a sphere 


I I .7 : Conics: Spheres 


with no holes, which agrees with our work in Section If. 7 . 

Following this same reasoning, we find another proof that a smooth cubic must 
be a torus when realized as a surface over R. We begin with the highly degenerate 
cubic, f{x , y, z) = {a\x + b\y + c\z){a,2X + 62 J/ + 02-20(032; + & 3 y + c 3 z). In the real 
affine chart 2=1, the picture looks like 



Again, our picture isn’t valid over C in P 2 . Instead, the correct topological picture 
is that of three spheres meeting at three points, as shown. 



Perturbing the top two spheres slightly, we find they join into the topological equiv- 
alent of a single sphere, but that this new figure is joined to the third sphere at two 
points of contact. Perturbing each of these points of intersection independently of 
one another, we obtain a single surface with a hole through the middle as depicted 
in the sequence of figures below. 



DRAFT COPY: Complied on February 4, 2010. 


201 


Thus a smooth cubic over C is topologically equivalent to a torus (a sphere with 
a hole through it) as a surface over R. Note that this agrees with our results in 

12 . 7: Cubics :Tori 

Section E.6. 


Exercise 3.2.2. Mimic the arguments illustrated above to describe the real 
surface corresponding to a smooth quartic (fourth degree) curve over C in P 2 . 
Start with a highly degenerate quartic (the product of four pairwise non-parallel 
lines), draw the corresponding four spheres, and deform this surface by merging 
touching spheres two at a time. How many holes will the resulting figure possess? 

Now do the same for a smooth quintic (fifth degree) curve. How many holes 
must it have? 


Solution. Mimic the arguments illustrated above to describe the real surface 
corresponding to a smooth quartic (fourth degree) curve over C in P 2 . Start with a 
highly degenerate quartic (the product of four pairwise non-parallel lines) , draw the 
corresponding four spheres, and deform this surface by merging touching spheres 
two at a time. How many holes will the resulting figure possess? 

In z = 1: 



In P 2 : 
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It has 3 holes. 


Now do the same for 
must it have? 

In 2 = 1: 


In P 2 (after merging 
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It has 6 holes. 


genus /topological 


3.2.2. Genus of a Curve. The number of holes in the real surfaces corre- 
sponding to smooth conics, cubics, quartics and quintics is a topological invariant 
of these curves. That is, every smooth conic is topologically equivalent to a real 
sphere with no holes. Every smooth cubic is topologically equivalent to a real 
torus (a sphere with exactly one hole through it), every smooth quartic is equiv- 
alent to a sphere with three holes and every smooth quintic to a sphere with six 
holes. Therefore, all smooth conics are topologically equivalent to one another, all 
smooth cubics are topologically equivalent, and so on, and each equivalence class 
is completely determined by the number of holes in the associated real surface. 

Definition 3.2.1. Let V(P) be a smooth, irreducible curve in P 2 (C). The 
number of holes in the corresponding real surface is called the topological genus of 
the curve V(P). 



topological 
genus = 0 



Presently, this notion of genus only makes sense when we are working over the 
reals or an extension of them. However, by the discussion above, we see that there 
is a connection between the genus, g , and the degree, d, of a curve. That is, all 
smooth curves of degree d have the same genus, so we now wish to find a formula 
expressing the genus as a function of the degree. 

Exercise 3.2.3. Find a quadratic function in d, the degree of a smooth curve, 
that agrees with the topological genus of curves of degrees d = 2, 3, 4 found earlier. 
Now use this formula to compute the genus of a smooth quintic (hfth degree) curve. 
Does it match your answer to the last exercise? 

Solution. We will guess that the formula is 

(d — l)(d — 2) 

5= 2 • 

For d = 1, we know that the genus is zero. We indeed have for d = 1 
(d-l)(d-2) _ (1 - 1)(1 - 2) 


2 


0 . 


2 
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For d = 2, we know that the genus is also zero, and we have for d = 2 

(d — l)(d — 2) (2 — 1)(2 — 2) 

2 ~~ 2 
= 0 . 

For d = 3, the genus is one, and we have for d = 3 

(d— l)(d— 2) (3 — 1)(3 — 2) 

2 “ 2 

= 1. 

For d = 4, the genus is three, and we have for d = 4 

(d-l)(d-2) = (4 — 1)(4 — 2) 

2 2 
= 3. 

Finally, for d = 5, the genus is six, and we have for d = 5 

(d — l)(d — 2) _ (5 — 1)(5 — 2) 

2 “ 2 

= 6 . 


Definition 3.2.2. Let V(P) be a curve of degree d. The number 


(d — l)(d — 2) 


is the arithmetic genus of the curve, which is an algebraic invariant of V(P). 

Exercise 3.2.4. Argue by induction on d, the degree, that the topological 
genus agrees with the arithmetic genus for smooth curves, or in other words that 

(d — l)(d — 2) 

9= 2 • 

Solution. The base case is when d = 1, but we know that for d = 1 the genus 
is zero, and we have 


(d — l)(d — 2) 


(1 - 1)(1 - 2 ) 


= 0 . 

1 1 .7 : Conics : Spheres 

First argue that the result holds for d = 1. The results of Section 11.7 may be 
useful here. 

Now suppose the topological genus agrees with the arithmetic genus for smooth 
curves of degree d — 1 and consider a smooth curve of degree d. Notice that you 
can perturb the curve a little bit to obtain a smooth curve of degree d — 1 which 
intersects a single line in d — 1 points. By the induction hypothesis, the topological 
genus of this smooth curve of degree d — 1 must agree with its arithmetic genus. 
Topologically, you now have a surface of genus l d ~ 2 H d ~ 3 ) that intersects a single 
sphere in d — 1 points. 
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Observe that the d — 1 points of intersection of the surface and the sphere will 
add d — 2 topological holes to the overall figure. Thus, a curve of degree d has a 
topological genus of 


9 = 


( d -2Kd — 3 ) +(d — 2) 


Finally, we have that 


(d-2)(d-3) | (i 2) (d-l)(d-2) 


finishing the argument. 


It is a theorem that the topological genus and the arithmetic genus do agree with 
one another whenever both are defined and make sense. However, the arithmetic 
version is independent of base field and enables us to exploit the genus of curves 
even over finite fields in positive characteristic. 


3.3. Bezout’s Theorem 

The goal of this section is to develop the needed sharp definitions to allow a 
statement and a proof of Bezout’s Theorem, which states that in P 2 a curve of 
degree n will intersect a curve of degree to in exactly nm points, provided the 
points of intersection are “counted correctly” . 


3.3.1. Intuition behind Bezout’s Theorem. We look at how many points 
a straight line will intersect a conic in P 2 . Both the need to work in the com- 
plex projective plane P 2 and the need to define intersection numbers correctly will 
become apparent. 

Exercise 3.3.1. Show that the line V(x — y) will intersect the circle \{x 2 + 
y 2 — 1) in two points in the real plane, R 2 . 


Replaced ” Give an 

argument for why we 

might consider 

saying..” with "Explain 

why we say.." in the 

last sentence of this 

exercise and the next 

two since we already 

discussed intersection 

multiplicity for lines 

[2.2:Lines 
and curves in 2.2.3. 

Ryan 8/21/09 
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Solution. Every point on the line \(x — y) is of the form (x,x), so the points 

of intersection correspond to the values x such that 2x 2 — 1 = 0. The two points of 

/ 1 1 \ / 1 1 \ 
intersection are — = , — = and = , = . 

Vv^ y/2j V V 2 V 2 J 

Exercise 3.3.2. Show that the line V(x— ?/+10) will not intersect M(x 2 +y 2 — 1) 
in K 2 but will intersect \(x 2 + y 2 — 1) in two points in C 2 . 

Solution. Every point of V(x — y + 10) is of the form (x, x + 10) , so the points 
of intersection correspond to the values of x such that 2x 2 + 20x + 99 = 0. The 
discriminant of this quadratic equation is —392, so it has no real solution, i.e. there 
are no intersection points in R 2 , but there are two intersection points in C 2 . They 


/ r V98 r .V98 

are — 5 + i — — , 5 + i — — 


, [ _ .V98 .V98 

and —5 — i - , 5 — i „ 


The last exercise demonstrates our need to work over the complex numbers. 
Now to see the need for projective space. 


Exercise 3.3.3. Show that the two lines V(x — y + 2) and V(x — y + 3) do not 
intersect in C 2 . Homogenize both polynomials and show that they now intersect at 
a point at infinity in P 2 . 

Solution. Every point of V(x— y+2) C C 2 is of the form (x, x+2), so the point 
of intersection corresponds to the values of x such that x — (a; + 2) + 3 = 0, but there 
is no x value, real or complex, that satisfies the equation 1 = 0. After homogenizing, 
we see that every point of V(a;— y+2z) C P 2 is of the form (a: : x+2 z : z),so the point 
of intersection corresponds to the values of x and z such that x — (x + 2 z) + 3z = 0. 
Thus, the point of intersection in P 2 is (1 : 1 : 0). 

Exercise 3.3.4. Show that V(y — A) will intersect W{x 2 + y 2 — 1) in two points 
in C 2 , unless A = ±1. Show that V(y — 1) and V(y + 1) are tangent lines to the 
circle V(ar + y 2 — 1) at their respective points of intersection. Explain why we say 
that V(j/ — 1) intersects the circle 'V{x 2 +y 2 — 1) in one point with multiplicity two. 


Solution. Suppose A 7 ^ 1. The points of intersection correspond to the points 
whose x values satisfy x 2 + A 2 — 1 = 0, i.e. the two points ^\/ 1 — A 2 , A^j and 

\J 1 — A 2 , \^j . Suppose A = 1. The tangent to the circle V(a; 2 + y 2 — 1) at the 
alM)iatb(Qsl) is the line V(y — 1). Similarly, the tangent to V(x 2 + y 2 — 1) at (0, — 1) 

12 .2 : Lines and cubics 

is V(y + 1). From Section 12.2.3 we know that the intersection multiplicity of the 
line V(y — z) and the circle V(x 2 + y 2 — z 2 ) in P 2 is the multiplicity of the root 
(0 : 1 : 1) of x 2 + z 2 — z 2 = 0, which is two. 


Exercise 3.3.5. Show that the line V(y — Xx) will intersect the curve V(y — x 3 ) 
in three points in C 2 , unless A = 0. Letting A = 0, show that V(j/) will intersect 
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the curve Y(y — x 3 ) in only one point in C 2 . Explain why we that Y(y) intersects 
Y(y — x 3 ) in one point with multiplicity three. 

Solution. Suppose A ^ 0. The points of intersection correspond to the points 
whose x values satisfy Xx — x 3 = 0, i.e. the three points (0,0), (y/X,Xy/\), and 
Suppose A = 0. The tangent to Y(y — x 3 ) at the point (0,0) is the 

12. 2: Lines and cubics 

line V( 2 /). From Section 12.2.3 we know that the intersection multiplicity of the line 
Y(y) and Y(yz 2 — x 3 ) in P 2 is the multiplicity of the root (0 : 0 : 1) of x 3 = 0, 
which is three. 

Exercise 3.3.6. Show that there are no points in C 2 in the intersection of 
Y(xy — 1) with Y(y). Homogenize both equations xy = 1 and y = 0. Show that 
there is a point of intersection at infinity. Explain why we say that Y(xy — 1) will 
intersect Y(y) in one point at infinity with multiplicity two. 

Solution. Every point of Y(y) has y = 0, so xy = 0 ^ 1. Hence there is no 
point common to Y[xy — 1) and Y(y). After homogenizing we have Y{xy — z 2 ) and 
Y(y) which have the point (1 : 0 : 0) in common. The intersection multiplicity of 
Y(xy — z 2 ) and V(y) is the multiplicity of the root (1 : 0 : 0) of z 2 = 0, which is 
two. 


3.3.2. Fundamental Theorem of Algebra. The goal of this section is 
to review the Fundamental Theorem of Algebra and consider how it might be 
generalized to a statement about intersections of plane curves. 


Polynomials have roots. Much of the point behind high schools algebra is the 
exploration of this fact. The need for complex numbers stems from our desire to 
have all possible roots for polynomials. 

In this section we briefly review the Fundamental Theorem of Algebra. The 
exercises in this section will lead us to the realizations that such a generalization 
requires a precise definition of the multiplicity of a point of intersection and that 
the curves must lie in projective space. 

Consider a polynomial /(x) with real coefficients. Of course, the number of 
real roots of / is less than or equal to the degree of /, with equality in the case 
that / can be written as a product of distinct linear factors over R. 

Exercise 3.3.7. Give examples of second degree polynomials in R[x] that have 
zero, one, and two distinct real roots, respectively. 

Solution. /(x) = x 2 + 1, g(x) = x 2 , and h(x) = x 2 — 1 have zero, one, and 
two distinct real roots, respectively. 


Exercise 3.3.8. Find the complex roots of your first example. 




208 


Algebraic Geometry: A Problem Solving Approach 


multiplicity! of a root 


Solution. The roots of / are ±i. The root of g is 0. The roots of h are ±1. 


I think this exercise is 

superfluous since we Exercise 3.3.9. Define the multiplicity of a root of a polynomial so that, in 

already define your second example, the single real root has multiplicity two. 

multiplicity of a root in 
Chapter 2. 

Ryan 8/24/09 The moral of the preceding exercises is that by considering complex roots, 

and defining multiplicity appropriately, we can make a uniform statement about 
the number of roots of a polynomial. Compare the following definition with the 
definition you produced in the exercise above. 


Definition 3.3.1. Let f(x) be a polynomial in C[x]. If f(x) = (x — a) m g(x), 
in > 0, such that (x — a) does not divide g(x), then we say that the multiplicity of 
the root a of f(x) is m. 


f ta 


Theorem 3.3.10 (Fundamental Theorem of Algebra). If f(x) is a polynomial 
of degree d in C[x], then 


f{x) = (x- ai ) mi (x - a 2 ) m2 ■■■(x- a r ) mr , 


where each a, is a complex root of multiplicity m, and m, = d. 

2 = 1 


Another way of stating this theorem is that the graph of y = f(x) in C 2 
intersects the complex line x = 0 in d points, counted with multiplicity. A natural 
generalization of this would be to consider the intersection of a curve defined by 
f(x,y ) = 0, where / is a degree d polynomial in C[x,j/], and a line defined by 
ax + by + c = 0. 


Exercise 3.3.11. Let f{x,y) = x 2 — y 2 — 1 and g(x,y) = x. Sketch V(/) and 
V(<?) in R 2 . Do they intersect? Find V(/) fl V(g) in C 2 . 
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They do not intersect in R 2 . They intersect at the points (0, i) and (0, — i) in 
C 2 . 


Exercise 3.3.12. Let g(x,y) = ax + by + c, b ^ 0, in C[x,y\. Let f(x,y ) = 
ajX ri y Si be any polynomial of degree d in C[x,y\. Show that the number of 

i 

points in V(/) D V(g) is d , if the points are counted with an appropriate notion 

— — Q 

of multiplicity. (Substitute y = — — 1 into / = 0, so that / = 0 becomes a 

b 

polynomial equation of degree d in the single variable x. Apply the Fundamental 
Theorem of Algebra.) 


Solution. Since b ^ 0 we can write y 
the number of roots of 


—ax — c 


b 


and now we want to find 


/ 



= 0 . 


This is a single variable polynomial of degree max(rj + s*) = d, so by the Funda- 

i 

mental Theorem of Algebra, it has d roots, counted with multiplicity. 


What about the intersection of two curves, one defined by a polynomial of 
degree d and the other defined by a polynomial of degree e? To answer this question 
we will need a more general definition of multiplicity — one that is inspired by the 
previous exercise, and for the most uniform statement we will need to consider 
curves in the complex projective plane. 
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multiplicitylof $f$ at 

$p$ 


Recall that a 
polynomial is a Taylor 
Series centered at the 
origin. 


3.3.3. Intersection Multiplicity. The goal of this section is to understand 
Bezout’s Theorem on the number of points in the intersection of two plane curves. 
The statement of this theorem requires the definition of the intersection multiplicity 
of a point p in the intersection of two plane curves defined by polynomials / and g , 
respectively. We would like to define this notion in such a way that we can often, 
through elimination of variables, reduce its calculation to an application of the 
Fundamental Theorem of Algebra. The first step in this direction is to generalize 
the idea of multiplicity of a root. 


We want a rigorous definition for the multiplicity of a point on a curve V(P), 
which will require us to first review multivariable Taylor series expansions. 

Exercise 3.3.13. Show that P(x, y) = 5 — 8x + 5x 2 — x 3 — 2y + y 2 is equal to 
(y — l) 2 — (x — 2) 2 — (x — 2) 3 , by directly expanding the second polynomial. Now, 
starting with P(x,y) = 5 — 8x + 5x 2 — x 3 — 2 y + y 2 , calculate its Taylor series 
expansion at the point (2, 1): 


°° i nn+ra p 

Taylor expansion of P at (2, 1) = ^ nimi dx n d m ^ 2 ’ ^ “ 1 )'" 

n,m— 0 ’ ’ * 

f)P r) P 1 f) 2 P 

= P( 2, 1) + —(2, 1)(* - 2) + —(2, 1 ){y - 1) + - — (2, l)(a; - 2) 2 + . . . 

Solution. For the first part we see that 

(■ y — l) 2 — (x — 2) 2 — (x — 2) 3 = y 2 — 2y + 1 — (x 2 — 4x + 4) 

— (x 3 — 6x 2 + 12x — 8) 

= 5 — 8a; + 5a: 2 — x 3 — 2y + y 2 


Starting with P we compute its Taylor expansion at (2, 1) by evaluating P( 2, 1) = 0 

and computing the various partial derivatives evaluated at (2,1). Note that all 

dP dP 

of the mixed partial derivatives are zero. We have ——(2,1) =0, ——(2,1) = 0, 

ox ay 


d 2 P d 2 P d 3 P 

T (2, 1) = —2, (2, 1) = 2, and ——5- (2, 1) = —6. All higher partial derivatives 

ox 2 oy z ox 6 

are zero. Then the Taylor series expansion is 


P(x,y ) 


0 + 0{x _ 2 ) + 0(j, - 1) - ^(x - 2) 2 + ^ (y l) 2 
{y — 1) 2 — ( x ~ 2) 2 — (x — 2) 3 



2) 3 


Definition 3.3.2. Let / be a non-homogeneous polynomial (in any number of 
variables) and let p be a point in the set V(/). The multiplicity of f at p, denoted 
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rripfi is the degree of the lowest degree non-zero term of the Taylor series expansion 
of / at p. 

Notice that if p qL V(f), then f(p) ^ 0, so the lowest degree non-zero term of 
the Taylor expansion of / at p is f(p), which has degree zero. If p € V(f), then 
f(p) = 0, so m.pf must be at least one. 

Exercise 3.3.14. Let / be a non-homogeneous polynomial (in any number of 
variables) of degree n. 

(1) Show that m p f = 1 if and only if p is a nonsingular point. Hence, m p (f) = 
1 for every point p € V (/) if and only if V (/) is nonsingular. 

(2) Show that m p f < n for all p € V(f). Hence, 1 < m p f < n for all 
pe V(f). 


Solution. (1) Let f be a polynomial in k variables x\ Suppose 
first that m p f > 1. Then all of the first partial derivatives of / vanish at 
P, i.e. 

d f l \ d f , \ n 

But this is exactly what it means for p to be a singular point. Now suppose 

df 

m p f = 1. Then at least one of — — (p) ^ 0. Hence p is a nonsingular point. 

OXi 

Now V (/) is nonsingular if and only if every point p is a nonsingular point, 
so m p f = 1 for all p &V(f) if and only if V(f) is nonsingular. 

(2) Suppose / is degree n polynomial in k variables xi , . . . , Xk ■ We will show 
that 

d m f _ Q 

dx - 1 dx 2 2 • • • dx]f 

for any i\ + *2 + • • • + ik = nr > n + 1, that is all the partial derivatives 

of order greater than n vanish identically. Hence, the first nonzero term 

of the Taylor series expansion must be of degree less than n + 1. To show 

all of the higher order partial derivatives vanish, we observe that if / is of 

df 

degree n, then for any i, 1 < i < k, — — is a polynomial of degree at most 

OXi 

n — 1, and a straightforward induction argument shows that 

d m f 

dx] 1 dx^ ■ ■ ■ dxl k 

is a polynomial of degree at most n — m. We see then that if m = n, 
the result is a degree zero polynomial, i.e. a constant, perhaps zero. 
Differentiating once more gives the desired result. 


Exercise 3.3.15. Let f(x , y ) = xy. What is the multiplicity of / at the origin? 
Let p = (0, 1), and calculate m p f. 


I added this exercise 
and the note between 
Definition 3.3.2 and 
this exercise. 

Ryan 8/26/09 
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Solution. First note that the Taylor series expansion of / at the origin is 
f(x, y ) = xy. Since the degree of the first nonvanishing term is two, the multiplicity 
of / at the origin is two. Now suppose p = (0, 1). The Taylor series expansion of 
/ at (0, 1) is f(x, y) = x + x(y — 1). The lowest degree nonvanishing term is x, so 
m p f = 1. 

Exercise 3.3.16. Let f(x,y) = x 2 +xy— 1. Calculate the multiplicity of / at 
P = (i,o). 


Solution. We compute the Taylor series expansion of f at p. 


£(,)-. ** 


d 2 f d 2 f 

J (P) = h g^ip) = 0 


dx u / ’ dy 

All higher derivatives are zero. The Taylor series expansion of / at p is 
f(x, y)=2(x-l) + y + (x- l) 2 + {x - 1 )y, 

so m p f = 1. 


I don't think the 
second part of this is 
true. For example, if 

f(x,y) = y-(x- l) 5 , 
then for p = (1, 0), 
m p f = 1, but 

multiplicity of 1 for h 
is 5. 

Ryan 9/3/09 


Exercise 3.3.17. Let f(x,y) = y — h(x), for some polynomial h. Suppose p is 
a point in the intersection of V(/) with the x-axis. Show that p corresponds to a 
root of h and that the multiplicity of this root is the same as m p f. 

Solution. Since p is a point in the intersection of V(/) with the x-axis, we 
know p £ V(y) nV(f). But any point in this intersection has 0 = f(x, 0) = —h{x). 
Therefore, p corresponds to a root x of h. 

We are interested in curves in the complex projective plane, IP 2 , and hence in 
zero sets of homogeneous polynomials. Luckily this does not matter. 

Exercise 3.3.18. Consider the homogeneous polynomial 


P{x,y,z) = zy 2 - {x - z) 3 . 


We want to show that the point (1 : 0 : 1) £ V(P) has multiplicity two, no matter 
how P is deliomgenized. Show when we dehomogenize by setting z = 1 , that 
the point x = l,y = 0 has multiplicity two for P(x,y, 1). Now show when we 
dehomogenize by setting x = 1, that the point y = 0, z = 1 has multiplicity two for 

DIS- 


SOLUTION. In the affine patch corresponding to z = 1, we have P(x,y) = 
y 2 — (x — l) 3 . The point (1,0) £ V(P) C C 2 and we compute the Taylor series at 
(1, 0) of P, which is P(x, y) = y 2 — (x— l) 3 . We see then that m( 1:0: i)P(x, y, 1) = 2. 
In the affine patch corresponding to x = 1, we have P(y, z) = zy 2 — (1 — z) 3 . The 
point (0, 1) £ V(P) C C 2 and we compute the Taylor series at (0, 1) of P, which is 
P(y, z) = y 2 + (z — l) 3 + y 2 (z — 1). We see then that TO(i :0: i)P(1, y , z) = 2. 
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Exercise 3.3.19. Let (a : b : c) £ V(/). Show no matter how we dehomogenize 
that the multiplicity of / at the point (o : b : c) remains the same. (This is quite a 
long problem to work out in full detail). 


Solution. The main calculations in this solution are changes of coordinates 
and applications of the multivariable chain rule, so we will introduce the following 
notation to help keep track of our coordinates in the various affine patches. Let 
(Xo : Xi : X 2 ) be homogeneous coordinates on P 2 . We only need to consider what 
happens in the three affine patches that correspond to X 0 = 1, Xj = 1, and X 2 = 1, 
so let 


(xi,x 2 ) 
(Vi, 2 / 2 ) 
{zi,z 2 ) 


(X x xa 

Uo’yJ 

(Xo -M 
\X ! ’xj 
(Xo *i\ 
\ X 2 ' X‘2 ) 


be affine coordinates in each of the patches. 

Let / be a degree n polynomial and p = (a : b : c) € V(/). First we note that if 
a = 0, b = 0, or c = 0, then the point corresponding to p in the Xo = 1, X\ = 1, or 
X 2 = 1 patch, respectively, is a point at infinity, so m p f is not well-defined in this 
patch since p is not well-defined. As our interest is in verifying that m p f in one 
patch equals m p f in another patch, we will assume that both a and b are nonzero. 
We assume m p f = m - 1-1 in the Xo = 1 patch and show that m p f = m + 1 in the 
X\ = 1 patch. The same calculation would follow in the X 2 = 1 patch also if c ^ 0. 

First note the relationships 


xi =— 
Vi 
2/2 

x 2 = — . 
2/i 


Suppose m p f = rn + 1 in the Xo = 1 patch. Then all partial derivatives up to order 
to vanish at (|, ^), i.e. 


d k f 

dx^dxi 2 



= 0 , 


1 < k < m where i\ + i 2 = k, but at least one of the (to + 1) partials does not 
vanish. We need to show that the same thing occurs in the X\ = 1 patch, that is, 
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Where do 
later? 


for all 1 < k < m but that this is nonzero for some ii + i 2 = k = m + 1. Recall, 
the chain rule 


df_ 

d Vj 

d 2 f 

dykdyj 


E 


d f dxj 
dxi dyj 


d 

dy k 


E 


df dxj 
dxi dyj 


+ 


d 2 fd Xl 8 2 f dx 2 \ 
dxi dyk d Xl dx 2 dy k ) 
Y d 2 f d Xl | d 2 fdx 2 
\dx x dx 2 dy k dx\dy k 


dx i 

dyj \ + 
\ dx 2 
) dyj _ 



d 2 x i \ 
dykdyj) 
f d 2 x 2 \ 
V dykdyj) 


d k f 

A straight-forward induction argument gives that — — is equal to a sum of 

dy l \ dy l 2 

partial derivatives with respect to 'X\ and x 2 up to order k, so if all partial derivatives 

of / up to order m with respect to x\ and x 2 vanish at (-* —], then all partial 

\a a ) 

derivatives of / up to order to with respect to yi and y 2 vanish at ^ — . This 
implies that if m p f > in in ( x\,x 2 ), then m p f > m in (yi,y 2 ). We only need to 
show that if at least one partial of / with respect to x\ and x 2 of order to + 1 is 
nonvanishing, then at least one partial of / with respect to y\ and y 2 of order m + 1 
is nonvanishing also. But notice that the coordinate transformations are invertible, 
so if m p f > to + 1 in (yi, j/ 2 ), we could repeat the process interchanging the roles 
of x and y above to conclude that m p f > m + 1 in (#i, x 2 ). Hence if m p f = m + 1 
in (a:i, x 2 ), then m p f = to + 1 in (yi,y 2 ). 


The following theorem establishes the existence of a nicely behaved intersection 

multiplicity. We will not prove this theorem now, but we will revisit it in a later 

chapter after we have more fully developed the dictionary between algebra and 

geometry. The statement of this theorem and our treatment of it closely follows 
|Fulton4 1 969 

use this that of Fulton |Ful69J. 

Theorem 3.3.20 (Intersection Multiplicity). Given polynomials / and g in C[£, y] 
and a point p in C 2 , there is a uniquely defined number I(p,Y(f)C\Y(g)) such that 
the following axioms are satisfied. 


thm : mult 


(1) /(p,V(/)nV(j))eZ>o. 

(2) J(p, v(/) n V(g)) = 0 iff p t V(/) n V(g). 

(3) For an affine change of coordinates T, I(p, V(/)nV(y)) = I(T(p), V(T _1 /)fi 
V(T~ig)). 

(4) /(p, V(/) n V(g)) = I(p, V(g) n V(/)). 
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(5) I(p, V(/) ("I V(g)) > rripf ■ m p g with equality iff V(/) and V(g) have no 
common tangent at p. 

(6) /(p,V(/) nV(s)) = nV(ffi)) when / = n/r and 9 = 

n 

(7) /(p,V(/)nV(j)) =%V(/)nV(j + a/)) for all a€ C[x,y]. 


Note that Axioms Five and Seven suggest a way to compute intersection mul- 
tiplicity by reducing it to the calculation of m p F , for an appropriate polynomial F. 
We can easily extend this definition to curves in P 2 (C) by dehomogening the curves 
making them into curves in C 2 containing the point in question. 


Exercise 3.3.21. Use the above axioms to show that forp = (0, 0), /(p, V(x 2 )fl 
V(p)) = 2. Sketch V(x 2 ) and V(p). 


Solution. V(x 2 ) is a double line that corresponds to the p-axis and V(p) is the 
x-axis. Their intersection is p and they have no common tangent at p, so we can use 
Axiom 5. We have m p (x 2 ) = 2 and m p (y) = 1, so I(p, V(x 2 ) D V(y)) = (2)(1) = 2. 



What does it mean to 
have no common 
tangent at pi What if 
one or both of the 
functions is singular at 
pi In this case there is 
no well-defined 
tangent. 

Ryan 9/3/09 

I propose we split this 

theorem into a 

definition and a 

theorem. First we 

define intersection 

multiplicity followed by 

a theorem: The integer 

defined in definition 

”xxx” is unique. Later 
IBezout : 3 
in Exercise 1373751 we 

can be more specific in 

the hint, i.e. show that 

the integer in Exercise 
Eezout : 2 

13.3.50 satisfies the 
conditions in definition 
”xxx" and use theorem 
"yyy " ■ Also, should we 
prove this result in a 
series of exercises to be 
more self-contained? 
Ryan 9/3/09 


Exercise 3.3.22. Show for p = (0,0), I(p, V(x 2 — y) n V(y)) = 2. 
V(x 2 — y) and V(y). 


Sketch 
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Solution. In this exercise we cannot use Axiom 5 directly since V(x 2 — y) and 
V(y) have a common tangent at p. We can use Axioms 4 and 7. 

I(p, V(x 2 — y) D V(y)) = I(p, V(y) D V(x 2 — y)) Axiom 4 

= %V(i/)nV((i; 2 -!/)+|/)) Axiom 7 
= I(p, V(y) n V(x 2 )) 

= 2 

The second inequality follows from Axiom 7 with /( x, y) = y, g(x, y) = x 2 — 1, and 
a = 1. The last equality follows from the previous exercise. 



Exercise 3.3.23. Show for p = (0, 0), I(p, \{y 2 — x 2 — x 3 )fl V(a;)) = 2. Sketch 
V(y 2 — x 2 — x 3 ) and V(ar). 

Solution. V(y 2 — x 2 — x 3 ) and V(x) have no common tangent, so we can use 
Axiom 5. We notice that m p (y 2 — x 2 — x 3 ) =2 and m p (x) = 1, so I(p,'V(y 2 — x 2 — 
x 3 ) D V(x)) = (2)(1) = 1. 



Exercise 3.3.24. Let f(x, y) = x 2 +y 2 — 1. Give examples of a real polynomial 
g(x, y) = ax + by + c such that Y(x 2 + y 2 — 1) D V(ax + by + c) in R 2 has zero, 
one or two points, respectively. Now consider the intersections V(/) D V(g) in C 2 . 
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In each of your three examples, find these points of intersection, calculate their 
multiplicities, and verify that E %V(/)nV(j)) = (deg f)(degg). 

p 

Solution. Empty intersection in R 2 . Let g(x,y) — y — 2. 

Single intersection point in R 2 . Let g(x,y) = y — 1. 

Two intersection points in R 2 . Let g(x,y) = y. 

Now suppose we are working in C 2 . Then in the first example, g(x, y) = y — 2 our 

intersection points are p± = (iy/ 3,2) and P 2 = (— *\/ 3,2). Since both f and q are 

Multiplicity : Smooth Curve 

smooth, we know from Exercise 3.3.14 that m Pl / = m Pl g = 1 and m P2 f = m P2 g = 
1. Since / and g do not have a common tangent at either point, Axiom 5 applies 
and we have ^ I(p, V(/) flV(j)) = 1 + 1 = 2. 
v 

In the third example our intersection points are pi = (—1,0) and P 2 = (1,0). As 

Multiplicity :Smoqth Curve 

before we know from Exercise 3.3.14 that m Pl f = m Pl g = 1 and m P2 f = m V2 g — 1. 
Since / and g do not have a common tangent at either point, Axiom 5 applies and 
we have ^ I{p, V(/) nV(j)) = 1 + 1 = 2. 

p 

In the second example the single intersection point is p = (0, 1), and / and g do 
have a common tangent at p , so we have to use Axiom 7. 


I(pM/) nV(y-i)) 


i(p,v(y - 1) n v(x 2 + y 2 - 1 )) 

i(p,v(y- 1 ) 

nV((x 2 +y 2 -l) + (-l)(y + l)(y-m 

i(p,v{y - i)nv(i 2 )) 

2 . 


Again we have E %v(/)nv( ff )) = 2 . 

p 

3.3.4. Statement of Bezout’s Theorem. 

Exercise 3.3.25. Let / = x 1 + y 2 — 1 and g = x 2 — y 2 — 1. Find all points 
of intersection of the curves V(/) and V(g). For each point of intersection p, 
send p to (0,0) via a change of coordinates T. Find I(p,f D g) by calculating 
I((0,0),T(V(/)) nT(V(sO)). Verify that ^I(p,V(/)nV(ff)) = (deg/)(degp). 

P 

Solution. All points in V(/) have y 2 = 1 — x 2 , so we have g(x, y) = x 2 — (1 — 
x 2 ) — 1 = 0, which gives x = ±1. Then the two intersection points are p\ = (1,0) 
and P 2 = (—1,0). Define Ti(x, y) = (x— 1 , y) and T 2 (x+1, y) so that Ti(pi) = (0, 0) 
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and T 2 (p 2 ) = (0,0). Under T) we have 

Tim)) = V(foT^(x,y)) 

= V((ar + l) 2 + y 2 — 1) 

= V(2 x + x 2 + y 2 ) 

Tim)) = VigoT^fay)) 

= V((x + l) 2 — y 2 — 1) 

= V(2x + x 2 — y 2 ) 

We know that these curves have a common tangent at (0,0), so we need to use 
Axiom 7. 

J((0,0),T 1 (V(/))nT 1 (V(5))) = /((0, 0), V(2x + x 2 + y 2 ) fl V(2x + x 2 — y 2 )) 

= J((0, 0), V(2x + a; 2 + y 2 ) 

nV((2a; + x 2 - y 2 ) + (— l)(2x + x 2 + y 2 )) 

= J((0, 0), V(2a; + x 2 + y 2 ) n V(-2y 2 )) 


This exercise should 
follow the comment 
below it. There are 
only two points of 
intersection in C 2 for a 
total multiplicity of 
4 yf 6. There is an 
additional intersection 
(1 : 0 : 0) € P 2 , which 
gives the correct total. 
Ryan 9/9/09 


Since V(2:r + x 2 + y 2 ) and V(— 2 y 2 )) have no common tangent at (0,0) we can 
apply Axiom 5 to obtain /((0,0),V(2x + x 2 + y 2 ) n V(— 2 y 2 )) = 2. A nearly 
identical calculation gives /((0, 0), T 2 (V(/)) fl T 2 (V(y))) = 2. Finally, we have 
£/(p,V(/)nV(y)) = 2 + 2 = 4= (2)(2) = (deg/) (deg 5). 

P 

Exercise 3.3.26. Let / = x 2 — y 3 and g = x — y 2 , and find all points 
of intersection of the curves V(/) and V(g). For each point of intersection p , 
send p to (0,0) via a change of coordinates T. Find I(p,f D g) by calculating 
^((0,0),T(V(/)) n T(V(g))). Verify that ^/(p,V(/)nV(j)) = (deg/) (deg g). 

P 

Solution. All points of V(g) have x = y 2 , so we have /(y 2 , y) = y 4 — y 3 = 0, 
which gives y = 0 and y = 1. Then the two intersection points are p± = (0, 0) and 
p 2 = (1, 1). Since pi is already (0, 0) we only need to define one affine transformation 
T by T(x, y) = (ar— 1, y— 1) so that T(p 2 ) = (0, 0). Consider first J((0, 0), T(V(/))fl 
T(V(g))). 

T(V(f)) = V(/ o T~ 1 (x, y)) 

= V(2x - 3y + x 2 - 3y 2 - y 3 ) 

T(V(g)) = V(y o T~ 1 (x 1 y)) 

= V(x — 2y — y 2 ) 


Since T(V(/)) and T(V(g)) do not have a common tangent at (0, 0), and both have 
multiplicity one at (0,0) we have 7((0, 0), T(V(/)) D T(V(y))) = 1. 
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ex : Af f ineParabola 


bezout 


Now consider /(( 0, 0), V(/) fl V(c/)). We do have a common tangent. 


/((0,0),V(/)nV(3)) 


/((0, 0), V(x 2 - y 3 ) n V(x - y 2 )) 

^((0, 0), V(ar — y 2 ) fl V(a; 2 — y 3 )) 

/((0, 0), V(x - y 2 ) nV((a; 2 - y 3 ) + {-x)(x - y 2 ))) 
J((0, 0), V(x - y 2 ) nV(xy 2 - y 3 )) 

I({ 0, 0), V(ar - y 2 ) D V(y 2 {x - y))) 

/((0,0),V(^!, 2 )nV(y 2 )) 

+/(( 0 ,o),v(^ !/ 2 )nv(x- !/ )) 


The last equality is the result of Axiom 6. Neither V(x—y 2 ) and V(y 2 ) nor V(x—y 2 ) 
and V(x—y) have a common tangent, so we can apply Axiom 5 to get /(( 0, 0), V(/)D 
V(g)) = 2 + 1 = 3. Finally, we have ^ I(p, V(/) fl V(g)) = 2 + 2 = 4^ 6. 

v 

The previous exercises may have led you to conjecture that if / and g are any 
polynomials, then ^/(p, V(/) flV(j)) = (deg/) (deg <7). This is not true for all 

p 

curves V(/) and V(g) in C 2 , though, as the next exercise illustrates. 

Exercise 3.3.27. Let f = y — x 2 and g — x. Verify that the origin is the only 
point of V(/) fl V(g) in C 2 and that /(( 0, 0), V(/) fl V(<7)) = 1. 

Solution. Every point p £ V(j) has x = 0, so the only point of V(/) nV(j) 
has y = 0 also, i.e. p = (0,0) is the only point of V(/) fl ~V(g) in C 2 . Since 
/ and g are both smooth and / and g have no common tangent at p 1 we have 
I((0,0),V(/)nV( 9 )) = ( m p f)(m p g ) = 1. 

The way to unify the previous exercises is to consider the polynomials as restric- 
tions to an affine plane of homogeneous polynomials, well-defined on the projective 
plane. The corresponding curves in the projective plane will always intersect in the 
“correct” number of points, counted with multiplicity. This is Bezout’s Theorem. 

Theorem 3.3.28 (Bezout’s Theorem). Let / and g be homogeneous polyno- 
mials in C [x,y,z] with no common component, and let V(/) and V(g) be the 
corresponding curves in P 2 (C). Then 

% v (/) nv (j)) = (deg/)(degs). 

P ev(/)nv(g) 

|e x : A f f i ne P ar ab o 1 a 

Exercise 3.3.29. Homogenize the polynomials in Exercise 13.3.27, and find the 
two points of V(/) n V(g) in P 2 (C). 
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Solution. After homogenizing we have f(x, y , z ) = yz — x 2 and g{x, y , z) = x. 
Now if p € V(/) fl V(g), then x = 0 and either y = 0 or z = 0, i.e. the two points 
of V(/) nV(j) in P 2 (C) are pi = (0 : 0 : 1) and p 2 = (0 : 1 : 0). We already found 
/(pi,V(/) fl V(sO) = 1 in the affine patch corresponding to z = 1. Now consider 
f = z — x 2 and g = x in the affine patch corresponding to y = 1. The same analysis 

lex: Af f ineParabola 

from Exercise 13.3.27 applies and we have I(p 2 , V(/) fl V(g)) = 1. 


Exercise 3.3.30. Let / = x 2 — y 2 — 1 and g = x — y. Sketch V(/) and V(g) 
in R 2 . Homogenize / and g and verify Bezout’s Theorem in this case. Describe 
the relationship between the points of intersection in P 2 (C) and the sketch in M 2 . 
Repeat this exercise with g = y + x. 


Solution. 



After homogenizing we have f(x, y , z) = x 2 — y 2 — z 2 and g(x, y,z) = x — y. Any 
point of V(g) has x = y, so the only point of V(/) fl V(g) is (1 : 1 : 0), a point at 
infinity. Now we dehomogenize in the y = 1 affine patch and consider / = x 2 — z 2 — 1 
and g = x — 1, and we see V(/)nV(ff) consists of p = (1,0). Since / and g are both 
smooth we know m p f = m p g = 1, but V(/) and V(g) have a common tangent, 
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x = 1 , at (1, 0). 

/(p, v( x 2 — z 2 — i) nv(i — i)) 


/(p, V( x — l) nv(i 2 — z 2 — i)) 
I(p,V{x- 1) 

nv(:r 2 — z 2 — l + (— x — i)(x — i))) 
i(p,V{x- i)nv(-2 2 )) 

2 


The last inequality follows from m p (x — 1) = 1 and m p (—z 2 ) = 2 and the fact that 
Y(x— 1) and V(— z 2 ) have no common tangent at p. We have thus verified Bezout’s 
Theorem. A similar analysis yields the same result for g = x + y, but in this case, 
the point of intersection is (1 : — 1 : 0). 

Exercise 3.3.31. Confirm that the curves defined by x 2 + y 2 = 1 and x 2 + y 2 = 
4 do not intersect in C 2 . Homogenize these equations and confirm Bezout’s Theorem 
in this case. Would a sketch of the circles in R 2 give you any insight into the 
intersections in P 2 (C)? 

Solution. It is clear that these two conics do not intersect in C 2 , since if 
x 2 +y 2 = 1, then x 2 +y 2 yf 4. After homogenizing we have f(x, y, z) = x 2 + y 2 — z 2 
and g{x, y, z) = x 2 + y 2 — 4 z 2 , and the two points of V(/) fl V (g) are (1 : i : 0) and 
(1 : — * : 0). Consider the dehomogenization in the x = 1 affine patch, f(y,z ) = 
y 2 — z 2 + 1 and g(y, z) = y 2 — 4 z 2 + 1. The points of intersection correspond to 
Pi = (i,0) and P 2 = (—*,0). Consider pi first. Since / and g are both smooth we 
know m p f = m p g = 1, but V(/) and V(g) have a common tangent, y = i, at p\. 

I(pi,V(y 2 -z 2 + l)nV(y 2 -4z 2 + l) = I( Pl , V(y 2 - z 2 + 1) 

nV(j/ 2 - Az 2 + 1 + (— l)(y 2 -z 2 + 1)) 

= I(p!,V{y 2 -z 2 + l)nV(-32 2 ) 

= 2 


Next consider p 2 . V(/) and V(^) have a common tangent, y = —i, at P 2 , so we 
proceed as before to get /(p 2) V(/) D V(g)) = 2. Finally, we have 

/ fe v (/) n V(g)) = 2 + 2 = 4= (deg f)(degg). 

peV(/)nv( s ) 


3.3.5. Resultants. 

The goal of this section is to use the resultant of two polynomials to find 
their common roots. The resultant will be the main tool in our proof of Bezout’s 
Theorem. 


This formula is 
repeated later, we can 
refer reader back here 
at appropriate time. 
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resultant 


While the Fundamental Theorem of Algebra tells us that a one-variable poly- 
nomial of degree d has exactly d roots, counting multiplicities, it gives us no means 
for actually finding these roots. Similarly, what if we want to know if two one- 
variable polynomials have a common root? The most naive method would be to 
find the roots for each of the polynomials and see if any of the roots are the same. 
In practice, though, this method is quite difficult to implement, since we have no 
easy way for finding these roots. The resultant is a totally different approach for 
determining if the polynomials share a root. The resultant is the determinant of 
a matrix; this determinant will be zero precisely when the two polynomials have a 
common root. 


Definition 3.3.3. The resultant Res (f,g) of two polynomials f(x) = a n x n + 

a n -ix n ~ 1 f a\X + oo and g(x) = b m x m + b m ^\x rn ~ 1 H b b\x + b 0 is defined 

to be the determinant of the (m + n ) x (m + n) matrix 


/ 

a n 

1 

a 0 

0 

0 

0 

\ 


0 

Un 

ttn—l 

a 0 

0 

0 



0 

0 




0 



0 

0 

0 

Ctn 

ttn—l ‘ ‘ * 

a 0 



bm 

^m— 1 

b 0 

0 

0 

0 



0 


bm— 1 

bo 

0 

0 



0 

0 




0 


V 

0 

0 

' ’ * bm— i 



bo 

) 


An important property of resultants is that f(x) and g(x) have a common 
root if and only if Res(/, g) = 0. The following three exercises will illustrate this 
property. 

Exercise 3.3.32. Let f(x) = x 2 — 1 and g(x) = x 2 + x — 2. 

(1) Find the roots of / and g and show that they share a root. 

(2) Show that Res(/, g) = 0. 


Solution. (1) f(x) = (x — l)(a;-bl) and g{x) 
is a root for both / and g. 


(2) Res(/, g) = det 


/ 1 0 -1 0 \ 
0 10-1 
11-20 
\ 0 1 1 -2 j 


= 0. 


(x — l)(x + 2). So x = 1 


Exercise 3.3.33. Let f(x) = x 2 — 1 and g{x) = x 2 — 4. 

(1) Find the roots of / and g and show that they have no roots in common. 

(2) Show that Res(/, g) ^ 0. 
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1 

0 

T 1 

0 

0 

1 

0 

-1 

1 

0 

-4 

0 

0 

1 

0 

—4 


Solution. (1) f(x) = (x — l)(x + 1) and g(x) = (x — 2)(x + 2). So / 
and g have no roots in common. 


(2) Res(/, g) = det 


Exercise 3.3.34. (1) Let f{x) = x — r and g(x) = x — s. Find Res(/, g). 

Verify that Res(/, g) = 0 if and only if r = s. 

(2) Let f(x) = x — r and g(x) = (x — Si)(x — s 2 ). Find Res(/, g). Verify that 
Res(/, g) = 0 if and only if r = Si or r = s 2 . 

Solution. (1) f(x) = x — r and 

g(x) = (x — si)(x — s 2 ) = x 2 — (s i + s 2 )x + s 1 s 2 , 

so 

/ 1 -r 0 \ 

Res(f,g) = det 0 1 — r j 

\ 1 -(si + s 2 ) S 1 S 2 / 

= Sis 2 - r(si + s 2 ) + r 2 
= (r - si)(r - s 2 ). 

Thus Res (/, 3) = 0 if and only if r = Si or r = s 2 . 

Exercise 3.3.35. For a degree two polynomial f(x) = a 2 x 2 + a\x + ao = 
a 2 (x — r i)(x — r 2 ), we have 

— = -(n+r 2 ) 

a 2 

a 0 

— = rxr 2 . 
a 2 

Use these relations between the coefficients and roots to show that if 
f(x) = a 2 x 2 + aix + ao = a 2 (x — ri)(x — r 2 ) 
g(x) = b 2 x 2 + b\x + bo = b 2 {x — si)(x — s 2 ) 
then Res (f,g) = a|b|(n - Si)(n - s 2 )(r 2 - si)(r 2 - s 2 ). 

Solution. 

^ a 2 a\ ao 0 ^ 

Resf/.a) = det ° 

b 2 b\ bo 0 

y 0 b 2 b x bo j 

Factoring a 2 out of the top two rows and b 2 out of the bottom two rows gives 
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= a, 69 det 


( 1 

~(n + r 2 ) 

n r 2 

0 

\ 

0 

1 

~{n + r 2 ) 

nr 2 


1 

-(si + s 2 ) 

SlS 2 

0 


V° 

1 

-(s 1 + s 2 ) 

SlS 2 

/ 


Always using the first column for cofactor expansion: 


r 

/ 

1 

—(n + r 2 ) 

nr 2 \ 

clet 


— (si + s 2 ) 

SlS 2 

0 

- 

V 

1 

— (si + S2) 

S1S2 / 



f 

-{n +r 2 ) 

rir 2 

0 ^1 

+ det 


1 

-(n + r 2 ) 

rir 2 


K 

1 

— (si + S2) 

sis 2 / J 


2 1,2 
= a 2 b 2 


(SiS2)“ + (si + S 2 ) ( — (j*l + T2)SiS2 + riT2(Si + S2) 


- nr 2 SiS2 


-(n + r 2 ) 


(ri + r 2 )sis 2 + rir 2 (si + s 2 ) 


nr 2 sis 2 + (rir 2 ) 2 


= aib 


2.2 


r\r 2 — r i r 2S2 — r 2 r 2 Si + riSiS 2 — r\r 2 S2 + rir 2 s 2 + rir 2 SiS2 — riSis 2 


( 2 2 1 2 2 1 2 1 2 2 2\ 

- {r 1 r 2 s\ - rir 2 sis 2 - r 1 r 2 s 1 + s x s 2 - r 2 sis 2 + r 2 SiS 2 + r 2 s 1 s 2 ^ s 1 s 2 j 
Factoring ry out of the first row and Si out of the second row: 


2 ,2 
= a 2 b 2 

2 i2 

= a 2 b 2 

2 i2 

= O 2 0 2 


(ri - si) ^ri ?’ 2 - rir 2 S2 - rir 2 si + S1S2 - r 2 s 2 + r 2 s 2 + r 2 SiS2 - sis 2 
(ri - si)(ri - s 2 )(r 2 - r 2 s 2 - r 2 si + sis 2 ) 

(^1 - si)(ri - s 2 )(r 2 - si)(r 2 - s 2 ) 


Exercise 3 . 3 . 36 . Let f(x, y) = x 2 + y 2 — 2 and g(x, y) = x 2 — xy + y 2 + y — 2 . 
( 1 ) Treating / and g as polynomials in x, compute 


R(y) = Res (/, g; x) = det 


/ 1 0 y 2 - 2 0 

0 1 0 

1 ~y V 2 + y - 2 0 

1 ..2 




v° 


-y 


y 2 - 2 

o 

y 2 + y- 2 ) 


( 2 ) Set i?(y) = 0 and solve for y to find the projections on the y-axis of the 
points of intersection of V(/) and V(y). 
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Solution. (1) 


R(y) = Res (/, g; x) = det 


/ 

1 

0 y 2 - 2 

0 \ 


0 

1 0 

2/ 2 — 2 


i 

- 2 / y 2 + y~ 2 

0 

V 

0 

1 - 2 / 

y 2 + y - 2 / 


4 2 

= y -y 


(2) y = 0, 1,-1. 


Exercise 3.3.37. The two lines V(x— y) and V(x— y+2) are parallel in the affine 
plane, but intersect at (1 : 1 : 0) in P 2 . Treating f(x, y, z) = x — y and g{x, y, z ) = 
x — y + 2z as one- variable polynomials in x, show that Res( x — y, x — y + 2 z; x) = 0 
when z = 0. 


Solution. 

Res(x — y, x — y + 2z\ x) = det ( ^ ] = 2 z 

\ 1 ~y + 2z J 

Hence Res(x — y,x — y + 2 z\ x) = 0 when z = 0. 

Exercise 3.3.38. Let f(x,y) = 4x — 3 y and g(x,y) = x 2 + y~ — 25. Use the 
resultant Res (f,g\x) to find the points of intersection of V(/) and V(g). 


Solution. 

/ 4 -3 y 0 \ 

Res(/, g; x) = det 0 4 -3 y = 25(y 2 - 8) 

V 1 o y 2 - 25 / 

So y = ±\/8 = ±2\/2. 

When y = 2y/2, x = 2± \/ 21 — 6 \/ 2, and when y = —2y/2, x = 2± \/ 21 + 6-\/2. 


Exercise 3.3.39. Let /(a;) = ax 2 + bx + c. 

(1) Find Res (/,/'). 

(2) Under what conditions will Res(f, /') = 0? 


Solution. 


(1) Res (/,/') = det 



= — a(b 2 — 4ac). 


(2) Res(/, /') = 0 if a = 0 and either 6^0 or 6 = 0 = c. Assuming a/0, 
then Res (/,/') = 0 when c = In this case /(a;) = a(x ± |) 2 and 
/'(x) = 2a(x± £). 


In these last two exercises of this section, you will prove our previous assertion 
that the polynomials / and g have a common root if and only if Res(/, g) = 0. 
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commonroot 


Exercise 3.3.40. Show that if r is a common root of / and g, then the vector 

/ y.m+n —1 \ 
r m+n —2 


X = 


is in the null space of the resultant matrix of / and g , and thus 


l I ) 

Res (/, g) = 0. 


Solution. Suppose / and g have a common root r. Write f(x) = a n x n + 
a n _i 2 i n_1 + • • • + aiX + ao and g{x) = b m x m + 6 m _ iX m ~ 1 + ■ ■ ■ + b\X + b 0 . Then 


Rn— 1 


«0 


tin— 1 


0 

do 


0 

0 


0 0 

0 0 0 

bm bm— i • • • &o 

0 b m —i ' ' • 


H71 Cln— 1 

0 0 

&o 0 


0 0 

\ 0 0 ••• 6 m _i 


0 \ 


0 

0 

do 

0 

0 

0 

bo 


/ r m+n— 1 \ 


r 


m+n— 2 


= r m ~7(r) + r m_2 /(r) + • • • + r/(r) + /(r) 

+ + r n ~ 2 g{r) H h rg(r ) + g(r) 

= 0 , 


since r is a root of / and g. So the vector x is in the null space of the resultant 
matrix and, because the null space contains a non-zero vector, it must be that the 
determinant of the resultant matrix, Res (f,g), is 0. 


Exercise 3.3.41 (from Kirwan, Complex Algebraic Curves |Kir92] , Lemma 
3.3, p. 67). Let f{x) = a n x n + a n -ix n ~ 1 + • • • + a\x + do and g(x) = + 

bm— \X m 1 + • • • + b\X + bo- 

(1) Prove that / and g have a common root x = r if and only if there exists 
a polynomial p{x) of degree m — 1 and a polynomial q(x) of degree n — 1 
such that p(x)f( x) = q(x)g(x). 

(2) Write p(x) = a m -iX m ~ 1 + • • • + a\X + a 0 and q(x) = /3 n _ia; n_1 + • • • + 
/3\x + /3q- By comparing coefficients, show that the polynomial equation 
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p{x)f{x) = q(x)g(x) corresponds to the system 

— Pn—lbm 

Qtm—lQ'n—1 T QZm— 2&n = Pn— l^m— 1 T" Pn—2^m 

a^ao = Pobo 

(3) Prove that this system of equations has a non-zero solution 

( ( ^rn—l i 2 i • • • ^ Up 1 Pn— 1 1 Pn— 2 j • • • i Po) 

if and only if Res(/, g) = 0. 

Solution. ( 1 ) Suppose / and g have a common root x = r. Then /(a;) = 
{x—r)q{x) for some polynomial q(x) of degree n— 1, and <?(x) = (x—r)p(x) 
for some polynomial p(x) of degree m — 1. Thus 

p{x)f{x) = {x- r)q(x)p(x) = g(x)q(x). 

Now suppose p(x)f(x ) = g(x)q(x) for some polynomials p and q of degree 
m — 1 and n— 1 , respectively. Notice that the degree of pf = qg is m+n— 1 , 
while the degree of pq is to + n — 2 . So p/ = qg must have one more root 
than pq does; call it r. Then 

P(x)q(x)(x - r) = p(x)f(x) = q(x)g(x). 

We can conclude that f(x) = (x — r)q(x) and g(x) = (x — r)p(x). 

(2) 

p(x)f(x) = (a m - 1 x m ~ 1 -I + a\x + a 0 ) (a n x n + an-ix™- 1 -\ + aix + a 0 ) 

&m—l@'nX T (otm —2 T Qtm—l@n—l)x 
H + (aoai + aia 0 )x + a 0 a 0 

And 

q( x )g(x) = (P n - ia; n_1 d h /3irr + Po)(b m x m + b m -ix m ~ 1 H h + 6 0 ) 

= /3„_ 1 6 m x ro+ "- 1 + (/3 n _ 2 6 m + /3„„i6 m _i)x m+ "- 2 
+ • • • + (Pobi + p\b^)x + p 0 b 0 
Comparing coefficients of x gives the desired result: 

&m—lQ"n = Pn—l^m 

Qm—l&n—l H - &m— 2 Q"n = Pn—l^m —1 H“ (^n— 2 ^m 


Ot Qd\ + QU&0 

ao^o 


Pobi + /?i&o 
Ai^o- 
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Need to expand proof 
out 


Bezout : 1 


(3) If the system of equations has a non-zero solution, then / and g have a 

i commonroot 

common root by part 1. Thus Res (f,g) = 0, by Excercise 3.3.40. 

Now suppose Res (f,g) = 0. Let A be the resultant matrix for 
/ and g. We know det(A) = Res (/, y) = 0, and this implies that 
clet(A T ) = 0 also, where A T is the transpose of A. Then there is a 
non-zero (m + n)— dimensional vector x with A t x = 0. Write x as 
x = (a m _i, a m _ 2 , • • • ,ao, ~Pn-i i, ~Pn- 2 , • • • , ~Po)- The matrix equation 
A t x = 0 tells us that x is a non-zero solution to the system of equations 


Pn—lbm — 0 

Olm-ldn-l 4"" &m—2dn /4n — l^m— 1 Pn—2^m = 0 

ao^i + ctido — Pobi — Pibo = 0 

ao«o — Pobo = 0. 


Thus (a m _i, a m - 2 , ■ ■ ■ , ao, Pn-i, Pn- 2 , ■ ■ ■ , Po) is a non-zero solution to 
the system 

O^m—ldn — Pn—lbm 

&m—l&n—l 4” QZm— 2 a n = Pn—lbm—1 4“ Pn—2bm 

aoao = Pobo- 

3.3.6. Proof of Bezout’s Theorem. Now we are ready to outline a proof of 
Bezout’s Theorem. Full details can be found in Cox, Little, O’Shea, Ideals Varieties 

| CoxLittlepShe a 

and Algorithms l[CLO07], Chapter 8, Section 7. 

Exercise 3.3.42. Let f(x, y,z) = 3x + y + 2z and g{x , y,z) = x + 5 z. Show 
that Res(/, g ; z) is a homogeneous polynomial in x and y of degree 1. 

Exercise 3.3.43. Let f(x,y,z) = x 2 + y 2 + z 2 and g(x,y,z) = 2x + 3y — z. 
Show that Res(/, 5 ; z) is a homogeneous polynomial of degree 2. 

Exercise 3.3.44. Let /( x, y, z) = x 2 + xy + xz and g(x, y, z) = x 2 + y 2 + z 2 . 
Show that Res (/,<?; z) is a homogeneous polynomial of degree 4. 

The next exercise is a generalization of these exercises. 

ICoxLittlejJShea 

Exercise 3.3.45 (Cox, Little, O’Shea [CLOU7], Lemma 5, p. 425). Let f,g€ 
C[a:, y, z] be homogeneous polynomials of degrees m and n, respectively. If /( 0, 0, 1) 
and g{ 0, 0, 1) are nonzero, then Res(/, y; z) is homogeneous of degree mn in x and 

V ■ 
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Exercise 3.3.46. Let f(x,y) = x 2 — 8xy+15y 2 . Show that V(f) = {(3, 1), (5, 1)} 
and that f(x, y) = (x — 3 y)(x — 5 y). 


Exercise 3.3.47. Let f{x,y) = x 2 + y 2 . Show that V(f) = {(*, 1), (—i, 1)} and 
that /(x, y) = (x + iy)(x - iy). 

Exercise 3.3.48. Let f(x,y) = 2x 2 + 3 xy + 4 y 2 . Show that 

V(f) = {(-3 + V7i, 2), (-3 - V7i , 2)} 

and that 

f(x,y) = ^[2x - (-3 + V7i)y][2x - (-3 - V7i)y\. 

Exercise 3.3.49. Let f(x,y) = x 3 — 5 x 2 y — 14 xy 2 . Show that V(f) = 
{(0, 1), (7, 1), (-2, 1)} and that f{x,y) = x(x + 2 y)(x - 7 y). 


Bezout : 2 


The previous exercises are special cases of the general result presented next. 

ICoxLittleflShea 

Exercise 3.3.50. (l[CLOu7j, Lemma 6, p. 427) Let / £ C [x,y\ be homoge- 
neous, and let V(/) = {(ri, si), . . . , (r t , s t )}. Show that 

/ = c(six - rry) mi ■ ■ ■ (s t x - r t y) m \ 


where c is a nonzero constant. 


Bezout : 3 


Exercise 3.3.51. Let V(/) and V(g) be curves in P 2 (C) with no common 
components. Choose homogeneous coordinates for P 2 (C) so that the point (0:0:1) 
is not in V(/) or V(g) and is not collinear with any two points of V(/)nV(c/). (What 
follows will be independent of this choice of coordinates, though it is not obvious.) 
Show that if p = (u : v : w) is in V(/)nV(g), then I(p, V(/)nV(g)) is the exponent 
of (vx — uy) in the factorization of Res(f,g',z ), i.e. check the axioms that define 
intersection multiplicity. 

I Bezout : (Bezout : 2 

Exercise 3.3.52. Deduce Bezout’s Theorem from Exercises 3.3.45, 3.3.50, and 

IBezout : 3 

3.3.51. 


Next exercise is far 
too hard. Need to add 
exercises to make it 
doable. 


Exercise 3.3.53. Let f = yz — x 2 and g = yz — 2x 2 , and let C = V(/) and 
V = V(g). 

(1) Find C fl T> by solving Res(/, g\ z) = 0. 

(2) One of the points of intersection is (0 : 0 : 1). Check that (1 : 0 : 0) is not 
in 6 or D and is not collinear with any two points of C fl ©. 

(3) Find an invertible 3x3 matrix A such that A(\ : 0 : 0) = (0 : 0 : 1). 

(4) Compute Res(foA~ 1 ,goA~ 1 -, z). This will be a homogeneous polynomial 
in x, y; factor it completely and read the intersection multiplicities for the 
points in zl(C) fl A(T>). These are the multiplicities for the corresponding 
points in G fl 0. 
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3.4. Regular Functions and Function Fields 

3.4.1. The Affine Case. We want to understand the functions defined on a 
curve. 

Exercise 3.4.1. Let P(x, y) = x 2 + xy + 1. Consider the two polynomials 
fi (x,y) = x 2 and f 2 (x,y) = 2x 2 + xy + 1 
Find a point (a, b) € C 2 such that 

fi(a,b) ± f 2 (a,b). 

Now show that if (a, b) £ C 2 with the extra condition that the corresponding point 
(a, b) £ V(P), then 

fi(a,b) = f 2 (a,b). 

Solution. Almost any choice of (a, b ) £ C 2 , as long as (a, b ) is not an element 
of V(P), will give us that fi(a, b ) ^ f 2 (a, b). For example, letting (a, 6) = (1, 1), we 
have 

/i(M) = i 

while 

/ 2 (1,1) = 4. 

Now let (a, b) £ V(P). We have 

f 2 (a,b) = 2a 2 +ab+l 

= ct, a "|- cib 1 

= a 2 + P(a, b) 

= a 2 

AO, b), 

as desired. 

To some extent, we would like to say that the polynomials /i and f 2 are the 
same as far as points on the curve V(P) are concerned. 

Why is it in the above exercise that f±(a,b) = f 2 (a,b) for any point (a, b) £ 
V(P)? The key is to look at f 2 {x,y) — fi(x,y). 

Definition 3.4.1. Let V(P) be an irreducible curve. Let f(x, y) and g{x,y) 
be two polynomials. We say that 

f(x,y) ~ g(x,y) 


if P{x, y) divides f(x, y) - g{x, y ). 
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Exercise 3.4.2. Show that ~ defines an equivalence relation on polynomials. 
(Recall that an equivalence relation ~ on a set X satisfies the conditions (i.) a ~ a 
for all a £ X, (ii.) a ~ b implies b ~ a, and (iii.) a ~ 6 and b ~ c implies a ~ c.) 

Solution. Since f(x,y ) — f(x,y) = 0 and since any polynomial P(x,y) will 
divide into 0, we have 

Now suppose 

f(x,y) ~ g(x, y). 

This means that there is a polynomial Q(x,y) such that 
P{x, y)Q{x , y) = f(x, y) - g{x, y). 

Since —Q(x,y) is also a polynomial, we have that 

P{x, y)(—Q(x, y)) = g{x , y) - f(x, y), 
giving us that g(x, y) - f(x, y) 

Suppose that f{x,y) ~ g{x,y) and g{x,y) ~ h(x,y). Then there exist polyno- 
mials Qi(x,y) and Q 2 (x,y) such that 

P(x,y)Qi{x,y) = f{x,y)-g(x,y) 

P(x, y)Qi{x, y) = g(x, y) - h(x, y) 

Then 

P(x,y)(Q 1 (x,y) + Q 2 {x,y)) = f(x,y)-g(x,y)+g(x,y)-h(x,y) 

= f(x,y) ~ h(x,y), 

which shows that f(x,y) ~ h(x,y). 

Definition 3.4.2. Let V(P) be an irreducible curve. The ring of regular func- 
tions on V (P) is the space of all polynomials f(x, y) modulo the equivalence relation 
~. Denote this ring by O(R). (We will also denote this by Oy) 

You should be worried that we are calling O(R) a ring without proof. We shall 
remedy that situation now. 

Exercise 3.4.3. We want to show that addition and multiplication are well- 
defined on 0(E). Suppose that 

fi (x, y) ~ f 2 (x, y) and g l (x, y) ~ g 2 (x,y). 

Show that 

fi (x,y)+ gi (x, y) ~ f 2 (x,y) + g 2 (x,y), 


equivalence relation 
ringlof regular 
functions 
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which means that addition is well-defined in 0(H). Also show 

fi(x,y)gi(x,y) ~ f 2 (x,y)g 2 (x,y), 

which means that multiplication is well-defined in 0(H). 

Solution. Since fi(x,y) ~ f 2 (x,y) and fi{x,y) ~ f 2 {x,y), there exists poly- 
nomials Q i and Q 2 such that 

P(x,y)Qi{x,y) = fi{x,y) - f 2 {x,y) 

P(x,y)Q 2 (x,y) = gi{x,y) - g 2 (x,y) 

Now 

(A + gi) - (/2 + 52) = (/1 - h) + (gi - 92) 

= PQi + PQ 2 
= P(Qi + Q 2 )- 

Hence fi(x,y) + gi{x,y) ~ f 2 (x,y) +g 2 (x,y) 

Showing that multiplication is well-defined involves a very slight trick. 

figi - f 2 g 2 = figi - fi92 + fi 92 - /2H2 
= fi(gi - 52 ) +52(/i - f2) 

= fiPQ2 + g 2 PQi 

= P(fiQ 2 + g 2 Qi), 

giving us that f 1 (x,y)g 1 (x,y) ~ f 2 (x,y)g 2 (x,y). 

Hence for any curve V(P), we have the regular ring 0(H) of functions defined 
on V(P). (Once we know the operations are well-defined, checking the ring axioms 
is straightforward and left as an exercise for the interested reader.) 

Exercise 3.4.4. Suppose V(P) is an irreducible curve. Let f(x i,x 2 , . . . ,x n ) 
and g(x\,x 2 , . . . , x n ) be two polynomials. Show that if fg ~ 0, then either / ~ 0 
or g ~ 0. Conclude that the ring of functions on an irreducible curve is an integral 
domain. 

Solution. If fg ~ 0, then the polynomial P must divide the product fg. 
Since P is irreducible, it has no factors besides itself. Hence P must divide / or g 
(or possibly both). 

Note that we are using that we there is unique factorization in the polynomial 
ring k[x 1 ,x 2 , . . .,x n ]. 

There is also a field of functions associated to V(P). Morally this field will 
simply be all of the fractions formed by the polynomials in 0(H). 
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Definition 3.4.3. Let the function field, 0C(V), for the curve V(P) be all 
rational functions 

f(x,y ) 

g{x,y) 

where 


(1) P does not divide g (which is a way of guaranteeing that g 1 the denomi- 
nator, is not identically zero on the curve V(P)), and 

(2) f ^ is identified with '^ 2 1 if P divides fig2 — fig\- 

9i{x,y) g 2 (x,y) 


We want %(V) to mimic the rational numbers. Recall that the rational numbers 
Q are all the fractions 


a 

b 


such that a,b £ Z, 6^0 and | is identified with ^ if ad — be = 0. 

Now, you should be concerned with us calling X(V) a field. We need to define 
addition and multiplication on 3C(V), using the rational numbers, Q, as a guide. 


Definition 3.4.4. On X(V), define addition and multiplication by 

fix, y) h(x, y) = /( x, y)k{x , y) + g{x , y)h[x, y) 
g(x,y) k{x, y) g{x,y)k(x,y) 

and 

f(x, y) _ h(x,y) = fjx, y)h(x, y) 
g(x,y) k(x, y) g(x,y)k(x,y)' 

Exercise 3.4.5. Suppose 


fi ~ fi, gi ~ g2, hi~h 2 , and fci ~ k 2 . 

Show that — + can be identified in 9 C(V) to — + jr- Similarly, show that — ■ ^ 

si fei v ' gi k 2 si fei 

can be identified in 3C(V) to & ■ || . 

Solution. We want to show that 

h + hi ^ h + ^ 

gi ki g 2 k 2 
which means that we must show 

fi(x,y)k 1 (x,y) + g 1 {x, y)h 1 (x, y) ^ f 2 (x, y)k 2 {x, y) + g 2 (x, y)h 2 (x, y) 
9i(x,y)ki{x,y) g 2 (x,y)k 2 (x,y) 

Hence we must show that P divides 


fig 2 hk 2 + gig 2 hik 2 - f 2 gikik 2 - gig 2 h 2 ki 
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Now 


fig 2 kik 2 + gig 2 hik 2 - f 2 gihk 2 - g\g 2 h 2 k\ = kik 2 {fig 2 - f 2 gi) 

+ 3152 (^ 1^2 ~ h 2 ki ) 

= kik 2 (/152 - figi + figi - / 231 ) 

+3132 (hik 2 - hiki + hxki - h 2 ki) 
+fikik 2 (g 2 - gi) + 3ifci/c 2 (/i - / 2 ) 
+ 3132 / 11(^2 - fci) + 3 i 32 fci(/ii - h 2 ) 


Since P divides 

/1 — /2,3i — 32 : /+ — h 2 , k\ — k 2 , 

we are done with the first part. 

To show that 

A . hi ^ h . hi 

31 ki g 2 k 2 1 

we must show that P divides fig 2 h\k 2 — f 2 gih 2 k\. As with the first part of this 
problem, the key will be adding by appropriate zeros: 


/132/11&2 ^ f 2 gih 2 k \ — /132/11/C2 ^ f 2 gih 2 ki 

+f2g2h\k 2 - f 2 gihik 2 
+f2g2h 2 ki - f 2 g 2 h 2 k\ 
+f2g2h 2 k 2 — f 2 g 2 h 2 k 2 
= g 2 hik 2 (fi — f 2 ) 

+ 72*2*1 (32 - 3l) 

+ / 232 k 2 {h\ - h 2 ) 

f 2 g2h 2 (k 2 - ki). 

Since P divides every term, we are done. 


Exercise 3.4.6. Show that %{y) is a field. (This is an exercise in abstract 
algebra; its goal is not only to show that X(V) is a field but also to provide the 
reader with an incentive to review what a field is.) 


Solution. Using the machinery of abstract algebra, this result follows from 
the statement and proof of Theorem 15.6 of J. Gallian’s Contemporary Abstract 
Algebra, which states that any integral domain has corresponding to it a quotient 
field. A ring R is an integral domain if whenever 


ab = 0 
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for a,b £ R 1 then a = 0 or b = 0. We have shown that the ring 0(F) has this 
property. The construction given in Gallian is exactly how we constructed %(V). 

In fact, we could have just quoted this result in Gallian and avoided the previous 
few problems, but it is useful to see directly those properties. 

3.4.2. The Projective Case. We have seen that the natural space for the 
study of curves is not C 2 but the projective plane IP 2 . The corresponding functions 
will have to be homogeneous polynomials. This section will be to a large extent 
a copying of the previous section, with the addition of the needed words about 
homogeneity. 

Exercise 3.4.7. Let P(x, y, z) = x 2 + xy + z 2 . Consider the two polynomials 
fi{x,y,z)=x 2 and f 2 (x, y, z) = 2x 2 + xy + z 2 
Find a point (a : b : c) £ P 2 such that 

fi(a,b,c ) ± f 2 (a,b,c). 

Now show that if (a : b : c) £ P 2 with the extra condition that the corresponding 
point (a : b : c) £ V(P), then 

fi(a, b, c) = f 2 (a, b, c). 

Solution. Almost any choice of (a : b : c) £ P 2 , as long as (a : b : c) is not 
an element of V(P), will give us that fi(a,b,c) ^ f 2 (a,b,c). For example, letting 
(a : b : c) = (1 : 1 : 1), we have 

/i(l, 1, 1) = 1 

while 

/ 2 ( 1,1,1) =4. 

Now let (a : b : c) £ V(P). We have 

f 2 (a, b, c) = 2 a 2 + ab + c 2 

= a 2 + a 2 + ab + c 2 
= a 2 + P(a : b : c) 

= a 2 

= fi(a,b,c), 

as desired. 

Why is it in the above exercise that fi(a, b, c) = f 2 (a : b : c) for any point 
(a : b : c) £ V(P)? The key is to look at f 2 {x,y,z) — fi(x,y,z). 
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equivalence relation 


Definition 3.4.5. Let V(P) be an irreducible curve. Let f(x, y, z) and g(x, y, z) 
be two homogeneous polynomials of the same degree. We say that 

f(x,y,z) ~ g(x, y, z) 

if P{x, y, z)) divides f(x, y, z) - g(x, y, z). 

Exercise 3.4.8. Show that ~ defines an equivalence relation on polynomials. 
(Recall that an equivalence relation ~ on a set X satisfies the conditions (i.) a ~ a 
for all a £ X, (ii.) a ~ b implies b ~ a, and (iii.) a ~ b and b ~ c implies a ~ c.) 

Solution. Since /(x, y, z) — f(x, y,z) = 0 and since any polynomial P(x, y, z) 
will divide into 0, we have 

f(x,y,z) ~ f(x, y, z). 

Now suppose 

f{x, y,z) ~ g(x, y, z). 

This means that there is a homogeneous polynomial Q(x : y : z) such that 
P(x, y, z)Q(x, y, z) = f(x, y, z ) - g(x, y, z). 

Since —Q(x, y, z) is also a polynomial, we have that 

P(x, y, z)(—Q(x, y, z )) = g(x, y, z) - f(x, y, z), 
giving us that g(x, y, z) ~ f(x, y, z) 

Suppose that f(x,y,z) ~ g(x,y,z) and g(x,y,z) ~ h(x,y,z) Then there exist 
homogeneous polynomials Qi(x,y,z) and Q 2 (x,y,z) such that 

P(x,y,z)Q 1 (x,y,z) = f(x,y,z) - g(x,y,z) 

P{x,y,z)Q 2 (x,y,z) = g{x,y, z) - h{x,y, z) 

Then 

P{x, y, z)(Qi(x, y, z) + Q 2 (x, y, z)) = f{x, y, z) - g(x, y, z) + g(x, y, z) - h(x, y, z) 

= f{x,y,z) - h(x,y,z), 

which shows that f(x, y, z) ~ h(x, y, z). 

In the affine case, we used the analogous equivalence relation to define the ring 
of polynomials on the curve V(P). That is a bit more difficult in this case, as we do 
not want to allow the adding of two homogeneous polynomials of different degrees. 
This is handled via defining the notion of a graded ring, which we will do in chapter 
five. Building to that definition, we consider: 
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Exercise 3.4.9. Suppose that 

fi(x,y,z) ~ f 2 {x,y,z) and gi(x,y, z) ~ g 2 {x,y, z), 

with the additional assumption that all four polynomials are homogeneous of the 
same degree. Show that 

fi(x, y, Z ) + gi{x, y, z) ~ f 2 (x, y, z) + g 2 (x, y, z), 

and 

fi(x,y,z)g 1 (x,y,z) ~ f 2 (x,y,z)g 2 (x,y,z). 

Solution. Since fx{x,y,z) ~ f 2 (x,y,z) and fi(x,y,z) ~ f 2 (x,y,z), there 
exists homogeneous polynomials Q\ and Q 2 such that 

P{x,y,z)Q 1 (x,y,z) = fi{x,y,z) - f 2 (x,y,z) 

P(x,y,z)Q 2 {x,y,z) = gi(x,y,z) - g 2 {x,y,z) 

Now 

(A + gi) - (h + g 2 ) = (A - h) + (si - gi) 

= PQi + PQ 2 

= P(Qi + Q 2 ')‘ 

Hence f x (x,y,z) + gi{x,y,z) ~ f 2 {x,y,z) g 2 {x,y,z) 

Showing that multiplication is well-defined involves a very slight trick. 

figi - f 2 g 2 = figi - hg 2 + hg 2 - f 2 g 2 
= fi(gi — g 2 ) + g 2 (fi — f 2 ) 

= hPQ 2 + g 2 PQi 
= P(fiQ 2 + g 2 Qi), 

giving us that fi(x,y,z)gi(x,y, z) ~ f 2 {x, y, z)g 2 (x, y, z). 

Luckily we have a projective analog to the functions field. 

Definition 3.4.6. Let the function field, 3C(V), for the curve V(P), where 
P(x, y,z) is a homogeneous polynomial, be all rational functions 

f(x,y,z) 

g(x,y,z) 

where 

(1) both / and g are homogeneous of the same degree, 

(2) P does not divide g (which is a way of guaranteeing that g 1 the denomi- 
nator, is not identically zero on the curve V(P)), and 
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(3) is identified with if p divides fig 2 — f 2 gi- We denote 

gi(x,y,z) _ _ g 2 {x,y,z) 

this identification by setting 

fi(x,y,z) ^ f 2 (x, y, z) 

9 i(x,y,z) g 2 {x, y, z ) ' 

As before, we want X(V) to mimic the rational numbers. 

Definition 3.4.7. On X(V), define addition and multiplication by 

.f(x,y,z) h(x,y,z) = /( x, y, z)k(x, y, z) + g(x, y, z)h(x, y, z) 
g(x,y,z) k(x, y, z) g(x, y, z)k(x, y, z) 

and 

.f(x,y,z) _ h(x, y, z) = f(x,y,z)h(x,y,z ) 
g{x,y, z) k(x, y, z) g(x,y,z)k(x,y,z)’ 
when /, g, h and k are all homogeneous and / and g have the same degree and h 
and k have the same degree. 

We now want to link the equivalence relation for the projective case with the 
equivalence relation for the affine case. 

In fact, we will show that this X(V) is isomorphic, in some sense, to the function 
field of the previous section (which is why we are using the same notation for both). 
For now, we will specify the X(V) of this section as Xp(V) and the X(V) of the 
previous section as DCa(V') 

Define 

T : X v {V) ->• UCaCF) 

by setting 

T f f{x,y,z) \ = f(x,y, 1) 

\g{x,y,z)J g{ x,y,l) 

We first show that T is well-defined. 

Exercise 3.4.10. Let /( x, y, z) and g(x, y, z) be two homogeneous polynomials 
of the same degree such that f(x, y , z) ~ g(x, y, z) with respect to the homogeneous 
polynomial P(x,y,z). Show that f(x,y,l) ~ g{x,y, 1) with respect to the non- 
homogeneous polynomial P(x,y, 1). 

Solution. Since f(x,y,z) ~ g{x,y,z), we know that P(,x,y,z) must divide 
f(x, y, z) — g(x, y , z) and hence there must be a homogeneous polynomial Q(x, y , z) 
with 

P{x, y , z)Q(x, y , z) = f(x, y, z) - g(x, y, z). 

But then 

P{x,y,l)Q{x,y 1 l) = f(x,y, 1) - g(x,y, 1), 


giving us our result. 
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Exercise 3.4.11. Let fi(x,y, z), f 2 (x,y,z),gi(x,y, z) and g 2 (x,y,z) be homo- 
geneous polynomials of the same degree such that fi(x,y,z) ~ f 2 (x,y,z) and 
9i{x,y,z) ~ g 2 (x,y,z) with respect to the homogeneous polynomial P(x,y,z). 
Show that in dCA(H) we have 

T f h(x,y,z) \ ^ T f h(x,y,z) \ 

\9i(x,y,z)J \gi{x,y,z)J ' 

Solution. We have 

T ( h(x,y,z) \ ~ T / f 2 (x,y,z) \ 

\ffi(x,y,z)J \g 2 (x,y,z)J 

if P(x, y , 1) divides 


fi{x, y, l)52(x, y, 1) - f 2 {x, y, 1 )gi(x, y, 1). 

We already know that if fi(x,y,z) ~ f 2 (x,y,z) and gi{x,y,z) ~ g 2 (x,y,z) with 
respect to the homogeneous polynomial P(x,y,z), then P(x,y,z) will divide 

fi(x,y,z)g 2 (x,y,z) - f 2 (x,y,z)g 1 {x,y,z). 

But then certainly P(x,y , 1) divides 

fi(x, y , 1)02(:e, y , 1) - f 2 ( x, y, l)gi(x, y, 1). 

Hence T indeed maps the field Xp(V ) to the field 3Ca(V). Next we want to 
show that T is a field homomorphism, which is the point of the next two exercises. 


Exercise 3.4.12. Let f(x,y,z ) and g(x,y,z) be two homogeneous polynomi- 
als of the same degree and let h(x,y,z) and k(x,y,z) be two other homogeneous 
polynomials of the same degree. Show that 


f f{x,y,z) h(x,y,z)\ = T ( f(x,y,z) \ T f h{x,y,z) \ 
\9{x,y,z) k(x,y,z)J \g{x,y,z)J \k(x,y, z) ) 


Solution. We have 

, ( f(x,y,z) h(x,y,z) \ 
\g(x,y,z) k(x,y,z)J 


T f fix, y, z)k(x, y, z) + g{x, y, z)h(x, y, z) 
V g{x,y,z)k(x,y,z) 

f(x, y , 1 )fc(x, 0, 1) + g(x, y , 1 )h{x, y, 1) 
g(x,y,l)k(x,y,l) 

. f(x,y , 1) h(x,y, 1) 
g(x,y, 1) k(x,y, 1) 

T ( f{x,y,z) \ / h(x,y,z) \ 

\g{x, y, z) ) \k(x,y, z) ) 


as desired. 
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Exercise 3.4.13. Let f(x,y,z) and g(x,y,z) be two homogeneous polynomi- 
als of the same degree and let h(x,y,z) and k(x,y,z) be two other homogeneous 
polynomials of the same degree. Show that 

T f .f(x,y,z) _ h(x,y,z) \ _ T ( f{x,y,z) \ _ y / h(x,y,z) \ 

\ 9 (x,y,z) k(x, y, z) ) \g(x,y,z)J \k(x,y,z) ) 

Solution. 

T f f(x, y, z) h(x,y,z) \ = T ( f(x,y,z)h(x,y,z) \ 

\g(x,y,z) k(x, y, z) ) \g(x,y,z)k(x,y,z) ) 

f(x,yA)h(x,y,l) 
g(x,y,l)k(x,y, 1) 
f(x,y, 1) _ h(x,y, 1) 
g{x,y,l) k(x,y, 1) 

T f f{x,y,z) \ _ T S' h(x,y,z) \ 
\g(x,y,z)J \k(x,y, z) ) 

as desired. 

To show that T is one-to-one, we use that one-to-oneness is equivalent to the 
only element mapping to zero is zero itself. 

Exercise 3.4.14. Suppose f(x,y,z) and g(x,y,z ) are two homogeneous poly- 
nomials of the same degree such that 



T f f{x,y,z) 


\g(x,y,z) 

in 3Ca(V). Show that 

f(x,y,z ) 
g{x,y,z) 

in X P (V). 



Solution. We know that 


f f{x,y,z)\ 
\g{x,y,z) ) 


= 0 


means that P(x,y, 1) must divide f(x,y, 1). Suppose P has degree d and / has 
degree n. We must have that d < n. We know that 


P(x,y,z) = z d P^/-^,l S ) 
f(x,y,z) = z n f(^,v, l) . 

We certainly have P(x/z , y/z, 1) dividing f(x/z, y/z, 1), and thus must have P(x, y, z 
z d P(x/z,y/z, 1) dividing f(x,y,z) = z n f(x/z,y/z,l), as desired. 


To finish the proof that T is an isomorphism, we must show that T is onto. 
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Exercise 3.4.15. Given two polynomials f(x,y) and g(x,y), find two homo- 
geneous polynomials F(x,y,z) and G(x,y,z) of the same degree such that 


f F{x,y , z) \ 
\G(x, y, z) ) 


f(x,y) 
g(x,y ) ' 


Solution. Let n be the degree of / and m the degree of g. We know that 



is a homogeneous polynomial of degree n and 



is a homogeneous polynomial of degree m. 
Let d be the maximum of n and m. Set 


F(x,y,z) = 
G(x,y,z) = 

Both F and G have degree d. Further 

/ F(x,y,z) \ 
\G(x, y, z) ) 


as desired. 



T ( z d f( f,g) \ 

f(x,y) 

g{x,y) 


3.5. The Riemann-Roch Theorem 

The goal of this section is to develop the Riemann-Roch Theorem, a result that 
links the algebraic and topological properties of a curve. 


Add genus-degree 
formula in this section. 


3.5.1. Intuition behind Riemann-Roch. Here is a fairly simple question. 
Let C = V(P) be a curve in P 2 . Choose some point p on the curve. Is there a 
rational function F(x, y , z ) € 3C(C) with a pole (an infinity) of order one exactly at 
the point p , with no other poles? Recall that a rational function in 3C(C) has the 
form 


F(x,y,z) = 


f{x,y,z) 


g(x,y,z) 

where f and g are homogeneous polynomials of the same degree with the additional 
property that neither / not g are zero identically on V(P) (which means that the 
polynomial P can divide neither / nor g). The poles of P on the curve V(P) occur 
when the denominator of F is zero. Thus we must look at the set of intersection 
points: 


v(< j)nv(P). 
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By Bezout’s theorem, there should be deg(g) • deg(P) points of intersection. Unless 
P has degree one, there cannot be only one zero in Y(g) (~l V(P), which means that 
F cannot have a single isolated pole of order one on C. 

There is a subtlety that we need to consider. It could be that the number of 
intersection points in V(c/)nV(P) is greater than one but that at all of these points, 
besides our chosen point p , the numerator / has the same zeros, canceling those 
from the denominator. The heart of Riemann-Roch is showing that this does not 
happen. The Riemann-Roch Theorem will give us information about what type of 
elements in 3C( C) can exist with prescribed poles on C = V(P). 

We now want to see that the straight line P 1 has a particularly well-behaved 
function field. 

Exercise 3.5.1. If x and y are the homogeneous coordinates for P 1 , show that 
the rational function 

F{x,y) = - 

y 

has a single zero at (0 : 1) and a single pole at (1:0). 

Solution. We have P(0, 1) = ° = 0. The zeroes of F correspond to the 
points in V{f) HP 1 = V(f). Since deg a; = 1, there can be only one zero. Similarly, 
we have P(0, 1) = g, which indicates a pole and the poles of F correspond to the 
points of V(g) D P 1 = V(g) . 

Exercise 3.5.2. For P 1 , find a rational function with a single zero at (1 : — 1) 
and a single pole at (1 : 0). 

Solution. Consider F(x,y) = This is an element of ^(P 1 ), since the 

numerator and denominator are both homogeneous of degree 1. Now P(l,— 1) = 
PT = 0 and there can be only 1 zero of F since deg x + y = 1. Also, P(l, 0) = ^j!p, 
which indicates a pole. 

Exercise 3.5.3. For P 1 , find a rational function with zeros at (1 : —1) and at 
(0 : 1) and a double pole at (1 : 0). 

Solution. Let F(x,y) = ^ . 

Exercise 3.5.4. For P 1 , find a rational function with zeros at (1 : —1) and 
(0 : 1) and poles at (1 : 0) and (1 : 1). 

Solution. Let F(x,y) = x ^ x+v \ = * 2 + x y 
v y(x-y) xy-y 

Exercise 3.5.5. For P 1 , show that there cannot be a rational function with 
zeros at (1 : —1) and at (0 : 1) and a single pole at (1 : 0) with no other poles. 
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Solution. Suppose such a function F(x,y) = y exists. The zeroes of F 
correspond to points in V(f) and since there are two zeroes we have deg / = 2. On 
the other hand, the poles of F correspond to points in V(g), so deg g = 1. Since / 
and g must have the same degree, no such rational function can exist. 

3.5.2. Divisors. The goal of this section is to define divisors on a curve 

V(P). 


divisor 
divisor! degree 
degree! divisor 
divisor .'effective 

/Mdsprtffi>lem9jahout 
finding divisors from 
functions on curves 


In the last section, we asked several questions concerning zeros and poles on 
curves with prescribed multiplicities. We will now introduce divisors as a tool to 
keep track of this information. 


Definition 3.5.1. A divisor on a curve 6 = V(P) is a formal finite linear 
combination of points on 6 with integer coefficients, D = nipi + n 2 p 2 + • • • + n^Pk- 
The sum n i °f the coefficients is called the degree of D. When each m > 0 
we say that D is effective. 


Given two divisors D\ and D 2 on V(P), we say 

D\ < D 2 

if and only if D 2 — Pi is effective. This defines a partial ordering on the set of all 
divisors on V(P). 

Part of the reason that divisors are natural tools to study a curve is their link 
with rational functions. 

Consider a non-zero function F in the function field, 3C(C), of the curve 6 = 
V(P). Associate to F the divisor div(P) = n,pj, where the sum is taken over all 
zeros and poles of F on V(P) and rii is the multiplicity of the zero at pi and —rij 
is the order of the pole at pj . 


"effective” and "order" 
aren’t used in this 
section... save for 
later? 

” Partial ordering" 
should appear in the 
glossary. 


Definition 3.5.2. Any divisor that can be written as div(tu) for a function 
w £ 3C(C) is called a principal divisor on 6 = V(P). 


Note that for the plane curve 6 = V(P) defined by P(x, y, z) = 0, any w £ 3C(C) 
can be written as w = > where / and g are homogeneous polynomials of the 

same degree in C\x, y, z\/(P(x, y, z)). 

Exercise 3.5.6. Let x and y be homogeneous coordinates on P 1 and let w = |. 
Write the divisor div(tc) as a formal sum of points. 


Solution. We have div(|) = (0:1) — (1 : 0). 

Exercise 3.5.7. Let x,y,z be homogeneous coordinates on P 2 . For the cubic 
curve Y{y 2 z — x 3 — xz 2 ), write the divisor cliv(|) as a formal sum of points. 
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Solution. The zeros of I on the curve are the elements of V(y) fl V(P ), and 
these are (0 : 0 : 1), (1 : 0 : i), and (1:0: —i). The poles are the elements of 
V(z) D V{P) = {(0 : 1 : 0)}. It follows that 

div(f) = (0 : 0 : 1) + (1 : 0 : i) + (1 : 0 : -i) - (0 : 1 : 0). 

Exercise 3.5.8. Let x,y,z be homogeneous coordinates on P 2 . For the cubic 
curve V(y 2 z — a; 3 — xz 2 ), show that the divisor D = 2(0 : 0 : 1) — 2(0 : 1 : 0) is 
principal. 

Solution. Let D = 2(0 : 0 : 1) — 2(0 : 1 : 0). We first note that both points are 
on V. To construct the function associated to D, let us examine the polynomials 
of degree 1. 

• For the polynomial x. the elements of V(a:)nV(j; 2 z- x 3 — xz 2 ) correspond 
to solutions to y 2 z = 0, which corresponds to the divisor (0:1:0)+ 2(0 : 
0:1). 

• For the polynomial y, the elements of V(y)nV(y 2 z — x 3 — xz 2 ) correspond 
to solutions to —a; 3 — xz 2 = 0, which corresponds to the divisor (0:0: 
1) + (1 : 0 : i) + (l : 0 : -i). 

• For the polynomial z, the elements oi V (z) nV(y 2 z — x 3 — xz 2 ) correspond 
to solutions to a; 3 = 0, which corresponds to the divisor 3(0 : 1 : 0). 

If we set w = then div(au) = (0:1:0) + 2(0 : 0 : 1) — 3(0 : 1 : 0) = D. Therefore, 
D is a principal divisor. 


Exercise 3.5.9. Show that a principal divisor has degree zero. 


Solution. Let I? be a principal divisor. Then D = div(ui) for some w £ 3C(C), 
say w = jj with deg / = n = degg. Then div(F) = ^ i+ft, where the sum is taken 
over all zeros and poles of F on V(P) and n, is the multiplicity of the zero at pi 
and —rij is the order of the pole at Pj. Since = n anc ^ 12 n j = ~ n ^ follows 
that deg(D) = n — n = 0. 


divisorgroup 


Exercise 3.5.10. Prove that the set of all divisors on a curve V(P) form an 
abelian group under addition and that the subset of principal divisors is a subgroup. 


Solution. Examine everything coordinatewise. 


3.5.3. Vector space L(D) associated to a divisor. The goal of this 
section is to associate to any divisor on a curve C a vector space that is a subspace 
of the function field 3C(C). The dimension of this vector space will be critical for 
the Riemann-Roch Theorem. 
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Definition 3.5.3. For a divisor D on a curve 6, define £(£>) to be 

L(D) = {F G DC(C) : F = 0 or div(F) + D> 0}. 

Thus for D = ^2 n pP-, we have F G L(D ) when F has a pole of order at most n p 
for points p with n p > 0 and F has a zero of multiplicity at least —n p at points p 
with n p < 0. 


Exercise 3.5.11. Consider the curve P 1 . Let D = (1 : 0) + (0 : 1). Show that 

(x-y){x + y) 


xy 


G L(D). 


Solution. Let F = ^ v l^ +v ' > ■ We have div(F) = (1 : 1) + (1 : —1) — (0 : 
1) - (1 : 0) and div(F) + D = (1 : 1) + (1 : -1) > 0 

Exercise 3.5.12. Consider the curve P 1 . Let D = (1 : 0) + (0 : 1). Show that 

(x-y)(x + y) 


xy 


G L(kD), 


for any positive integer k > 0. 


Solution. Let F = (x ~ v) x { * +v) . We have div(F) = (1 : 1) + (1 : -1) - (0 : 


1) - (1 : 0) and div(F) + kD = (1 : 1) + (1 : -1) + (k- 1)(1 : 0) + (k - 1)(0 : 1) > 0 


Exercise 3.5.13. Continuing with the previous problem. Show that 

7 T7 

(x-y)(x + y) % 

Solution. We have div(F) = (0 : 1) + (1 : 0) — (1 : 1) — (1 : —1) and 
div(F) + D = 2(0 : 1) + 2(1 : 0) — (1 : 1) — (1 : —1). Since div(F) + D is not 
effective, it follows that ^ L{D). 

Exercise 3.5.14. Let £> = (1:0: l)+(— 1 : 0 : 1) be adivisor on V(x 2 +y 2 —z 2 ). 
Show that 

f 6 LW 

but that ^ ^ L(D). 

Solution. We have div(|) = (0 : 1 : 1) + (0 : 1 : —1) — (1:0:1) — (—1 : 0 : 1). 
So div(|) + D = (0 : 1 : 1) + (0 : 1 : —1), which is effective. On the other hand, 
div(f) = (1 : 0 : 1) + (-1 : 0 : 1) - (0 : 1 : 1) - (0 : 1 : -1) and div(f) = 2(1 : 
0:1)+ 2(— 1 : 0 : 1) — (0 : 1 : 1) — (0 : 1 : —1) which is not effective. Therefore 
| G L(D) but \ $ £(£)). 

Exercise 3.5.15. Let D be a divisor on V(P). Show that £(£>) is a complex 
vector space. 


Solution. We need to verify the axioms for a vector space. 
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: Curves :EX-L (negative) =0 


Curves :EX-LD1 subset LD2 


Introduce 1(D) here? 
Why is L(D) finite 
dimensional, though? 
This follows from 
Theorem in next 
section, but should we 
wait? 


3.5: Curves : TH-1 (D+p) 


Exercise 3.5.16. For a smooth curve V(P), find F(0). 

Solution. By definition, L(0) = {F £ 3C(C) : F = 0 or div(F) > 0}. This 
means that an element of L( 0) can not have any poles, which means that it can not 
have any zeroes either. This means that L( 0) consists of the constant functions, or 
L( 0) = span{l}. 

Exercise 3.5.17. Find L(D) for the divisor D = (0 : 1) on IP 1 . 

Solution. By definition, F((0 : 1)) = {F £ 3C(C) : F = 0 or div(F) + (0 : 
1) > 0}. This means that an element of L ((0 : 1)) has a pole no worse than a pole 
of order 1 corresponding to x. This must be balanced out by a zero of order 1 
corresponding to y. Therefore, L ((0 : 1)) = span{l, |}. 

Exercise 3.5.18. Prove if deg(P) < 0, then L(D) = {0}, the trivial space. 

Solution. Let I? be a divisor on C with deg(D) < 0 and consider L(D) = 
{F £ 3C(e) : F = 0 or div(F) + D > 0}. Clearly, 0 £ L(D). Consider the identity 
function F = 1. Then div(F) + D = D. However, since deg D < 0, this shows that 
1 £ L(D). Therefore L(D) = {0}. 

Exercise 3.5.19. Prove if D\ < D 2 , then L(D 1 ) C L(D 2 ). 

Solution. Since Di < D 2 , there exists an effective divisor E with D 2 = D\ + 
E. Let F £ L(Di). If F = 0, then F £ L(D 2 ). Otherwise, div(F) + D\ > 0. This 
means that div(F) + D\ + E > E > 0, so F £ L(D 2 ). Therefore L(D \ ) C L(D 2 ). 

In the next section, we will see that the dimension of L(D) is finite. 

3.5.4. L(D + p) versus L(D). The goal of this section is to begin the proof 
of the Riemann-Roch Theorem. 


We write 1(D) for the dimension of L(D) as a vector space over C. At the end 
of this chapter we will be discussing the Riemann-Roch Theorem, which gives sharp 
statements linking the dimension, 1(D), of the vector space L(D ) with the degree 
of D and the genus of the curve C. We will start the proof here, by proving: 

Theorem 3.5.20. Let I? be a divisor on a curve C and let p £ 6 be any point 
on the curve. Then 

l(D+p) < 1(D) + 1. 

13 . 5 : Curves : EX-LD1 subset bD2 

By Exercise 13.5.19, we know that 1(D) < 1{D Thus the above theorem is 
stating that by adding a single point to a divisor, we can increase the dimension of 
the corresponding vector space by at most one. 
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Exercise 3.5.21. Let D = ^ n p p be a divisor on the curve V(P). Use this 
theorem together with the result of Exercise I3757T8 to prove that 1(D), the dimension 
of the vector space L(D), is finite. 

Solution. Write D = D + + D ~ , where D + = nipi H 1 -rikPk is an effective 

_ 13 . 5 : Curveg : EX-L (ne gat i ve ) =0 

divisor and deg(D ) < 0. By Exercise 13.5.18, l(D ) = 0. Using the previous 
theorem repeatedly, we have 

1(D) = l(D~ + D + ) < l(D ~ ) + n-i = rii < oo. 

| 3.5:Curves:TH-l(D+p) 

The proof of Theorem 3.5. 20 uses some basic linear algebra. 

Exercise 3.5.22. Let V be a complex vector space. Let 

T : V — > C 

be a linear transformation. Recall that the kernel of T is 

ker(T) = {v G V : T(v) = 0}. 

Show that ker(T) is a subspace of V. 

Solution. Let v and w be in ker(T), and let c be any scalar. Then 
T(v + w ) = T(v) + T(w) =0 + 0 = 0 


and 

T(cv) = cT(v) = 0, 

showing that ker(T) is closed under vector addition and scalar multiplication. Also, 
ker(T) is nonempty since T( 0) = 0; therefore ker(T) is a subspace of V . 

Exercise 3.5.23. Using the above notation, show that 

dim(ker(T)) < dim(U) < dim(ker(T)) + 1. 

(This problem will reejuire you to look up various facts about linear transformations 
and dimensions.) 

Solution. If W is a subspace of a vector space V, then dim(TU) < dirn(U). 
This proves the first inequality. Another general fact from linear algebra says that 
dim T(V) + dim(ker(T)) = dirnU; but T(V) is a subspace of the one dimensional 
space C, so dim T(V) = 0 or 1. 

For the next few exercises, assume that D is a divisor on a curve 6 and p € 6 
is a point on the curve. 
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Exercise 3.5.24. Suppose there is a linear transformation 

T : L(D+p) -+ C 

such that 

ker(T) = L{D). 

Show then that 

l(D + p) < 1(D) + 1. 

Solution. This follows immediately from the last two exercises. 


Is this an exercise? It 
follows so immediately 
from the last two that 
it could just be stated, 
not made an exercise. 


Thus to prove the theorem it suffices to construct such a linear transformation. 
Let D = Y2 n q*h where each n q £ Z, the q are points on 6 and all but a finite 
number of the coefficients, n q , are zero. We call the integer n q the multiplicity of 
the point q for the divisor D. 


Exercise 3.5.25. Show that the multiplicity of the point p for the divisor D+p 
is exactly one more than the multiplicity of p for the divisor D. 


Solution. Assume the nrultplicity of p for the divisor D is n p . That is, 
D = n q q + n p p (and none of the points q are p). 


Then 


D+p = ^ n q q + n v p + p 

= ^2n q q + (n p + l)p. 

Thus the multiplicity of the point p for the divisor D+p is exactly one more than 
the multiplicity of p for the divisor D. 


ex_F in L(D-p) 


Exercise 3.5.26. Let p = (0 : 1 : 1) e \(x 2 + y 2 -z 2 ). Set D = 2p+(l : 0 : 1). 
Let F £ L(D). Even though F(x,y,z) can have a pole (a singularity) at the point 
p, show that the function x 2 F(x , y, z ) cannot have a pole at p. Show if p is a zero 
of the function x 2 F(x,y, z), then F £ L(D — p). 


Solution. Write F = £, and suppose that x 2 F(x,y,z) has a pole at p. The 
function x 2 F has a zero of order (at least) two at p. For x 2 F to have a pole, this 
means that the denominator g must have a zero of order at least three at p. Then 
div(F) + D = div(F) + 2p + (1 : 0 : 1) is not effective, i.e., F qL L(D). Therefore 
x 2 F(x, y, z ) cannot have a pole at p. 

Next, if p is a zero of the function x 2 F(x,y,z), then either g does not have a 
zero at p or g has a zero at p of order 1. In either case we have div(F) + (D — p) = 
div(F) + p + (1 : 0 : 1) > 0, which means F £ L(D — p). 
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Exercise 3.5.27. Use the same notation as in the previous exercise. Define a 

map 

T : L{D) -> C 

as follows. Dehomogenize by setting z = 1. Set T(F) to be the number obtained 
by plugging in (0, 1) to the function x 2 F(x,y, 1). Show that 

' (2y - z)(2y + z)' 


T 


= 3. 


Solution. Dehomogenizing the function at z = 1 gives l ' 2y 1 ^ 2jy+1 - > ; then 
plugging in (0, 1) into the function x 2 ■ ( - 2y ~ 1 ^ y+1 '> = (2 y — l)(2y + 1) gives 
’ (2y - z){2y + z)' 


T 


= (2 — 1)(2 + 1) = 3. 


T 


= 0 . 


Exercise 3.5.28. Use the notation from the previous exercise. Show that 

'2y-z' 
x 

Solution. Dehomozenizing at z = 1 gives 24,-1 . Plugging in (0,1) into x 2 
^ = x(2y - 1) gives T {&=*■) = 0(2 - 1) = 0. 

Exercise 3.5.29. Use the notation from the previous exercise. Show that 


T : L(D) -> C 

is a linear transformation with kernel L(D — p). 

Solution. T(Fi+F 2 ) is the number when (0, 1) is plugged into x 2 (F 1 (x, y, 1) + 

F 2 (x,y, 1)). But this number is the same as that obtained when (0, 1) is plugged 

into x 2 Fi(x, y, 1) + x 2 F 2 (x, y, 1), which is T(Fi) + T(F 2 ). For any c £ C, the 

number obtained when (0, 1) is plugged into x 2 cF(x, y, 1) equals c times the number 

obtained when (0, 1) is plugged into x 2 F{ x, y, 1); this shows T(cF) = cT(F). Hence 

T is a linear transformation. Suppose T(F) = 0. That is, suppose x 2 F(x,y, 1), 

when evaluated at (0, 1), is 0. Then the point p = (0 : 1 : 1) is a zero of of 
o l ex F in L(D-p) 

the function x F(x,y,z). By Exercise B.b.26, F G L(D —p). Conversely, if F G 
L(D — p), which means div(F) + p + (1 : 0 : 1) > 0, then p is a pole of F of order 
at most 1. Therefore x 2 F(x,y, z) has a zero at p and it follows that T(F) = 0. 


We need to make a few choices about our curve C and our point p. By choosing 
coordinates correctly, we can assume that p = (0 : y : 1). We choose a line that goes 
through the point p and is not tangent to the curve C. By rotating our coordinates, 
if needed, we can assume that the line is given by L = V(x). 


ex: no pole 


Exercise 3.5.30. Let n be the multiplicity of the point p for the divisor D +p. 
For any F € L(D+p), show that the function x n F(x, y , 1) does not have a pole at 


P- 
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divisor Hinearly 
equivalent 


ex:F in L(D) 


WHY? We should give 
a hint of its value. 


Solution. Suppose x n F(x,y , 1) has a pole at p. Since x n F(x,y , 1) has a zero 
at p of multiplicity > n, F has a pole at p of order > n + 1. Then since n is the 
multiplicity of the point p for the divisor D + p, div(F) + (D +p) ^ 0 contradicting 
FsL{D+p). 

Exercise 3.5.31. Using the notation from the previous problem, show that if 
x n F(x , y, 1) has a zero at p means that F £ L(D). 

Solution. If x n F(x,y, 1) has a zero at p, then F has a pole at p of order 
< n — 1. Then, because the multiplicity of the point p for the divisor D + p is n, 
div(F) + D > 0. 


Exercise 3.5.32. Let n be the multiplicity of the point p for the divisor D+p. 
Define 

T : L(D+p) -+ C 

by setting T(F) to be the number obtained by plugging in (0,y) to the function 
x n F(x,y, 1). Show that T is a linear transformation with kernel L(D). 


Solution. Let F, F\, F 2 £ L(D + p), and let c £ C. Since 

x n (F 1 (x, y, 1) + F 2 (x,y, 1)) = x n F 1 (x, y, 1) + x n F 2 (x, y, 1) 

and 

x n (cF(x, y, 1)) = cx n F(x, y , 1), 

T(Fi + F 2 ) = T(Fi) + T(F 2 ) and T(cF ) = cT(F) showing that T is a linear 
transformation. If T(F) = 0, then p = (0 : y : 1) is a zero of x n F(x,y , 1) and by 

~ ' i L(D) 

f G L(D). Conversely, for any F G L(D ), the function x n F{x, y, 1) 


|ex:F in L(D) 

Exercise B.5.3I, F G i 

l ex: no pole 

does not have a pole at p (Exercise B.h.dU) and it does have a zero at p = (0 : y : 1); 
so T(F) = 0. 


Thus we have shown that 


1(D) < l(D+p) < 1(D) + 1. 


3.5.5. Linear equivalence of divisors. The goal of this section is to intro- 
duce a relation on divisors, called linear equivalence. 


Recall that a divisor Dona curve C is called principal if it is of the form div(w) 
for some w G X(C). 

Definition 3.5.4. Two divisors D\ and D 2 are linearly equivalent , written as 
Di = D 2 , if Di — D 2 is principal. 

Exercise 3.5.33. Prove that linear equivalence is an equivalence relation on 
the set of all divisors on V(P). 
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Solution. For any divisor D, D — D = 0 is principal since it is of the form 
div(u>) for w = \ G 3C(C). If D\ — D 2 = div(ie) for w = | G 3C(C), then D 2 — D\ = 
div(f) and f G 3C(e). If £>i -D 2 = div(£) and D 2 -D 3 = div(f) for £, f G DC(6), 
then Di - D 3 = div(^f) and G X(G). 

Exercise 3.5.34. Prove for any two points p and q in P 1 , p = q. Should we have 

notation for points as 

Solution. Let p = (a : b) and q = (c : d) be any two points in P 1 . Set djvisorSi e g ^ rather 
w = h dx-c V ■ Then w e and div ( w ) =P~ <1- Therefore p=q. than j ust p ? 

Exercise 3.5.35. For any fixed point p , prove that any divisor on P 1 is linearly 
equivalent to mp for some integer to. 

Solution. We first note that if p = q and p' = q' (for points p, q,p r , q' G P 1 ), 
then p + p' = q + q' . Now fix a point p G P 1 and let D be a divisor on P 1 . If 
D = n qQ ) then by the previous Exercise q = p for each of the points q in the 
sum. Then D = mp where to = n q = deg(ZI)- 

Exercise 3.5.36. Prove if Di = D 2 , then L(Di) = L(D 2 ) as vector spaces 
over C. 

Solution. Suppose D 3 —D 2 = div(wj) for some w G 0C(C). Define 4/ : L(Di) — > 

L(D 2 ) by ’P(F) = Fw. It is easy to check that T is a vector space homomorphism. 

If G G L(D 2 ), then G/w G L(Di) and 'F(G/tu) = G showing that T is onto. 

Suppose ’F(-F) = 0. Then Fw = 0 in the field X(G), and since w 0, F = 0. 

3.5.6. Hyperplane divisors. The goal for this section is to explicitly cal- 
culate the dimensions, 1(D), for a special class of divisors. 


We have defined divisors on a curve C as finite formal sums of points on C. In 
section 3.5.2 we extended this definition by considering the divisor of a homogeneous 
polynomial f(x,y,z), where V(f) and C share no common component. We now 
look at an important case where f(x,y,z ) is linear. 

Exercise 3.5.37. Consider the curve V(cc 2 + y 2 — z 2 ). Determine the divisor 

Di = \(x — y) nV(i 2 + y 2 — z 2 ) 

and the divisor 

D 2 = V(x) fl V(x 2 + y 2 — z 2 ). 

Show that Di = D 2 . 

Solution. The divisor of the rational function is div(^r^) = D± — D 2 , 
thus Di = D 2 . 
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divisor Ihyperplane 


Exercise 3.5.38. Keeping with the notation from the previous problem, let 
D 3 be the divisor on 


V(x 4 + 2 y 4 - x 3 z + z 4 ) n V(x 2 +y 2 - z 2 ). 

Show that D 3 = 4D 3 . (Hint: do not explicitly calculate the divisor D 3 ). 

Solution. Let F = x 4 + 2 y 4 — x 3 z + z 4 and consider the rational function 
( x -y ) 4 on the curve. The divisor of this function is div( ( x f y y ) = D 3 — 4D\, thus 

d 3 = ad 3 . 


Exercise 3.5.39. Keeping with the notation from the previous problems, let 
f(x, y, z) be a homogeneous polynomial of degree 3. Show that 

(KM 6 L (30,). 

(x - y) 3 

Solution. The rational function satisfies 

(x-vY 

div( 7 — ^—3) + 3-Di = div(/) > 0 
\x - y) 6 

thus e L(3Di). 


Exercise 3.5.40. Keeping with the notation from the previous problems, let 
f(x, y, z) be a homogeneous polynomial of degree k. Show that 

f(x,y,z) 

7 nr G L(kDi). 

(■ x - y) k 

Solution. The rational function satisfies 

(■ x—y r 

div ( (x / y) fc ) + kD 1 = div (/) ^ 0 

thus G L(kDi). 

Definition 3.5.5. Let 6 = V(P) be a plane curve defined by a homogeneous 
polynomial P( x, y, z) of degree d. Define a hyperplane divisor H on C to be the di- 
visor of zeros of a linear function in C[x, y, z], meaning that for some linear function 
£(x,y,z), set 

H = V(£) n V(P). 


We now consider the more general case. 

Exercise 3.5.41. Suppose that H and H’ are hyperplane divisors on a curve 
C. Prove that H = H' . 
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Solution. As H and H' are both hyperplane divisors on a curve C = V(P), 
we have H = V(f') fl V(P) and H' = V(P) fl V(P) for some linear functions t and 
Then Jr is a rational function in DC(C) with div( Jr) = H — H' , thus H = H' . 

Exercise 3.5.42. With the same notation as the previous problem, show for 
any homogeneous polynomial f(x, y , z) of degree m in C[x, y, z] that 

f(x,y,z) 

G L(mH). 

Dm v ' 

Solution. Since H = V(£)nV{P), mH = V{£ m )nV(P). Thus div( /( ^’ z) ) + 
mH = di v(f(x,y,z)) > 0, and G L(mH). 

Now we start calculating l{mH ) = dim L(mH), for any hyperplane divisor H. 

We know from the above exercise that L(mH) contains elements of the form 
^ X /Z’ z ^ ■ In fact, every element in L(mH) can be written in this form. To prove 
this we use 

Theorem 3.5.43 (Noether’s AF+BG Theorem). |?] 

Let F(x, y, z) and G(x, y, z) be homogeneous polynomials defining plane curves 
that have no common component. Let U(x,y,z) be a homogeneous polynomial 
that satisfies the following condition: suppose for every point P in the intersection 
V(F) fl V(G), Ip(F,U) > Ip(F,G). Then there are homogeneous polynomials A 
and B such that U = AF + BG. 

Exercise 3.5.44. In the case of the Theorem, what are the degrees of the 
polynomials A and P? 

Exercise 3.5.45. Let F(x,y,z) = x and G(x,y,z) = y. Show that any poly- 
nomial U vanishing at (0 : 0 : 1) satisfies the condition of the Theorem, thus there 
are A and B such that U = AF + BG. 

Exercise 3.5.46. Let F(x,y, z) = x 2 + y 2 + z 2 and G(x,y, z) = x 3 — y 2 z. Show 
that the polynomial U = x 4 + y 2 z 2 satisfies the condition of the Theorem, and find 
A and B such that U = AF + BG. 

We now use this Theorem to determine the form of the general element in 
L(m.H) in the following steps. 

Exercise 3.5.47. Let U G L(mH). Show that U can be written as U = ^ 
where u and v are homogeneous polynomials of the same degree in C\x,y,z\ and 
div(v) < div(u) + div(P™). 

Solution. A general non-zero element U G L(mH) is a rational function on 
C with div(P) + div(£ m ) > 0. Thus we can write U = where u and v are 
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homogeneous polynomials of the same degree in C[x,y, z]. We have 

div(u) - div(v) + div(r) > 0. 

We rewrite this as div(n) < div(u) + div(£ m ). 

Exercise 3.5.48. Let C = V(F) and let U = ^ e L(to 7L), where u and v 
are homogeneous polynomials of the same degree in C[x,y,z\. Show for all P € 
V{F) n V{v), Ip{F, ui m ) > Ip(F, v). 

Solution. By the previous exercise we have div(u) +div(t™) > div(u). Thus 
for any point P on the curve C = V(F), the polynomial u( m has a zero of multi- 
plicity at least that of v. We have Ip(F,u£ m ) > Ip(F,v). 

Exercise 3.5.49. Under the assumptions of the previous exercise, use Noether’s 
Theorem to conclude there exist A and B with u£ m — AF + Bv. Show that this 
implies U = in K(C). 

Solution. By the previous exercise, the condition for Noether’s Theorem is 
met, thus there exist homogeneous polynomials A and B with u£ m = AF + Bv. 
Moreover we know that u and v are homogeneous of the same degree, say k , so that 
B must have degree m. Since 6 = V{F), in K(C) u£ m = Bv and 

u B 
v ~ i m ' 

Thus the vector space L(mH ) consists of all functions in K(C) of the form 
for homogeneous polynomials / of degree m. To find the dimension of L(mH), we 
need to find the dimension of the vector space of possible numerators, /. The key 
will be that P cannot divide /. 

Exercise 3.5.50. Let C m [x, y, z] denote the set of all homogeneous polynomials 
of degree to together with the zero polynomial. Show that if /, g £ C m [x, y , z] and 
if A, y £ C, then 

A f + y.g e C m [x,y,z\. 

Conclude that C m [x , y, z] is a vector space over C. 

Solution. If f and g are homogeneous polynomials of degree to- then any 
linear combination of / and g is also homogeneous of degree to, or else identically 
0. 


Exercise 3.5.51. Show that dimCi[a’,y, z] = 3. Show that a basis is {x,y,z}. 

Solution. A homogeneous polynomial of degree one can be written as ciiX + 

« 2 j/ + CL 3 Z for at € C, thus {a;, y, zj is a basis and dim Ci [a;, y , 2 ] = 3. 

Exercise 3.5.52. Show that dim C 2 [a:, y, z] = 6. Show that abasis is {a: 2 , xy,xz, y 2 , yz, z 2 }. 
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Solution. A homogeneous polynomial of degree two can be written as a\x 2 + 
ci 2 xy + a^xz + a±y 2 + a$yz + a^z 2 for a * G C, thus {a; 2 , xy, xz, y 2 ,yz, z 2 } is a basis 
and dimC 2 [a;, y, z] = 6. 

Exercise 3.5.53. Show that 

dimC m [x,y,z\ = 

(By dehnition 

n\ n\ 

k) k\{n — k)\ 

This number, pronounced “n choose k”, is the number of ways of choosing k items 
from n, where order does not matter.) 

Solution. The monomials of degree m in x,y,z form a basis for C m [x,y,z\. 
The number of monomials of degree to in three variables is ( m+ ) • 

Exercise 3.5.54. Let P(x,y,z) be a homogeneous polynomial of degree d. In 
the vector space C m [x,y, z], let 

W = { j{x,y,z ) G C m [x,y,z\ : P\f}. 

If f,g &W and if A, y G C, then show 

A / + yg G W. 

Show that IE is a vector subspace of C m [x, y, z). 

Solution. Suppose /, g G W, so that / and g are both divisible by P. Then 
any linear combination of / and g with coefficients in C is either 0 or a homogeneous 
polynomial of degree m divisible by P, thus IE is a subspace of C m [x, y, z}. 

Exercise 3.5.55. With the notation of the previous problem, show that the 
vector space IE is isomorphic to the vector space C m -d[x,y,z\. (Recall that this 
means you must find a linear map T : <C m _ < i[x, y, z] — > IT that is one-to-one and 
onto.) Conclude that 

dim (IT) = dim C m - d [x,y, z]. 

Solution. Define T : C m -d[x,y,z\ -t IT by T{f) = fP. For any f,g G 
C m -d[x,y,z\ and A,/i G C, we have T(A/ + yg) = (A/ + yg)P = XfP + ygP = 
A T(f) + yT(g), thus T is linear. 

If T(f) = T(g), then clearly / = g, thus T is one-to-one. To see that T is 
also onto, any h G IE can be written as h = Pf for some polynomial / of degree 
to — deg(P) = to — d, thus h = T(f). 


to + 2 

TO 
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Exercise 3.5.56. Show that 


l(mH) = dimC m [x,y,z] - dimC m _ d [x,y,z\, 

where C n [x , y, z ] is the space of homogeneous polynomials of degree n. Thus 

,, tt\ (m+ l)(m + 2) (m — d + l)(m — d + 2) 
l(mH) = 2 • 

Solution. By exercise ??, L(mH) is the vector space of functions of the form 
jb, where / is the class of a homogeneous polynomial of degree m in K(G). 

Exercise 3.5.57. Let £ be a linear function and let H be the corresponding 
hyperplane divisor on V(P), where P(x,y,z) is homogeneous of degree d. Show 
that deg (H) = d and in general, that deg (mH) = md. (Hint: Think Bezout.) 


Solution. By Bezout’s Theorem, V(£) D V(P) consists of deg(£)deg(P) = d 
points, counting multiplicities. 


(d-l)(d-2) 

Exercise 3.5.58. Use the degree-genus formula g = to show 


that 


l(mH) = md — g + 1. 


Solution. By the previous exercises, 

,, rr . (m+l)(m + 2) (to - d+ l)(m - d + 2) 
l{mH) = . 


We compute 


l(mH ) = 


_ (m+l)(m+2) 
2 

_ (m+l)(m+2) 
— 2 


(m— d+2) 

2 

(m+l)(m+2)— d(ra+l+m+2)+cZ 2 
2 


= d(2m + 3) ~ d = md - 


= md — 


(d- l)(d-2) 


+ 1 = md — g + 1 . 


3.5.7. Riemann’s Theorem. Our goal is to prove Riemann’s Theorem. 


Throughout this section, let C = V(P) be a plane curve of degree d and genus 

9- 

Theorem 3.5.59 (Riemann’s Theorem). If D is a divisor on a plane curve 6 
of genus g, then 

1(D) > deg D — g + 1. 

Our real goal is eventually to prove the Riemann-Roch Theorem, which finds 
the explicit term that is needed to change the above inequality into an equality. 
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Riemann : hyperplane-genus 


emann : equivalent-theorem 


mann : hyperplane-equality 


Riemann : S (D+p)geS (D) 


Exercise 3.5.60. Show that for any hyperplane divisor H and any positive 
integer to, we have 

l(mH) = deg (mH) — g + 1. 

Qr yperplane : hyperplane-degree Ih yperplane : hyperplane-genus 

Solution. Exercise l?7 gives the equality d eg{mH) = md. By Exercise l?7 we 
know 

l(mH) = md — g + 1. 

Hence, 

l(mH) = deg (mH) — g + 1. 

[F ulton 1969 

Following notation used in Fulton’s Algebraic Curves l|Ful(iP| . set 
S(D) = degD + l-l(D). 

Exercise 3.5.61. Suppose that for all divisors D we have 

S(D) < g. 

Show that Riemann’s theorem is then true. 

Solution. Suppose that for all divisors D we have S(D ) < g. Then, replacing 
S(D), we have 

deg I? + 1 — 1(D) < g 

1(D) > deg D — 5 + 1 

and the final inequality is Riemann’s Theorem. 

Thus we want to show that S{D) < g , for any divisor D. 

Exercise 3.5.62. Show, for any hyperplane divisor H, that S{mH) = g for all 
positive integers to . 

[Riemann : hyperplane -genus 

Solution. By Exercise S.5.60 we have lyrnH) = d eg(mH) — g + 1, so 
S(mH) = deg (mH) + 1 — l{mH) 

= deg (mH) + 1 — (deg {m.H) — g + 1) 

= 9 - 

Exercise 3.5.63. Let D 1 < D 2 . Show that l(D ± ) < l(D 2 ). 

|3.5:Curves:EX-LDl subset LD2 

Solution. By Exercise B.5.19 we know that if D\ S ^ 2 , then L(D 1 ) C L(D 2 ), 
which implies that dimT(Ui) < dimL(H 2 ), i-e. l(D i) < l(D 2 ). 

Exercise 3.5.64. Recall for any divisor D and point p on the curve 6 that 
1(D) < l(D +p) < 1(D) + 1. Show that 


S(D+p) > S(D). 
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Riemann : S (D) equivalence 


n : polynomial-equivalence 
Again, divisors are 
finite formal sums, not 
reconciled with codim 
1 subvar's 


Solution. 


S(D + p) = deg(.D + p) + 1 — l(D + p) 
= degD + 2 - l(D +p) 

> degD + 2- (1(D) + 1) 


= degP + 1 - 1(D) 


= S(D) 


Exercise 3.5.65. Suppose that D\ = D 2 for two divisors on the curve 6. Show 

that 

S(Di) = S(D 2 ). 

Solution. Suppose D\ = D 2 on 6. Then Di — D 2 = div(ta) for some w £ 

, s Equivalence :vectorspace-isomorphism x 

3C(C). By Exercise I?? we know L{D\) = L(D 2 ), so l(D i) =l(D 2 ). Also, by Exercise 

[D ivisors : principal-degree-zero 

I?? we know deg div (w) = 0. Since D\ — D 2 = dw(w) we have deg D\ — deg D 2 = 
deg div(tu) = 0. Hence 

S(DD - S(D 2 ) = degDi + 1 - 1{D{) - (deg£» 2 + 1 - l(D 2 )) = 0. 

Exercise 3.5.66. Let f(x,y,z) £ 0(H) be a homogeneous polynomial of de- 
gree m. Let D be the divisor on 

v(/)nv(P) 

and let H be a hyperplane divisor on C. Show that D = mH and that deg(D) = md. 


Solution. A lryperplane divisor H is the divisor on V(£) flV(P) for linear 

( f \ 

function l. From the previous section we have D — mH = div - — , so D = mH. 


( f \ . 

Since div ( — I is principal, we have 

0 = deg div = deg(D — mH) = deg (D) — md. 

Hence deg D = md. 


Exercise 3.5.67. Let p = (a : b : c) £ V(P) for some curve V(P) of degree d. 
Suppose that not both a and b are zero. (This is not a big restriction on the point.) 
Let 

f(x,y,z) =ay~ bx. 

Let 

d = v(/)nv(P) 

be a divisor on V(P). Show that p < D. 
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Riemann : point sonC 


n : hyperplane-equivalence 


Solution. First we note that D is effective since / £ 0(E). Notice that 
/(a, b, c ) = 0, so p € V(/) fl V(P). Then one of the terms in the finite formal sum 
D is jp where j is a positive integer. Then (j — 1 )p is a term in D — p, and since 
j > 1, we know j — 1 > 0, so D — p is effective, i.e. p < D. 

Exercise 3.5.68. Let pi = (ai : b \ : c ±) £ V(P) and p 2 = (a 2 : b 2 : C2) £ V(P) 
for some curve V(P) of degree d. Suppose that not both a\ and b\ are zero and 
similarly for 02 and 62- Let 

f(x, y , z) = (aiy - b\x)(a 2 y - b 2 x). 

Let 

d = v(/) n v(P) 

be a divisor on V(P). Show that pi +P2 < D. 

Solution. As before we note that D is effective since / £ 0(E). We see that 
PuP 2 £ V(/), so two of the terms of D are j\P\ and j 2 p 2 , where ji,j 2 > 1. Then 
(j 1 — l)pi and (j2 — 1)^2 are terms in P — (pi + ^2)1 so D — ( pi + p 2 ) is effective, 
i.e. pi +p 2 < D. 

Exercise 3.5.69. Let pi,p 2 , . . . ,Pk £ V(P) for some curve V(P) of degree d. 

Find a polynomial / such that if 

p = v(/)nv(P) 

then pi + ■ ■ ■ + pk < D. 

Solution. Let pi = ( a* : 6,; : Cj), for 1 < i < k . We can assume without loss 
of generality that either at ^ 0 or bi ^ 0 for each i. (If a,; = 6,; = 0, then c* y 0, so 
Ci could play the role of ai in what follows.) Let 

f{x, y, z) = («ij/ - 61*) • • • ( a k y - b k x). 

Reasoning as above we know D = jipi + j 2 p 2 -\ — • + jkPk+ other terms, ji > 1, so 
D — {pi H + Pk) is effective, i.e. pi H +Pk < D. 

Exercise 3.5.70. Let F be a hyperplane divisor on C. Using the divisor D 
from the previous problem, show that there is a positive integer m such that D = 
mH. 

Solution. From above D is defined by V(/) fl C where f(x,y,z) = ( aiy — 

[RiemgLnn : polynomial-equivalence 

bix) • • • (aj^y — so deg / = k . Let m = k . Then by Exercise 13.5.66, we know 
D-kH = div , i-e. D £ L { kH ). 
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Riemann: addpointsl Exercise 3.5.71. Let D = Y rik'Pk be an effective divisor on C = V(P). Let 

n be any positive integer. Prove that there is an m > n and points qi , . . . , q k on C 
such that D + Y c li — mH. 

[Riemann : point sonC 

Solution. Let pi = (a* : bi : c*). Define / as in Exercise 13.5.69. 

k 

f(x, y, z) = tjKy - bix) ni 
2 = 1 

(If a,i = bi = 0, then replace that factor with (cjx) n< .) Since D is effective, we 
know / e 0(V) and D is the divisor defined by V(/) fl C. Now suppose n is any 
positive integer. If degD > n, then let let m = deg / = degD. By Exercise 

|Riemann:hyperplane-equi valence 

3.5.70, D = mH. If deg P < n, then take additional points q±, ... ,q k € 6 so that 
deg D + k > n, and redefine / to include the q^ s. 

Riemann: addpoints 2 Exercise 3.5.72. Let D = ^ Ukpk be a divisor on a curve V(P). Show that 

there are points qi,...,q n on V(P), which need not be distinct, such that D + qi + 
■ ■ ■ + q n is an effective divisor. 

Solution. If D is effective, then we are done, so suppose D is not effective. 
Then , . . . , rij. < 0 for some i\, i %, . . . , ij. For notational simplicity we reorder the 
sum D so that the first terms are negative, i.e. rii, ri 2 . ... ■ rij <0 and rij+ 1 , . . . , nk > 
0. Then let 91 , ... , q ni = —pi, q n 1+1 ■ ■ • , q ni +n 2 = ~P 2 i and so on until we run out of 
negative terms, which must happen since D is a finite sum. Then D + qi +• • • +q n = 
J2 n j+iPj+ii which is effective. 

Riemann: addpoints3 Exercise 3.5.73. Let D = Y^ n kPk be a divisor on a curve V(P). Let n be a 

positive integer. Prove that there exists an integer m, m> n, and points qi , . . . , qk 
on C such that D + Qi — mH. 

Riemann: addpoints2 

Solution. By Exercise 13.5.72 there are points qi , . . . , q n such that D — D -\- 

IRi emann : addpo int s 1 

q±-\ 1 - q n is effective. Then D is as in Exercise 13.5.71, so there exist m> n and 

points q n +i, ■ ■ ■ , qn+j such that D' + q n +i , . . . , q n +j = mH , so let k = n + j. Then 
D + : = rnH. 

or-hyperplane-inequality Exercise 3.5.74. Let D be a divisor on a curve C and let H be any hyperplane. 

Show that there is a positive integer m so that 

S(D) < S(mH). 

[Ri emann : addpo int s 3 

Solution. By Exercise 3.5.73 there is an integer m and points q 1 ,. . . ,q k such 
that D + By Exercise 13.5.65, since D + 22 qi = mH , we have 

S(D + J2q.i) = S(mH). Finally, by ExerciseRiemann:S(D+p)geS(D) we know 
that S(D) < S(D + qi) = S(mH). 
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Exercise 3.5.75. Prove Riemann’s Theorem. 

[Riemann : hyperplane-equality [Riemann : divisor-hyperplane-inequ 

Solution. By Exercise IKS2 we have S{mH) = g , so by Exercise 13.5.74 

[Riemann : equivalent-theorem 

S(D) < S[mH) = g. Hence Riemann’s Theorem is true by Exercise 13.5.61. 


3.5.8. Differentials. In calculus we learn that the slope of the graph y = 
f(x ) is given by the derivative at each point where it is defined. For a curve 
defined implicitly, say by an equation P(x,y) = 0, using implicit differentiation we 

■ 9P 

compute = -f fr. Similarly we define the differential of the function P(x , y) to be 

dy 

dP = W dx + % d v- 

More generally, a differential form on C 2 is a sum of terms gdf , for functions 
/, g € 3C(C 2 ) (recall that this means / and g are ratios of polynomials in two 
variables). Of course we have the usual rules from calculus, 

d(f + g ) = df + dg 

d(cf) = cdf 

d ifg) = gdf + fdg 

forceC,/, 5 e3C(C 2 ). 


Exercise 3.5.76. (1) Find the differential of f(x,y) = x 2 + y 2 — 1. 

(2) Use your answer for part (1) to find the slope of the circle f{x, y) = 0 at 
a point (x, y). 

(3) For which points on the circle is this slope undefined? 


Solution. (1) The differential of f(x , y) = x 2 + y 2 — 1 is df = 2x dx + 
2 y dy. 

(2) Using (1), the slope of the circle f(x,y) = 0 at a point ( x,y ) is the ratio 
dy/dx of the differential of y and that of x found by setting df = 0 and 
using algebra. Thus set 2x dx + 2 y dy = 0, so 2 y dy = —2x dx and 
dy/dx = —x/y is the slope of the circle f(x,y) = 0 at the point (x,y). 

(3) The slope of the circle f(x, y) = 0 is undefined when —x/y is undefined, 
which happens when y = 0. Thus, on the circle f(x, y) = x 2 + y 1 — 1 = 0, 
the points where the slope is undefined are (1, 0) and (—1, 0). (Notice that 
at both of these points the numerator of dy/dx is not zero, so the slope 
does not exist.) 


Exercise 3.5.77. (1) Find the differential of f(x, y) = x 3 + x — y 2 . 

(2) Use your answer for part (1) to find the slope of the curve f(x,y) = 0 at 
a point (x, y). 

(3) For which points on the curve is this slope undefined? 

Solution. (1) The differential of the function f(x,y) = x 3 + x — y 2 is 
df = (3x 2 + 1) dx — 2 y dy. 
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(2) Using (1), the slope of the curve f{x,y) = 0 at a point (x,y) is the ratio 
dy/dx of the differential of y and that of x found by setting df = 0 and 
using algebra. Thus set ( 3x 2 + 1) dx — 2 y dy = 0, so 2 y dy = (3a; 2 + 1) dx 
and dy/dx = (3a; 2 + l)/2 y is the slope of the curve f(x,y) = 0 at the 
point (x,y). 

(3) The slope of the curve f(x,y) = 0 is undefined when dy/dx = (3a; 2 + l)/2 y 
is undefined, which happens when y = 0. Thus, on the curve f(x,y) = 
x 3 + x — y 2 =0, the points where the slope is undefined are (0, 0), (i, 0) 
and (— i, 0). (Notice that at all three of these points the numerator of 
dy/dx is not zero, so the slope does not exist.) 

Exercise 3.5.78. Prove that the set of all differential forms on C 2 is a vector 
space over 3C(C 2 ) with basis {dx,dy}. 

Solution. By definition, a differential form on C 2 is a sum of terms g df, for 
functions /, g G 3C(C 2 ). This set is obviously closed under addition as the sum of 
sums of terms g df will again be a sum of terms of the form g df. It is equally 
clear that this addition is both commutative and associative. The zero function, 0, 
yields the zero differential form dO = 0 which is an additive identity element. Then, 
for any differential form, its additive inverse is obtained by multiplying by —1. In 
particular, the additive inverse of g df is (—g) df, and the additive inverse of a sum 
of terms g df is the sum of the terms (—g) df. 

Again recalling the definition, it is clear that the set of differential forms on C 2 
is closed under multiplication by elements of 3C(C 2 ), for if g df is a differential form 
and h G X(C 2 ), then h ■ g df = ( hg ) df with hg,f G DC(C 2 ). Hence multiplying 
a sum of terms g df by a function h G 3C(C 2 ) again yields a differential form. In 
the case when we multiply a differential form by 1, it is clear that the form is 
unchanged. The remaining properties to show are clear as well. If hi,h 2 G 3C(C 2 ) 
and v = g± df i + ■■ ■ is a differential form, then (hih 2 ) ■ v = (h\h 2 ) ■ (g 1 dfi + ■ ■ ■ ) = 
( h\hf)g\ dfi + ■■ ■ = hi(h 2 gi) dfi + ■■■ = h\ ■ (h 2 ■ v). Also, the left and right 

distributive laws hold: (hi + h 2 ) ■ (gi dfi -\ ) = (hi + h 2 )gi df 1 + • • • = (higi + 

h 2 gi) dfi = higi dfi + h 2 g ± dfi~\ = hi ■ (gi dfi H ) + h 2 ■ (gi dfi~\ ) 

and h ■ [(g df 4 ) + (g' df H )] = h ■ (g df d ) + h ■ (g' df d ). Therefore, 

the set of all differential forms on C 2 is a vector space over 3C(C 2 ). 

Finally, for any / G 3C(C 2 ), we compute its differential as df = ^ dx + dy. 
Thus any g df = g (§£ dx + §£ dy) = (pf|) dx + (g§£) dy. From this it follows 
that {dx,dy} span the set of differential forms. Note that neither dx nor dy is 
the zero differential (as x,y are not constants). Assume for sake of contradiction 
that dx,dy are linearly dependent over 3C(C 2 ). Then there are /, g G X(C 2 ) with 
f dx + g dy = 0, where we may assume that g is not the zero function. Thus 
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dy = dx. If f/g is not a constant, then evaluating / and g at values where 
f/g has different values gives dy equal to distinct constant multiples of dx, which 
is impossible. Hence f/g must be a constant C, in which case dy = —C dx implies 
that y = — Cx + K so that y and x are algebraically dependent variables in C 2 , 
which they are not. Thus the assumption that dx,dy are linearly dependent leads 
to a contradiction, so we conclude that {dx, dy} is a basis for the vector space of 
all differential forms on C 2 over !JC(C 2 ). 

To define differentials on an affine curve P(x,y) = 0 in C, we use the relation 
dP = QP dx + Q^jdy = 0. As in calculus this gives the slope — § 7575 1 of the curve 
when ^ 0. We can also use this expression to express dy in the form g(x,y)dx 

for a function g G 3C(C 2 ) (namely, g = - gp^y , the slope of our curve). 

Suppose that / G 3C(C) is determined by some F(x,y) G 3<C(C 2 ) restricted to C. 
We wish to define the differential df to be dF restricted to C. This appears to depend 
on the choice of F(x, y), which is only well-defined up to the addition of terms of the 
form G{x,y)P{x,y) for G{x,y) G 3C(C 2 ). Yet d{GP) = G(x,y) dP + P(x,y) dG, 
and we know that P(x,y) = dP = 0 on C. Thus any F + GP G 3C(C 2 ) that 
represents / G X(G) has d(F + GP) = dF when restricted to 6 , so taking df 
to be the restriction of dF is well-defined. With this established, we may define 
differentials on an affine curve C = V(P) to be sums of terms of the form g df for 

s ,/6 3 c(e). 

Exercise 3.5.79. Prove that the set of all differential forms on a non-singular 
curve C = V(P) in C 2 is a vector space over 3C(C). 

Solution. The proof that the set of differential forms on 6 is a vector space 
is the same as the previous exercise’s proof upon replacing 3C(C 2 ) with X(G). 

Exercise 3.5.80. Prove that the vector space of differentials on a non-singular 
curve C = V(P) in C 2 has dimension one over 3C(C). 

Solution. From the definition, every differential form on C is a sum of terms 
g df, where each df is the restriction of some dF with F(x,y) G 3C(C 2 ). As each 
such dF = ^ dx+ dy can be expressed in terms of dx and dy, the vector space 
of differential forms on 6 = V(P) is likewise spanned by {dx,dy}. However, on 
the curve C, we have P(x,y) = 0 identically. Thus it follows that its differential 
is likewise identically zero, dP = 0, on 6 . Yet dP = ^ dx + dy, and the 
curve is non-singular so that not both ^ and are zero. Therefore, without 
loss of generality we may assume that ^ y 0 in which case dP = 0 implies that 
dy = ~~ ap/Oy dx- Therefore {dx,dy} is not a linearly independent set over 3C(C), 
so the dimension of the set of differential forms on C over 3G(C) must be less than 


The previous 
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well-defined. The 
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or equal to one. Since not both dx and dy can be zero since C is non-singular, it 
follows that the dimension of the vector space must be exactly one as claimed. 

3.5.9. Local Coordinates. To extend our definition of differential forms to 
projective curves C = V(P) in P 2 , we will consider the affine pieces of C obtained 
by dehomogenizing the defining polynomial P(x,y,z). We can cover P 2 by three 
affine coordinate charts , that is three copies of C 2 , as follows. The bijective map 

ip : P 2 \V( 2 ) -/■ C 2 

defined by ip(x : y : z) = (f , f) assigns coordinates r = f,s = | for all points 
(x : y : z) with z 0. Similarly we can set t = f,u = f for all (x : y : z) with 
2/^0, and v = - , w = - when x ^ 0. (These three coordinate systems give a more 
careful way to “dehomogenize” polynomials in P 2 , compared to simply setting one 
coordinate equal to 1 as in the first chapter.) 

Exercise 3.5.81. Verify that the map ip : P 2 \V(z) — > C 2 is a bijection. 

Solution. To show that ip is one-to-one, suppose that <p(xi : iji : zf) = 
p{x2 : 2/2 : 2 2 ) for points (x\ : y\ : 2i),(x 2 : 2/2 : 2 2 ) 6 P 2 \V(z). This means 
that = (f a ,y £ ), so f- = and f 1 = Therefore Z 2 X i = 2:1X2 and 

V Z 1 1 Zi / V Z-2 1 Z2 ' 1 Z 1 Z-z Z 1 22 

Z2V\ = ^iJ/2, so (xx : 2/1 : 21) = (xi2 2 : yiZ 2 : 2^2) = (x 2 2i : 2/2^1 : ^2^1) = 
(X2 : 2/2 : 2 2 ) as neither 21 nor 2 2 are zero. Hence <p is a one-to-one function from 
P 2 \V(2) to C 2 . Furthermore, if (a, b) € C 2 is given, then (0:6: 1) € P 2 \V(2) and 
y>(a : b : 1) = (a, b). Thus <p is also onto, so <p : P 2 \V(2) — > C 2 is a bijection. 

Exercise 3.5.82. Use the above coordinates for three affine charts on P 2 . 

(1) Find coordinates for the point (—1 : 2 : 3) in each of the three coordinate 
charts. 

(2) Find all points in P 2 that cannot be represented in (r, s) affine space. 

(3) Find the points in P 2 that are not in either (r, s ) or (t. u ) affine space. 

Solution. (1) To determine the coordinates for the point (—1 : 2 : 3) in 
(r, s) affine space compute r = — 1/3 and s = 2/3, so the (r, s) coordinates 
are (—1/3, 2/3). The values for t = x/y and u = z/y are t = —1/2 and 
u = 3/2, so the coordinates for the point (—1 : 2 : 3) in (t,u) affine space 
are (—1/2, 3/2). Lastly, the coordinates in (v, w) affine space are (—2, —3). 

(2) The only points in P 2 that cannot be represented in (r, s) affine space are 
those for which 2 = 0 since r = xj z and s = y/z require division by 2. 
Hence the points in P 2 that cannot be represented in the (r, s) affine plane 
are those on the line 2 = 0. 

(3) The points in P 2 that cannot be represented in either (r, s ) or (t, u) is the 
intersection of those not in the (r, s) space with those not in the (t,u) 
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space. As above, those not in the (r, s) space lie on the line 2 = 0. 
Similarly, those not representable in the (t, u) affine space are the points 
of the line y = 0, so the points in P 2 that are not in either lie on both the 
lines 2 = 0 and y = 0, which intersect at the single point (1:0:0). Hence 
(1 : 0 : 0) is the only point in P 2 that is not in either (r, s ) or (t, u ) space. 

Exercise 3.5.83. In this exercise you will find the change of coordinates func- 
tions between coordinate charts. 

(1) Write the local coordinates r and s as functions of t and u. 

(2) Write the local coordinates r and s as functions of v and w. 

(3) Write the local coordinates v and w as functions of t and u. 

Solution. (1) For a point (x : y : z) to be in both the (r, s ) and the (t, u) 
coordinate charts, it is necessary that t/ / 0 and 2 / 0. Then t = x/y 

and u = z/y , so r = * = ^ ^ while s = \ = fyf = b These give the 

local coordinates r = t/u and s = 1/tt in terms of t and u. 

(2) A point (x : y : z) is in both the (r, s ) and (v, w) coordinate charts only if 

x 0 and 2^0. In this case, r = - = = — and s = - = ^ = — . 

(3) The only points (x : y : z) in both the ( v , w) and (t, it) coordinate charts 
are those with x + 0 and u 0. Then v = - = — \ and w = - = 

' & ' x x/y t x 

z/y . u 
x/y t ' 

Now let C be the curve defined by the vanishing of a homogeneous polynomial 
P(x, y , z). We will work locally by considering an affine part of the curve in one of 
the affine charts. Let p = (a : b : c) £ C. At least one of a, b, c must be non-zero; let’s 
assume c ^ 0, so we can look at the affine part of our curve P(~, -, 1) = P(r, s) = 0 
in C 2 . We assume that C is smooth, thus ^ ^ 0 or ^ 0 at (r, s) = (“, |). 

We will use the following version of the Implicit Function Theorem for curves 
in the plane. This Theorem tells us that when p is a smooth point of a curve, near 
p the curve looks like the graph of a function. For example, the circle x 2 + y 2 = 1 
is smooth at the point p = (0, 1), and we know that near p we can write the circle 
as the graph y = \/l — x 2 . Although this formula will not work for all points of the 
circle, near p we may use r as a local coordinate for our curve. 

Theorem 3.5.84. Implicit Function Theorem (Kirwan, Appendix B) 

Let F(v,w) be a polynomial over C and let ( 110 , 11 : 0 ) be a point on the curve 
F = 0. Assume f^(no 5 wo) 7 ^ 0- Then there are open neighborhoods V and W of vq 
and wo, respectively, and a holomorphic function / : V — > W such that f(v 0 ) = Wq 
and for v £ V, if f(v) = w then F(v, w ) = 0. 

In our example P(x, y) = x 2 + y 2 — 1 = 0 at the point p = (0, 1), ^ 0, thus 

by the Implicit Function Theorem a: is a local coordinate. 
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Exercise 3.5.85. We extend our circle example to the projective curve 6 = 
V(x 2 + y 2 — z 2 ). 

(1) Let’s consider the point p = (1 : 0 : 1), so we can dehonrogenize to (r, s) 
affine coordinates. Find a function /(s) that expresses C as the graph 
r = /(a) near p. At this point ^ = 0; explain why r is not a local 
coordinate at p. 

(2) Alternately write the affine part of 6 in (v,w) coordinates and give an 
alternate expression for 6 as the graph of a function near p. 

Solution. (1) The circle V(x 2 + y 2 — z 2 ) dehonrogenizes as P(r,s) = 
r 2 + s 2 — 1 and the coordinates for p become (1, 0) in the (r, s) affine plane. 
Solving r 2 + s 2 — 1 = 0 for r we have r 2 = 1 — s 2 , so that r = ±\/l — s 2 . 
Near the point p = (1,0), clearly we should select the positive root, so 
f(s ) = +\/l — s 2 and C is the graph of r = f(s) near p. 

We note that = 2s, which clearly is zero at (1,0). Thus we 
cannot use the Implicit Function Theorem to deduce that r is a local 
coordinate. In fact, it is not one. For if s = g{r) were a holomorphic 
function that expresses 6 as its graph near p, then it must be the case 
that r 2 + g(r) 2 = 1, in which case g{r) is a holomorphic square root of 
1 — r 2 near r = 1. However, this is impossible, for the square root function 
is not holomorphic in any neighborhood of z = 0, and 1 — r 2 covers such 
a neighborhood for r near 1. Therefore, no such g(r) can exist, so r is not 
a local coordinate at p. 

(2) The circle dehomogenizes as Q(v,w) = 1 + v 2 — w 2 and the coordinates 
for p = (1 : 0 : 1) become (0,1) in the (v,w) affine plane. Observing 
that = —2 w is not equal to zero at (0, 1), v is a local coordinate by 
the Implicit Function Theorem. Solving 1 + v 2 — w 2 = 0 for w we obtain 
w 2 = 1 + v 2 so w = ±\/T + v 2 . As w is positive we must select the positive 
square root, and C is the graph of w = g{v) = a/ 1 + v 2 near p = (0, 1). 

Exercise 3.5.86. Let C = V(cc 2 - yz). 

(1) Show that this curve is covered by the two charts (r, s) and (t,u), that 
is every point p € G can be written in at least one of these coordinate 
systems. 

(2) Show that r is a local coordinate at all points p = (a : b : c) € 6 with 

0. 

(3) Show that t is a local coordinate at the point (0:1:0). 

Solution. (1) Let p = (a : b : c) be a point on 6 = V(a; 2 — yz). Thus 
a 2 = be. If either b = 0 or c = 0, then a = 0 as well. However, not all 
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three can simultaneously be zero in P 2 , so not both b and c can be zero 
for p to be a point in P 2 on G. If p is a point on G in which b ^ 0, then p 
is in the (t, u) affine coordinate chart given by the condition y ^ 0, while 
if p is a point with c ^ 0, then p is in the (r, s) affine coordinate chart 
specified by z ^ 0. Therefore, every point in G can be written in at least 
one of these coordinate systems, so the curve is covered by the two charts 
indicated. 

(2) All points p = (a : b : c) £ C with c ^ 0 are in the (r, s) coordinate chart. 
The equation x 2 — yz for G dehomogenizes as F(r, s) = r 2 — s in this 
chart, and ^ = — 1. If p = (a : b : c) £ G with c ^ 0 is expressed in the 
coordinates of this chart, p = (ao, bo), then (ao, &o) = —1^0, so there 
is a holomorphic function s = f(r) that makes r a local coordinate for G 
near p by the Implicit Function Theorem. 

(3) We first observe that (0 : 1 : 0) is a point on G. The second coordinate 
of this point is nonzero, so (0 : 1 : 0) is a point on G in the (t, u) affine 
coordinate chart with coordinates (0, 0). In this chart, the equation x 2 —yz 
for G dehomogonizes as G(t,u) = t 2 — u, which has ^ = —1. Therefore, 
by the Implicit Function Theorem, §^(0, 0) = — 1 ^ 0 implies that t is a 
local coordinate for G near (0:1:0). 

Exercise 3.5.87. Let G = V(x 3 - y 2 z - x z 2 ). 

(1) Show that every point p £ G can be written in either (r, s) or ( t,u ) coor- 
dinates. 

(2) Show that r is a local coordinate at all points p = (a : b : c) £ G with 
b, c ^ 0. 

(3) Find all points on G with b = 0 or c = 0 and determine a local coordinate 
at each point. 

Solution. (1) Letp = (a : b : c) be a point on C = V(x 3 — y 2 z — xz 2 ), so 
a 3 — b 2 c — ac 2 = 0. If both b = 0 and c = 0, then a = 0 as well. However, 
not all three can simultaneously be zero in P 2 , so not both b and c can be 
zero for p to be a point in P 2 on G. If p is a point on G in which 6^0, 
then p is in the (t, u) affine coordinate chart given by the condition y / 0, 
while if p is a point with c / 0, then p is in the (r, s ) affine coordinate 
chart specified by z ^ 0. Therefore, every point in G can be written in at 
least one of these coordinate systems, so the curve is covered by the two 
charts indicated. 

(2) All points p = (a : b : c) £ G with c ^ 0 are in the (r, s) coordinate chart. 
The equation x 3 — y 2 z — xz 2 for 6 dehomogenizes as F(r, s) = r 3 — s 2 — r 
in this chart, and = —2s. If p = (a : b : c) £ G with b, c ^ 0 is 


The problem read that 
s is local coord with 

а, c^ 0, but this 
requires 3a 2 ^ 1 which 
we can't impose. I 
changed to r local with 

б, c ^ 0. Then changed 
3. to b = 0 or c = 0. - 
DM (1/27/10) 
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If a = 0, — b 2 c = 0 so 
either b = 0 or c = 0, 
but not both. This 
yields the two points 
(0:0:1) and 
(0 : 1 : 0) on C for 
which a = 0. Both 
appear in lists for b = 0 
or c = 0, so redundant 
case. - DM (1/27/10) 


Not exactly. In Ex. 
3.5.71 we showed that 
the space of forms is 
1-dimensional, but this 
doesn't mean that dx 
is always a basis for it. 
- DM (1/28/10) 

3 . 5-Exercise3 .5.78 


expressed in the coordinates of this chart, p = (ao,bo), then bo 0 and 
|jj(ao,6o) = — 26 0 y^ 0, so there is a holomorphic function s = f(r) that 
makes r a local coordinate for C near p by the Implicit Function Theorem. 

(3) Suppose p = (a : b : c) is a point on 6, so a 3 — b 2 c—ac 2 = 0. Assume 6 = 0. 
Then a 3 — ac 2 = 0, so a(a 2 — c 2 ) = a(a — c)(a + c) = 0. This requires a = 0, 
a = c or a = — c, so that p is one of the three points (0 : 0 : 1), (1 : 0 : 1) 
or (—1 : 0 : 1). For these points we may work in the (r, s) coordinate 
chart using the dehomogenized formula F(r, s) = r 3 — s 2 — r from part 2. 
Observing that = 3r 2 — 1 is not zero at any of the (r, s ) coordinates 
of these points, which are (0,0), (1,0) and (—1,0), we conclude that s 
is a local coordinate of C near each of these three points by the Implicit 
Function Theorem. 

If c = 0, then a 3 = 0, so the only such point is (0 : 1 : 0), which is 
a point in the (f , u) affine coordinate chart. In this chart, the equation 
of C, x 3 — y 2 z — xz 2 , dehomogenizes as G(t,u ) = t 3 — u — tu 2 while the 
(t,u) coordinates for (0:1:0) are (0,0). Now ^ = — 1 — 2 tu, so 
^(0, 0) = — 1 0. Therefore, by the Implicit Function Theorem, t is a 

local coordinate for 6 near (0:1:0). 

We will use local coordinates to write differential forms on curves. As the 
derivative provides local (that is, in a small neighborhood of a point)information 
about a curve, it makes sense to use this approach for differentials. 

Let w be a differential form on a non-singular curve V(P) C C 2 . In a previous 
exercise, we showed that any differential form on an affine curve in C 2 can be written 
as f(x,y)dx. At any point p = ( a, 6 ) on the curve at least one of must be 

non-zero (by the definition of non-singular). Assume ^(a, b) yf 0; by the Implicit 
Function Theorem there exists a holomorphic function g defined on neighborhoods 
of a and 6 with y = g{x). This means that we can consider a: as a coordinate for 
the curve near the point p and we can write w = h{x)dx near p for some rational 
function h{x). 

Exercise 3.5.88. Consider the curve V(x 2 — y) in C 2 . 

(1) Show that a; is a coordinate at all points on this curve. 

(2) Write the differential dy in the form f(x)dx. 

(3) Show that any differential form can be written as h{x)dx for some rational 
function h(x). 

Solution. (1) Clearly y = x 2 at all points on this curve, so a: is a local 
coordinate near every point p on V (a; 2 — y) . 
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(2) The differential of P(x,y) = x 2 — y is dP = 2 x dx — dy. On V(x 2 — y), 
P(x,y) is always 0, so dP = 0, which enables us to solve for dy as dy = 
2x dx. 

(3) Suppose that w is a differential form on Y(x 2 —y). Then it is the restriction 
to this curve of some differential form F(x, y) dx+G(x , y) dy on C 2 , where 
F(x,y),G(x,y) £ X(C 2 ) are rational functions of x and y. However, 
upon restricting this form to V(ar — y), we may replace y with x 2 and 
dy with 2x dx to obtain ui = F{x,x 2 ) dx + G(x,x 2 ) 2 xdx = [F(x,x 2 ) + 
2 xG{x,x 2 )\ dx = h(x) dx, where h{x) = F{x , x 2 )+2xG(x, x 2 ) is a rational 
function of x. 


Exercise 3.5.89. Consider the curve Y(x 2 + y 2 — 1) in C 2 . 

(1) Show that £ is a coordinate at all points (a, b) with b ^ 0. 

(2) At each point on V(x 2 + y 2 — 1) flV(y) find g(y) with x = g(y). 

(3) Write the differential dx in the form f{y)dy. 


Solution. (1) Let p = (a, b) be a point on the curve V(a - 2 +y 2 — 1) with 
b y 0. Solving the equation x 2 + y 2 ~ 1 = 0 of this curve for y, we have 
y 2 = 1 — x 2 so y = ±\/l — x 2 . In particular, as p £ V(x 2 + y 2 — 1), b 
is either +\/l — a 2 or —\/l — a 2 . Whichever sign corresponds to b gives 
the corresponding choice for y = ±\/l — x 2 as the graph of the curve 
V(x 2 +y 2 — 1) near p. Hence a; is a local coordinate near p. 

(2) There are only two points, (1,0) and (—1,0), in V(a: 2 + y 2 — 1) (~l V(y) 
corresponding to the two solutions of the equation x 2 — 1 = 0 resulting 
from setting y = 0. At the first point, (1, 0), we have x = y/l — y 2 while 
at (—1, 0) the local parametrization is given by x = — y/l — y 2 . 

(3) As in 1, at all points p = (a, b) on V(x 2 + y 2 — 1) with a ^ 0, y is 

a local coordinate with either x = \J\ — y 2 or x = —\J\ — y 2 . In the 
first case dx = — / ■ —2y dy = 7 V dy. In the second, dx = 

/ • — 2y dy = A — dy. 

Using local coordinates we can now describe differential forms on a curve C = 
V(P(x,y,z)) in P 2 . Using the previous notation we have three affine pieces of our 
curve, corresponding to the (r, s) = (f,f), ( t,u ) = (§,§), and (v,w) = (| , § ) 
coordinate charts. For an affine piece of our curve, say in the (r, s ) coordinate 
system, we can write a differential form as h(r)dr (or h(s)ds) for a rational function 
h. Using the changes of coordinates between the three affine charts we can translate 
this form to each set of coordinates. Thus a differential form on 6 is a collection of 
differential forms on each affine piece of our curve, such that these pieces “match” 
under our changes of coordinates. 


These aren't f(y)dy 
with / a rational 
function, but I don’t 
see how to get one. 
The IFT only gives us 
something 
holomorphic, which 
needn’t be rational. - 
DM(l/28/10) 
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Exercise 3.5.90. Let C be the curve V(a; 2 — yz) in P 2 , which dehomogenizes 
to r 2 — s = 0 in the (r, s) affine chart. 

(1) Show that the differential form ds can be written as 2 rdr. 

(2) Use the appropriate change of coordinates to write ds in the form f(u)du. 

(3) Use the appropriate change of coordinates to write ds in the form g(w)dw. 


Solution. (1) The curve V(x 2 — yz) dehomogenizes as P(r, s) = r 2 — s 

13 . 5-Exercise3 .5 . 7o 

in the (r, s ) affine plane. Then, as in Exercise 13.5.88, the differential ds is 
2 r dr. 

(2) In the intersection of the (r, s) and (t, u) affine coordinate charts, we have 

xjy_ 

z/y 


r = f = ITT = 5 Therefore, dr = &[£] dt + JL [1] du = ± dt + ^ du, 


so that 


ds = 2 r dr = 2 — 
u 


1 , t , 
— dt ^ du 

1! II ^ 


2 t , 2 t 2 , 

= dt 7 T du. 


However, on V(ar — yz), whose dehomogenization to the (t,u) plane is 
given by Q(t,u ) = f 2 — u, we have u = t 2 so du = 2 1 dt. Using these 
relations in the formula for ds, we obtain ds = \ 2 tdt — ^4- du = -4 du — 
du = — -4 du. 

If 3 U z 

(3) In the intersection of the (r, s) and (v, w) affine coordinate charts, we have 

x/x 
z/x 


r = ^ = = w' so dr = dw - Therefore, 


ds = 2 r dr = 2 — 
w 


— \ dw 


= 5 - dw. 

w i 


Exercise 3.5.91. Let C be the curve V(a; 2 + y 2 — z 2 ) in P 2 . Use the appropriate 
changes of coordinates to write the differential form dr in each coordinate chart. 


This last bit isn’t a 
rational function, but I 
don’t see how to get 
one. The IFT only 
gives us something 
holomorphic, which 
needn't be rational. - 
DM(l/28/10) 


Solution. First of all, in the (r, s ) coordinate chart we have dr = dr. 

In the intersection of the (r, s) and (t, u) coordinate charts, we have r = ^ = 
f/f = i,sodr = f|[i] dt+£[l] du — l dt — ^ du. In this chart, x 2 + y 2 - z 2 = 0 
dehomogenizes as t 2 + 1 — u 2 = 0, so u 2 = t 2 + 1. Hence 2u du = 2 1 dt or 
u du = t dt. In the intersection of the (r, s) and ( t , u) charts z, y 4 0, so u = | 4 0. 
Therefore du = ± dt, so dr = £ dt - 4* £ dt = (£ - dt = dt = 4, dt = 

(t 2 + l)" 3 / 2 dt. 

Finally, in the intersection of the (r, s) and (v,w) coordinate charts, we have 
r = ^ ^ = T. Thus dr = —-^2 dw in the (v,w) affine coordinate chart. 

3.5.10. The Canonical Divisor. We now define the divisor associated to a 
differential form on a smooth projective curve 6 C P 2 . For any differential form ui, 
we want to determine a divisor div(u>) = n pPi a finite sum of points p £ C with 
integer coefficients n p . 
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To define this divisor, let p = (a : b : c) be any point on C and assume c / 0. 
By de-homogenizing we can consider p as a point on the affine piece of 6 given by 
P(-, 1) = 0 in C 2 where as before we write r = -,s = | as coordinates for C 2 . 

As G is non-singular, at least one of is non-zero at (a : b : c). Moreover, 

as c ^ 0, by Euler’s formula either dP ^' 1 ' > ^ 0 or ^ 0 at (r, s) = (|, |). 

Assume aP g^ s ’ 1 '* ^ 0; then we have r as local coordinate at p. Thus we can write 
w = h(r)dr near p. We define the order n p of div(w) at p to be the order of the 
divisor of the rational function h(r ) at p. 

As a first example, let 6 be the curve V(x 2 — yz) and let ui = ds. In a previous 
exercise we determined how to transform u> among the different affine charts. We 
now use these expressions to compute the divisor of w. 

Exercise 3.5.92. (1) Show that r is a local coordinate for all points p = 

(a : b : c) on G with c ^ 0. 

(2) Show that we can write ui in the form 2 rdr for all points with c ^ 0. 

(3) Show that at all points with 0, the divisor of 2r is (0 : 0 : 1) since 2 r 
has a simple zero at this point. 

(4) Show that when c = 0, then p £ G implies that p = (0 : 1 : 0). Verify that 
t is a local coordinate for 6 at (0:1:0). 

(5) Show that w = — p - dt at (0 : 1 : 0),and at this point — p- has a pole of 
order 3 at (0 : 1 : 0), thus the divisor is —3(0 : 1 : 0). 

(6) Conclude that the divisor of w is (0 : 0 : 1) — 3(0 : 1 : 0). 

Exercise 3.5.93. Show that this definition of divisor does not depend on our 
choice of local coordinates at p. 

Since the order of the divisor of a differential form is well-defined, we can make 
the following definition. 

Definition 3.5.6. The canonical divisor class Kq on a curve G is the divisor 
associated to any differential form ui on 6. 

Of course we also need to check that the linear equivalence class of the divisor 
Kq does not depend on our choice of differential form. 

Exercise 3.5.94. Assume G is a non-singular curve. 

(1) Let f,g £ 3C(C). Show that di v(fdg) = div(dg). 

(2) Let wi,W 2 be two differential forms on C. Show that div(uq) = div(oi 2 ). 

Exercise 3.5.95. To compute the canonical divisor of the projective line P 1 , 
write (x : y) for coordinates of IP 1 , with affine charts u = - and v = %. . 

(1) Show that the divisor of du is equal to —2(1 : 0). 
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(2) Show that the divisor of dv is equal to —2(0 : 1). 

(3) Prove that the divisors of the two differential forms du and dv are linearly 
equivalent. 

Exercise 3.5.96. Let C = V(x 2 - yz). 

(1) Compute the divisor of the differential form dr. 

(2) Compute the divisor of the differential form ds. 

(3) Prove that the divisors of the two differential forms dr and ds are linearly 
equivalent and of degree —2. 

Exercise 3.5.97. Let 6 be the curve defined by P(x, y, z) = x 2 + y 2 — z 2 = 0. 
We will compute the divisor of the differential form dr, where r = - . 

(1) For points p = (a : b : c) £ C with c = 0, show that w = | is a local 

coordinate. Use that r = ^ to write dr as h(w)dw. Show that there are 

two points on C with w = 0 and that h(w) has a pole of order two at each. 

(2) For points p = (a : b : c) £ 6 with c / 0 and ^ ^ 0, show that r is 

a local coordinate. Conclude that the divisor of dr has no zeros or poles 
when 0, ^ 0. 

(3) For points p = (a : b : c) £ C with c^0 and ^ = 0, show that fy 7^ 0 
and therefore a/0. By the Implicit Function Theorem s = - is a local 
coordinate at these points. Use r 2 + s 2 = 1 to write dr = h(s)ds and show 
that h(s) has zeros of multiplicity one at each of these points. 

(4) Conclude that div(u}) is a divisor of degree —2. 

In the previous exercises we found that the divisor of a differential form on a 
curve of genus 0 has degree —2. For a general smooth curve we have the following 
relation between genus and degree of Kq. 

Theorem 3.5.98. The degree of a canonical divisor on a non-singular curve 6 
of genus g is 2g — 2. 

We outline a proof of this theorem in the following exercises. 

Exercise 3.5.99. Let 6 be a non-singular curve defined by a homogeneous 
polynomial P(x, y, z) of degree n. 

(1) Show that by changing coordinates if necessary we may assume (1:0: 

0) i e. 

(2) Show that the curve C is covered by two copies of C 2 , {(a : b : c) : c ^ 0} 
and {(a : 6 : c) : 6 y 0}. Conclude that every point of C we may use either 
the coordinates (r, s) where r = f , s = f or (t, u) where t = u = 
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(3) Let Pi(r,s) = P(r,s, 1) and P 2 (t,u) = P(t,l,u) be the de-homogenized 

polynomials defining C in the two coordinate systems. Prove that = 
I & = %(r,s, 1), d -it = ^ 

(4) Explain why (1 : 0 : 0) ^ C implies that has degree n — 1. 

(5) Show that by changing coordinates if necessary we may assume if p = (a : 


b : c) £ C with b, c) = 0, then c^O. 


We will find the degree of Kq by computing the divisor of the differential one- 
form w = ds , where s = |. By the previous exercise we may assume (1 : 0 : 0) ^ 6 
and if p = (a : b : c) € C with (a, b , c) = 0, then c ^ 0. 

Exercise 3.5.100. First consider points (a : b : c) on the curve with c 7^ 0 and 
^ y 0. Show that s is a local coordinate and w has no zeros or poles at these 
points. 


Exercise 3.5.101. Next we determine div(w) at points (a : b : c) with c / 0 

and ir = °- 

(1) Show that we must have ^ y 0 at these points, and that r is a local 
coordinate. 

(2) Use Pi(r, s) = 0 to write w = ds in the form f{r)dr. 

(3) Compute the degree of div(w) at these points by determining the order of 
the zeros or poles of f(r). 

Exercise 3.5.102. Now we determine div(w) at points (a : b : c) with c = 0. 

(1) Show that u is a local coordinate. 

(2) Write w = ds in the form g(u)du. 

(3) Compute the degree of div(w) at these points by determining the order of 
the zeros or poles of g{u). 

(4) Conclude that div(w) has degree n(n — 1) — 2n = n(n — 3). Use exercise 
3.3.4 to show that this is equal to 2 g — 2, where g is the genus of C. 


Exercise 3.5.103. Let C = V ( xy + xz + yz). 

(1) Find a change of coordinates to transform C to an equivalent curve 6' 
such that (1 : 0 : 0) ^ S'. 

(2) Compute the canonical divisor class of 6' by computing the divisor of 
w = ds. 


Exercise 3.5.104. Let C = V ( y 2 z - x 3 + xz 2 ). 

(1) Find a change of coordinates to transform C to an equivalent curve C' 

such that for all p = (o : b : c) G C', (a, b,c) =0 implies 0. 

(2) Compute the canonical divisor class of 6' by computing the divisor of 
lo = ds. 



274 


Algebraic Geometry: A Problem Solving Approach 


Exercise 3.5.105. Let C = V ( y 2 z — x 3 + xz 2 ). Compute the canonical divisor 
of C by finding the divisor of dr. 

Exercise 3.5.106. Let 6 = V(x n + y n + z n ). Compute the canonical divisor 
of e. 

3.5.11. The space L(K — D). We will now see the important role that the 
canonical divisor plays in the Riemann-Roch Theorem. We proved previously Rie- 
mann’s Theorem, 

1(D) > deg D — g + 1 

for any divisor D on a smooth curve 6 of genus g. We now improve this result by 
determining the value of 1(D) — (degH — g + 1). We will show that for all D on 6, 
this difference is equal to the dimension of the space L(Kq — D). 

We have seen for any point p € C, 1(D) < l(D + p) < 1(D) + 1, that is L(D) is 
either equal to L(D + p) or a subspace of codimension one. Applying this to the 
divisor K—D , we have either l(K—D) = l(I\—D—p) or L(K—D) = l(K—D—p)+ 1. 

For our next result we need an important consequence of the Residue Theorem: 
there is no differential form on C with a simple (order one) pole at one point and 
no other poles. 

Exercise 3.5.107. We will show if L(D) C L(D + p) then L(K — D — p) = 
L(K — D). 

(1) Assume L(D) C L(D + p) and L(K — D — p) C L(K — D). Show that 
this implies the existence of functions f,g€ 3C(C) with div(/) +D+p > 0 
and div(g) + K — D > 0, such that these relations are equalities at p. 

(2) Let w be a differential form on 6 so that cliv(w) = Kq. Show that 
di v(fgco) + p > 0 and thus the form fguj has a simple pole at p. 

(3) Explain why this contradicts the Residue Theorem (see appendix). 

(4) Show that this result is equivalent to the inequality l(D + p) — 1(D) + 
l(K - D) - l(K - D-p) < 1. 

Exercise 3.5.108. Let qi,.. .,qk be points on the curve C. Use the previous 
exercise and induction to show 

k k 

l(D + di) - 1(D) + l(K - D) - l(K -D~Ydi)< k. 
i i 

Exercise 3.5.109. Prove there exists a positive integer n such that 1(Kq — 
nH) = 0, where H is a hyperplane divisor. 

3.5.12. Riemann-Roch Theorem. We have previously shown Riemann’s 
Theorem: for a divisor D on a smooth plane curve 6 of genus g , 1(D) > degD—g+1. 
This result provides a bound for the dimension of the space of functions on C with 
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poles bounded by the divisor D. A remarkable fact is that we can explicitly calculate 
the error term in this inequality; that is, we can improve this result in the Riemann 
Roch Theorem: 

Theorem 3.5.110. If D is a divisor on a smooth plane curve C of genus g and 
Kq is the canonical divisor of 6, then 

1(D) — 1(Kq — D) = deg D — g + 1. 

This theorem allows us to explictly calculate the dimensions of spaces of func- 
tions on our curve 6 in terms of the genus of 6 and the degree of the bounding 
divisor D. As before we will prove this for smooth curves in the plane, but in 
fact the result also holds for singular curves. The Riemann-Roch Theorem can 
also be generalized to higher dimensional varieties. In the next several exercises we 
complete the proof. 

Exercise 3.5.111. Let n be a positive integer with 1(Kq — nH) = 0; use 
Exercise 3.5.63 to show there exists m > n and q ±, . . . , qk £ 6 with D+2_ j1 qi = mH. 
Show that the degree of D is to deg C — k. 

Solution. Exercise 3.5.63 gives us this result almost immediately. If the initial 
to used in exercise 3.5.63 is not larger than n, just add more points that are given 
by intersections of the curve with the hyperplane H to make m > n. 

Since H is a hyperplane divisor, and thus really is just the intersection of the 
curve C with a line, we have 


deg(-ff) = deg(C). 

We know that divisors that are linearly equivalent have the same degrees. Thus we 
have 

k 

deg (D + ^ qi) = deg (mH) = m deg C. 

l 

Since 

k 

deg (D + Qi) = deg (D) + k, 
i 

we get that 

deg(H) = to deg C — k. 

Exercise 3.5.112. Using the notation of the previous Exercise and Exercise 
3.5.97, show that 


l(mH) - 1(D) + l(K e -D)< k. 
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Solution. Exercise 3.5.97 state that 

k k 

l(D + J2 Qi) - KD) + l(K e - O) - l(K e -D-J2<li)< *• 

1 i 

From the first exercise of this section, we know that D + qi = mH. Hence 
l(mH) — 1(D) + 1(Kq — D) — l(Ke — mH) < k. 

But we also know that 1(Kq — mH) = 0. Thus 

l(mH) - 1(D) + l(K e — D) < k 

is indeed true. 

Exercise 3.5.113. Using the notation of the previous Exercise and that 
deg (mH) = ?ndeg(C) — g + 1 
(Exercise 3.5.50), show that 

l(D)-l(K e -D) > deg .0-3 + 1. 


Solution. Since 

l(mH)m deg(C) — g + 1, 

we have 

mdeg(C) — g + 1 — 1(D) + 1(Kq — D) < k. 

Then 

mdeg(C) — k — g + 1 < 1(D) — 1(Kq — O). 
But in the first exercise of this section we showed that 

deg(O) = to deg C — k. 


Hence we have 

deg(O) — 3 + 1 < 1(D) — 1(Kq — D), 

as desired. 

Exercise 3.5.114. Show that 

deg(O) — 3 + 1 > 1(D) — 1(Kq — D). 
(Hint: think of Kq — O as a divisor.) 

Solution. For any divisor D we know that 

deg(O) — 3 + 1 < 1(D) — 1(Kq — O). 
Let us plug in for D the divisor Kq — D. Then 


deg(X e - O) - 3 + 1 < l(K e - D) - l(K e - (K e - O)). 



DRAFT COPY: Complied on February 4, 2010. 


277 


We know that deg((RTe) = 2g — 2, which means that we have 

2 5 - 2 - deg(D) -g + 1 < l(K e — D) — 1(D)), 
or 

g - 1 - deg(D) < 1(Kq -D)- 1(D)). 

Multiplying through by (—1) give us 

deg(D) -g+ 1 > 1(D) - l(K e - D). 

Exercise 3.5.115. Prove the Riemann-Roch Theorem: show that 
1(D) — l(K e — D) = degD — g + 1. 

Solution. We have 

deg (D) - g + 1 > 1(D) - l(K e - D) < deg (D) - g + 1. 

The result follows. 

Exercise 3.5.116. Use the Riemann Roch Theorem to prove for a divisor D 
with degD > 0 on an elliptic curve, 1(D) = degD. 

Solution. We know from section 3.5.10 that the degree of the canonical divisor 
is always 2 g — 2. Thus for an elliptic curve, the degree of Kq is zero, meaning that 
the degree of Ke — D is negative. This means that 1(Kq — D) = 0, for the following 
reason. Suppose / £ L(Kq — D). This means that 

(/) + K e - D > 0. 

Then we have 

0 < deg((/) + K e - D) = deg(/) + deg(RT e - D) = deg(RT e - D) < 0, 
which is absurd. Thus 1(Kq — D) = 0. Then Riemann-Roch gives us 

1(D) = degD - 1 + 1 = degD, 

as desired. 

Exercise 3.5.117. For a smooth curve C prove that the genus g is equal to the 
dimension of the vector space L(Kq). 

Solution. Here our divisor D is the canonical divisor Ke, which we know has 
degree 2g — 2. Now, 

l(K e - K e ) = 1(0) = 1, 

since L( 0) is the one-dimensional space of constant functions. Thus Riemann-Roch 


1(D) - l(K e - D) = deg(D) -g + 1 
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becomes 

l{Ke)-\ = 2g-2-g + \, 

which gives us our result. 

Exercise 3.5.118. Suppose D is a divisor of degree 2g — 2 with 1(D) = g. 
Prove that D is linearly equivalent to the canonical divisor. 

Solution. Riemann-Roch, in this case, becomes 

g-l(K fi -D)=2g-2-g+\, 

which means that 

l(K e -D) = 1. 

Thus there is a non-zero rational function such that 


/ g L(K e - D) 


meaning that 


We have, though, 


which means that 


which in turn means 


0 < (/) + K e - D. 


deg ((/) + K e -D = 0, 


0 = (/) + K e - D, 


(/) + K e = D. 

This satisfies the definition for D to be linearly equivalent to the canonical divisor 
I<e- 


3.5.13. Associativity of the Group Law for a Cubic. As an application 
of Riemann-Roch, we will finally provide a proof of associativity for the group law 
on a cubic curve. Starting with a smooth cubic curve C, we must show, given any 
three points P,Q,R G C, that 

(P + Q ) + R — P + (Q + R). 

Most of the following exercises will depend on the material in chapter two. We 
start, though, with how we will use the Riemann-Roch theorem. 

Exercise 3.5.119. Let T be a point on the smooth cubic curve C. Show that 
L(T) is one-dimensional and conclude that the only rational functions in L(T) are 
constant functions. 
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Solution. The point T can be though of as a divisor on C of degree one. Since 
C is a cubic, we know that its genus g is one and that its canonical divisor Kq is 
linearly equivalent to the zero divisor, which in turn means that l(Ke — T) = 0. 
Then the Riemann-Roch theorem 

l(T) — 1 {Kq —T) = deg(T) — <7 + 1 

becomes 

m = 1 , 

as desired. 

Now, any constant function / has the property that 

(f) + T = T> 0, 

which means that L(T) contains all constant functions. Since L(T) has just been 
shown to be one-dimensional, we must have that L(T) consists just of constant 
functions. 

Exercise 3.5.120. Let S and T be two points on the smooth cubic curve C. 
Suppose there is a rational function / such that 

(f)+T = S. 

Show that S = T. 


Solution. Suppose that 

Then 


(f) + T = S. 


(f)+T = T> 0, 

which means that / £ L(T). Thus f must be a constant function, which means 
that (/) = 0, which in turn means that 


S = T. 


Let 

S = (P + Q) + R, T = P + {Q + R). 

Here the ‘ + ” refers to the cubic addition, not the divisor addition. Our goal is to 
show that S = T. 

Let 

A = P + Q,B = Q + R. 

Again, the addition is the cubic law addition. Let O denote the identity element of 
the smooth cubic curve 6. 
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Exercise 3.5.121. Find a linear function li(x,y,z) such that 

(h = o)ne = {P,Q,-A}. 

Here — A refers to the inverse of A with respect to the group law of the cubic. 

Solution. By the definition of the group law, P , Q and — (P + Q) = — A must 
be collinear, which means that there is indeed a linear function l\{x, y , z) such that 

(h=o)ne = {P,Q,-A}. 

Exercise 3.5.122. Find a linear function l 2 (x,y,z) such that 

(h = o)ne = {A,0,-A}. 

Solution. By the definition of the inverse for the group law for a cubic, we 
know that A, 0 and —A are collinear. Hence there is linear function l 2 (x, y, z) such 
that 

(i 2 = o)ne = {d,o,-4 

Exercise 3.5.123. Find a rational function (f> such that 

{<t>) = P + Q- A-0. 

Here the addition is the addition for divisors. 

Solution. Set 



Then 

(</>) = P + Q + (— A) — (H + 0 + (— H)) = P + Q — A — 0. 

Exercise 3.5.124. Find a linear function l^(x,y,z) such that 

(h = o)ne = {A, r,-S}. 

Here —S refers to the inverse of S with respect to the group law of the cubic. 

Solution. We have that S = A + R, under the group law for the cubic. By 
the definition of the group law, A , R and —S must be collinear, which means that 
there is indeed a linear function l^(x, y, z) such that 

(i 3 = 0)ne = {A,R,-s}. 

Exercise 3.5.125. Find a linear function U(x,y,z) such that 


{k = o)ne = {s,o,-s}. 
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Solution. By the definition of the inverse for the group law for a cubic, we 
know that S, 0 and —S are collinear. Hence there is linear function l^{x,y,z) such 
that 

(i 4 = o)ne = {5,o,-s}. 

Exercise 3.5.126. Find a rational function if) such that 

(ip) = A + R — S — 0. 

Here the addition is the addition for divisors. 

Solution. Set 



Then 

(VO = A + R + (-S) -( S + 0 + (-S)) = A + R-S- 0. 
Exercise 3.5.127. Show that 

(ip<p) = P + Q + R- S - 20. 

Here the addition is the addition for divisors. 

Solution. We have 


(ip<p) = (VO (VO = A + P- S , -0 + P + Q- H- 0 = P + Q + P- S'-20. 

Exercise 3.5.128. Following the outline of the last six exercise, find a rational 
function /i so that 

(m) = p + Q + p-t- 20. 

Here the addition is the addition for divisors. 

Solution. By the definition of the group law, Q, R and — (Q + R) = —B must 
be collinear, which means that there is a linear function m\(x,y,z) such that 

(mi = 0) (1 6 = (Q, R, —B}. 

By the definition of the inverse for the group law for a cubic, we know that B , 
0 and — B are collinear. Hence there is linear function 012 ( 1 , y,z) such that 

(m 2 = 0) n S = {B, 0, — B}. 

Set 

TOi 

a = — 

Then 

(a) = Q + R + ( -B ) - (B + 0 + (-B)) = Q + R-B- 0. 

Here the addition is the addition for divisors. 
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We have that T = P + B, under the group law for the cubic. By the definition 
of the group law, P, B and —S must be collinear, which means that there is a linear 
function m^x, y, z) such that 

(m 3 = 0) n e = {P, B, —T}. 

By the definition of the inverse for the group law for a cubic, we know that T, 
0 and — T are collinear. Hence there is linear function m^x^y, z) such that 

(TO 4 = 0)ne = {T,0,-T}. 

Set 

ft=^ 

TO4 

Then 

{ft) = P + B + (— T) - (T + 0 + (-T)) =P + B-T- 0. 

Set 

H = aft. 

Then 

(n) = Q + R- B - 0 - (P + B - 
using the addition for divisors. 

Exercise 3.5.129. Show that is a 

w<t> 

(s) + 

Solution. We have 

( — )+T = P + Q + R~T~ 20 -(P + Q + R-S - 20) + T = S. 

\W<t>J 

Exercise 3.5.130. Put these exercises together to prove that the group law 
for cubics is associative. 

Solution. We have a rational function -ftr such that 

w 

fe) +r = s - 

But by the second exercise of this section, this means that S and T are the same 
point. 

Thus 

(P + Q) + R = S = T = P + (Q + R). 


T-0) = P + Q + R-T- 20, 

rational function such that 
T = S. 


We have associativity. 
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Move to Chapter 4 - 
Blow-ups and Rational 
Maps 


3.6. Singularities and Blowing Up curvelsingularity 

It ansin 

In Section I??, we showed that conics and some higher-order curves are smooth 
and some are singular. The goal of this section is to examine singular points in 
more depth. In the final section, we will learn a classical technique, called blowing 
up, whose goal is to take any singular plane curve X and construct a new curve 
Y (embedded in a higher dimensional space) that is closely related to X and, in a 
certain sense, less singular. 


3.6.1. Some Singular Plane Curves. Recall from Section I?? that a point 
p = (a, b) on a curve 6 = {(i,j)eC 2 : f(x, y ) = 0} is a singular point of 6, if 

^(a,b) = 0 and ^-(a,b) = 0. 

A point that is not singular is called smooth. If there are no singular points on C, 
the curve is called a smooth curve. If there is at least one singular point on 6, the 
curve is called a singular curve. Intuitively, a curve has a singularity where there 
is not well-defined tangent line. 

Likewise, a point p on a curve 6 = {(x : y : z) £ P 2 : f(x : y : z) = 0}, where 
f(x : y : z) is a homogeneous polynomial, is singular if any two of and ^ 

vanish at the point p. 

Exercise 3.6.1. Consider a polynomial P(z,w) in two complex variables with 
real coefficients. Let Vc = {(z,w) £ C 2 : P(z,w ) = 0} and its “real part” be Vr = 
{(#, y) £ R 2 : P(x,y) = 0}. Suppose (0,0) £ Vfc- This implies that (0,0) £ Vr. 

(1) If Vr is singular at (0,0), is Vc singular at (0,0)? 

(2) If Vr is nonsingular at (0,0), is Vc necessarily nonsingular at (0,0)? 

Solution. The partial derivatives dP/dz and dP/dw are the same for points 
in R 2 and points in C 2 . The point (0, 0) is both in R 2 and in C 2 . Thus the behavior 
of the two partial derivatives must be the same, over either R 2 or C 2 . Thus the 
curve is smooth at (0, 0) in R 2 if and only if it is smooth in C 2 , and hence singular 
at (0, 0) in R 2 if and only if it is singular in C 2 . 

Exercise 3.6.2. Show that (0, 0) is a singular point of X(x 2 — y 2 ) in C 2 . Sketch 
the curve V(x 2 — y 2 ) in R 2 , to see that at the origin there is no well-defined tangent. 

Solution. Let P(x,y) = x 2 — y 2 . First, the origin (0,0) is on the curve since 


P(0,0) = 0 2 — 0 2 = 0. 
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We have 

dP 

dx 

dP 

dy 

Thus at (0,0), both partial derivatives 
point. 

In M 2 , the curve looks like: 



= 2x 
= -2 y 

are zero, meaning that (0, 0) is a singular 

y 


Exercise 3.6.3. 
(This curve is called 


Show that (0 : 0 : 1) is a singular point on V[zy 2 — x 3 ) in P 2 . 

Ireal cuspidal 

the cuspidal cubic. See also Exercise I??.) 


Solution. Let P(x,y,z ) = zy 2 — x 3 . Since 

P(0,0, 1) = 1 • 0 2 - 0 3 = 0, 

we know that (0 : 0 : 1) € V(zy 2 — x 3 ). Now for the partial derivatives for P: 


dP 

dx 

dP 

dy 

dP 

dz 


= —3x 


= 2yz 


= y 


All three of these partial derivatives are zero at the point t (0 : 0 : 1), meaning that 
it is a singular point. 


Exercise 3.6.4. Show that V(y 2 z — x 3 + x 2 z) in P 2 is singular at (0 : 0 : 1). 

Ir ealnodal 

(This curve is called the nodal cubic. See also Exercise I??.) 
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Solution. Let P{x, y, z) = y 2 z — x 3 + x 2 z. Since 

P(0,0,l) = 0 2 -l- 0 3 + 0 2 -l = 0, 


we know that (0 : 0 : 1) £ V{y 2 z — x 3 + x 2 z). Now for the partial derivatives for P : 


dP 

dx 

dP 

dy 


—3x 2 + 2 xz 
2 yz 


dP 

dz 


= y 


All three of these partial derivatives are zero at the point t (0 : 0 : 1), meaning that 
it is a singular point. 


Exercise 3.6.5. Let V be V(x 4 + y 4 - 1) in C 2 . 

(1) Is V singular? 

(2) Homogenize V. Is the corresponding curve in P 2 singular? 

Solution. We will show that the curve is smooth in C 2 and remains smooth 
in P 2 . Let P(x, y) = x 4 + y 4 — 1. We have that 


dP , 3 

- 5 - = 4X 3 

OX 

dP a 3 

dy ~ V ' 

For there to be a singular point, we must have x = 0 and y 

P{ 0, 0) = 0 4 + 0 4 - 1 ^ 0, 


0. But at the origin 


meaning that the origin is not on the curve. Thus the curve must be smooth in C 2 . 
Now homogenize the original curve to get 


p (x,y,z) = x 4 +y 4 - z 4 . 


We have 


dP 

dx 

dP 

dy 


4a? 3 
4 y 3 


dP 

dz 


^ = -4z 4 


The only way for all three of these partial derivatives to be zero is 
and z = 0. The projective plance P 2 does not contain the point (0 
the curve is still in smooth in P 2 . 


for x = 0, y — 0 
: 0 : 0), meaning 


Exercise 3.6.6. Let V be V(y - x 3 ) in C 2 . 
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(1) Is V singular? 

(2) Homogenize V. Is the corresponding curve in P 2 singular? If so, find an 
affine chart of P 2 containing one of its singularities, and dehomogenize the 
curve in that chart. 

Solution. We will show that the curve is smooth in C 2 but is singular in P 2 . 
Let P(x, y) = y — x 3 . We have that 


dP 

dx 

dP 

dy 


= —3a; 2 

= 1 . 


Since dP/dy is the constant 1, it can never be zero, meaning that the curve must 
be smooth in C 2 . 

Now homogenize the original curve to get 

P(x,y,z) = z 2 y — x 3 . 


We have 


dP n 2 

w- = -3a: 2 
ox 

dP 

dy 


= z 


dP 2 

Ih z v 

The only way for all three of these partial derivatives to be zero is for x = 0, y = 1 
and z = 0. Since 

P(0 : 1 : 0) = 0 2 • 1 - 0 3 = 0, 

the point (0 : 1 : 0) is on the curve, and hence is a singular point. 

Dehomogenize by setting y = 1. In this coordinates patch, with coordinates 
(x,z), the polynomial becomes 

2 2 - a: 3 . 

Its partial with respect to x is —3a; 2 and its partial with respect to 2 is 2 z. Both 
are zero when (0, 0), meaning that V(z 2 — a; 3 ) is singular at the origin. 


Exercise 3.6.7. Show that V((x + 3 y)(x — 3 y + z )) has a singularity. 
Solution. Let 


P{x,y,z) 

Pi(x,y,z) 

P 2 {x,y,z) 


{x + 3y)(x - 3y + z) 
[x + 3 y) 

(a: - 3 y + z) 
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Since P = P\P 2 , we have 

OP dP x , D dP 2 

tt - — *2 ~ 7 , — 

OX ox ox 

dP _ dP\ dP 2 

~?r~ — r-ri — — . 

dy dy dy 

Thus V ((x + 3 y)(x — 3 y + z)) will have a singularity at any point in the intersection 
of 

(Pi = 0) n (P 2 = 0). 

Since these are straight lines, there will certainly be a point in the intersection of 


x + 3y = 0 
x — 3 y + z = 0, 

namely (—3 : 1 : 6). 

Exercise 3.6.8. Let V be V(y 2 z — x 3 + 3 xz 2 ) in P 2 . Is V singular? 
Solution. Let 

P(x, y, z) = y 2 z — x 3 + 3 xz 2 . 

We will have that V is smooth by showing 

0 = = —3x 2 + 3z 2 

0 = f = 2 yz 

0 = If = y 2 + sxz 

only for x = y = z = 0. Since (0 : 0 : 0) is not a point in P 2 , the curve must then 
be smooth. 

For dP/dy = 2 yz = 0, we must have either y = 0 or z = 0. Start by assuming 
that y = 0. Then since dP/dz = y 2 + 6 xz = 0, we must have 

6 xz = 0, 

forcing x = 0 or z = 0. But since dP/dx = —3x 2 + 3 z 2 = 0, if either of x or z is 
zero, so must the other be. Thus if y = 0, we must also have x = z = 0. 

Assume now that z = 0. Since dP/dz = y 2 + 6 xz = 0, this means that y = 0, 
and dince dP/dx = —3x 2 + 3 z 2 = 0, we must have x = 0. Thus there is no point 
in P 2 for which the curve can be singular. 


3.6.2. Blowing up. We begin this section by describing the blow-up of the 
plane C 2 at the origin. Let 

7T : C 2 x P 1 — >C 2 

be the projection 

((x, y), ( u : v)) (x,y). 



288 


Algebraic Geometry: A Problem Solving Approach 


Let 

Y = {((a;, y), ( x : y)) : at least one of x or y is nonzero} C C 2 x P 1 . 

Set 

Y = Y U7r _1 ((0,0)). 

Exercise 3.6.9. Verify that 7r _1 ((0,0)) can be identified with P 1 . Show that 
the restriction of n to Y is a bijection between Y and C 2 — (0, 0). (Neither of these 
are deep.) 

Solution. We have that 

7r _ 1 ((0, 0)) = {(0,0) x (u : v) : (u : v) € P 1 } 

which can of course be thought of as P 1 alone. 

If (x,y) ^ (0,0) in C 2 , the only point in Y that maps to (x,y) is 

(x,y) x (x : y). 

Note that since (x,y) ^ (0, 0), the point (x : y) is indeed a point on the projective 
line. Thus the map is onto. 

Further, if 

7r((0i A) x (a i : h) = n((a 2 ,b 2 ) x (a 2 : b 2 ). 

we must have 

(ai,h) = (02,62), 

meaning that the map is one-to-one. 

The set Y , along with the projection 7 r : Y — > C 2 , is called the blow-up of 
C 2 at the point (0,0). (For the rest of this section, the map tt will refer to the 
restriction projection tv : Y — > C 2 .) 

We look at the blow up a bit more carefully. We can describe Y as 

Y = {((a:, y),(x : y)) : at least one of x or y is nonzero} C C 2 x P 1 } 

= {(&, j)x(«:t))eC 2 xP 1 :it) = yu, (x, y) ^ (0, 0)} 

Then Y is simply 

Y = {(#, y) x (u : v) G C 2 x P 1 : xv = yu}. 

Recall that the projective line P 1 can be thought of as all lines in C 2 containing 
the origin. Thus Y is the set of all 

{(points p in C 2 ) x (lines l through (0,0)) : p £ l}. 

The above exercise is simply a restatement that through every point p in C 2 — (0, 0) 
there is a unique line through that point and the origin. 
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More generally, if C is a curve in C 2 that passes through the origin, then the 
there is a bijection between C — (0,0) and the set 7r _1 (C — (0,0)) in Y. The blow- 
up of 6 at the origin, denoted Bl( 0 , 0 )C, is the closure of 7r -1 (C (0,0)) in Y , in a 
sense that will be made precise in Chapter 4, along with the restricted projection 
map: 

Bl(o,o)£ = Closure of 7r^ 1 (C (0,0)). 

Intuitively, 7r” 1 (C (0, 0)) resembles a punctured copy of 6 in C 2 x P 1 , and there 
is an obvious way to complete this punctured curve. If the origin is a smooth point 
of C, then the blow-up at the origin is simply a copy of C. If the origin is a singular 
point, then the blow-up contains information about how the tangents to C behave 
near the origin. 

We want to look carefully at an example. Consider C = V(xy) in C 2 . Here we 
are interested in the zero locus of xy = 0, 

1 1 


6 = V(xy) 
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or, in other words, the x-axis (when y = 0) union the y-axis (when y = 0). We 
will show in two ways that the blow up of C has two pointsover the origin (0,0): 
(0,0) x (0 : 1) and (0,0) x (1 : 0), which correspond to the x-axis and the y-axis. 
Let P(x, y) = xy. We know that 7r is a bijection away from the origin. We have 

that 


7T : (6 - (0, 0) = {(a;, y) x (x:y) :xy = 0, (x, y) £ (0, 0)}. 

We know that 

6 = V (xy) = V(x) U V(y). 

We will show that there is one point over the origin of the blow-up of V (x) and one 
point (a different point) over the origin of the blow-up of V(xy). 

We have 

7r ~ 1 (V(x) — (0, 0)) = {(x,y) x (0 : y) : 0 = x, (x,y) ± (0,0)} 

= {(0,y)x(0:y):y^0} 

= {(0,y)x(0:l):y^0} 

Then as y — > 0, we have 

(0, y) x (0 : 1) — > (0,0) x (0 : 1), 

a single point as desired, corresponding to the y-axis. 

Similarly, we have 

7r_1 (V(y) - (0, 0)) = {(x,y) x (x : 0) : y =, (x,y) ± (0,0)} 

= {(x, 0) x (x : 0) : x ^ 0} 

= {(x,0) x (1 : 0) : x ^ 0} 

Then as x — > 0, we have 

(x, 0) x (1 : 0) -> (0,0) x (1 : 0), 

a single, different point, again as desired, corresponding to the x- axis. 

Now for a slightly different way of thinking of the blow-up. The projective line 
can be covered by two copies of C, namely by (u : 1) and (1 : v). For any point 

(u : v) € P 1 , at least one of u or v cannot be zero. If u ^ 0, then we have 

(u : v) = (1 : v/u) 

while if v ^ 0, we have 

(u : v) = (u/v : 1). 


In either case, we can assume that u = 1 or that v = 1. 
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Start with u = 1. We can identify (x,y) x (1 : v) with C , having coordinates 
x,y,v. Then the blow-up of V(xy) will be the closure of 

xy = 0 

■y = xv 

( x,y ) = ( 0 , 0 ). 

Plugging xv for y into the top equation, we have 

x 2 v = 0. 

Since x ^ 0, we can divide through by x to get 

v = 0. 

Then we have as our curve (x,xv) x (1 : 0) = (x,0) x (1 : 0). Then as x — > 0, we 
have 

(x, 0) x (1 : 0) (0,0) x (1 : 0), 

Now let v = 1. We can identify (x,y) x (u : 1) with C 3 , having coordinates 
x,y,u. Then the blow-up of V(xy) will be the closure of 

xy = 0 

yu = x 

(x,y) = ( 0 , 0 ). 

Plugging yu for x into the top equation, we have 

y 2 u = 0. 

Since y ^ 0, we can divide through by y to get 

u = 0. 

Then we have as our curve ( yu,y ) x (0 : 1) = (0 ,y) x (0 : 1). Then as y — > 0, we 
have 

(OjJ/) x (0 : 1) — > (0,0) x (0 : 1), 


In either case, the blow-up looks like 
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Z 



Each of these techniques will be needed for various of the following problems. 

Exercise 3.6.10. Let C = V(y — x 2 ) in C 2 . Show that this curve is smooth. 
Sketch this curve in C 2 . Sketch a picture of Bl( 0 ,o)C. Show that the blow-up 
projects bijectively to C. 


Solution. Let P(x, y) = y — x 2 . We have 

dP 

-7T- = ~2X 

OX 


dP 

dy 


= 1 . 


Since dPf dy is never zero, this must be a smooth curve. 
We have that 


7T : (C (0,0)) = {(x,y) x (x : y) : y = x 2 ,(x,y) ± (0,0)} 

= { (aj, x 2 ) x (i x : x 2 ) : x ^ 0} 

= {(x,a; 2 ) x (1 : x) : x / 0} 

We know that 7r is a bijection away from the origin. Thus we must show that 
there is only one point in the blow-up over the origin (0, 0). As x — > 0, we have 

(x,x 2 ) x (1 : x) (0,0) x (1 : 0), 
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a single point as desired. 

The original curve, in R 2 , looks like: 


y 



The blow-up looks like: 


z 



294 


Algebraic Geometry: A Problem Solving Approach 



Cl 


Exercise 3.6.11. Let 6 = Y(x 2 —y 2 ) in C 2 . Show that this curve has a singular 
point at the origin. Sketch this curve in C 2 . Blow up C at the origin, showing that 
there are two points over the origin, and then sketch a picture of the blow up. 
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Solution. Let P(x,y) = x 2 — y 2 . We have 


dP 

dx 

dP 

dy 


2x 
-2 y. 


Since both of these partials are zero at the origin, the origin must be a singular 
point. 

We know that 7r is a bisection away from the origin. We have that 


7T \e - (0, 0) = {(£, y) x (x : y) : x 2 = x 2 , (x, y) ^ (0, 0)}. 

We know that x 2 — y 2 = (x — y)(x + y) and thus that 

G = V(x 2 — y 2 ) = V(x -t/)UV(i + y). 

We will show that there is one point over the origin of the blow-up of Y(x — y) and 
one point (a different point) over the origin of the blow-up of V(x + y) . 

We have 

7r_1 (V(a; — y) — (0, 0)) = {(x,y) x (x : y) : y = x, (x,y) £ (0,0)} 

= {(&, x) x (x : x) : x ^ 0} 

= {(x,x) x (1 : 1) : x ^ 0} 

Then as x — > 0, we have 

(x,x) x (1 : 1) (0,0) x (1 : 0), 

a single point as desired. 

Similarly, we have 

n~ 1 (V(x + y) - (0,0)) = {(x,y) x (x : y) : y = -x, (x,y) £ (0,0)} 

= {(a;, —a;) x (x : —x) : x ^ 0} 

= {(x,x) x (1 : —1) : x ^ 0} 

Then as x — > 0, we have 

(a;, — ar) x (1 : -1) (0,0) x (1 : -1), 

a single, different point, again as desired. 

The original curve, in R 2 , looks like: 
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The blow-up looks like: 


z 
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The blow-up looks like: 


2 



Exercise 3.6.12. Let C = V(y 2 — x 3 + x 2 ). Show that this curve has a singular 
point at the origin. Sketch this curve in C 2 . Blow up C at the origin, and sketch a 
picture of the blow up. Show that there are two points over the origin. 
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Solution. Let P(x, y) = y 2 — x 3 + x 2 . We have 

dP „ o „ 

— — = — 3ar + 2x 

ox 

dP 

~K~ = 2 y. 

dy 

Since both of these partials are zero at the origin, the origin must be a singular 
point. 

Now to consider 


7T 1 (C (0, 0) = {{x,y) x (x : y) : y 2 = x 3 - x 2 , (x,y) ± (0,0)} 

= {(ar, y) x (u : v)) : xv = uy, y 2 = x 3 - x 2 , (x, y) ^ (0, 0)} 

Here we need to look at when u = 1 and at when v = 1. Set u = 1 . Then we 
are interested in when 


xv = y 
y 2 = x 3 — x 2 
(x,y) ± (0,0). 

Thus we can replace the y in the second equation by xv, to get 

2 2 3 2 

xv = x — x . 

Since x ^ 0, we can divide through by x to get 

v 2 = x — 1. 

As x — > 0, we get 

v ±1. 

Thus when u = 1, there are two points in the blow-up over the origin: (0, 0) x (1 : 1) 
and (0, 0) x (1 : —1). 

Now let v = 1. Then we have 


x = yu 
y 2 = x 3 — x‘ 
(x,y) (0,0). 

The second equation becomes 

2 3 3 2 2 

y =y u -y u . 
Since y ^ 0, we can cancel, to get 


i 3 2 

1 = yu — u . 
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Let y — > 0. Then we have 


1 = u 2 

or u = ±1. Thus when v = 1, there are two points in the blow-up over the origin: 
(0,0) x (1 : 1) and (0,0) x (—1 : 1), which are exactly the same two points found 
for when u = 1. 

The original curve, in R 2 , looks like: 



The blow-up looks like: 
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Exercise 3.6.13. Let C = V(y 2 — a; 3 ). Show that this curve has a singular 
point at the origin. Sketch this curve in C 2 . Blow up C at the origin, and sketch a 
picture of the blow up. Show that there is only one point over the origin. 


Solution. Let P{x,y) = y 2 — x 3 . We have 


= —3x 


dP 
dx 
dP 

~ V ' 

Since both of these partials are zero at the origin, the origin must be a singular 
point. 

Now to consider 


1 (C (0, 0) = {(x,y) x (x : y) : y 2 = x 3 ,(x,y) ± (0,0)} 

= {(*, y) x (u : v)) : xv = uy, y 2 = x 3 , (x, y) ^ (0, 0)} 

Here we need to look at when u = 1 and at when v = 1. Set u = 1 . Then we 
are interested in when 


xv = y 
y 2 = x 3 
(x,y) (0,0) 


Thus we can replace the y in the second equation by xv, to get 


x 2 v 2 = x 3 . 


Since x ^ 0, we can divide through by x to get 


As x — > 0, we get 

v — > 0. 

Thus when u = 1, there is only the point (0,0) x (1 : 0)in the blow-up over the 
origin. 

Now let v = 1. Then we have 


x = yu 


y 


2 


X 


3 


(x,y) ^ (0,0) 


The second equation becomes 
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Since y ^ 0, we can cancel, to get 

1 = yu 3 . 

Let y — > 0. There is no value of u that can satisfy 1 = 0 • u 3 . Thus when v = 1, 
there are no points in the blow-up over the origin. 

The original curve, in R 2 , looks like: 



The blow-up looks like: 



Exercise 3.6.14. Let C = V((a; — y)( x + y)( x + 2 y)) be a curve in C 2 . Show 
that this curve has a singular point at the origin. Sketch this curve in C 2 . Blow 
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up C at the origin, and sketch a picture of the blow up. Show that there are three 
points over the origin. 

Solution. Let P(x, y) = (x — y)(x + y)(x + 2 y) = x 3 + 2 x 2 y — xy 2 — y 3 . We 
have 

= 3x 2 + Axy — y 2 

= 2x 2 — 2 xy — 3 y 2 . 

Since both of these partials are zero at the origin, the origin must be a singular 
point. 

We know that 7r is a bisection away from the origin. We have that 

7r -1 (e - (0, 0){(x, y) x (x : y) : {x - y)(x + y)(x+ 2 y) = 0, (x, y) ^ (0, 0)}. 

We know that 

C = \{x 2 — y 2 ) = V(a; — y) UV(i + y) UV(i + 2 y). 

We will show that there is one point over the origin of the blow-up of \{x — y), one 
point (a different point) over the origin of the blow-up of V(x + y) and still another 
point over the origin for \{x + 2 y) 

We have 

7r_1 (V( :r ~ y) ~ (0, 0)) = {{x, y) x (a: : y) : y = x, (x,y) ± (0,0)} 

= {(&, x) x (x : x) : x ^ 0} 

= {(a;,a;) x (1 : 1) : x ^ 0} 

Then as x — > 0, we have 

(x,x) x (1 : 1) (0,0) x (1 : 0), 

a single point as desired. 

Similarly, we have 

7r ^ 1 (V(a; + y) — (0, 0)) = {{x,y) x (x : y) : y = -x, (x,y) £ (0,0)} 

= {(a:, — a;) x (x : —x) : x ^ 0} 

= {(a;, a;) x (1 : —1) : x ^ 0} 

Then as x — > 0, we have 

(a;, — ar) x (1 : -1) (0,0) x (1 : -1), 

a single, different point, again as desired. 


dP 

dx 

dP 

dy 
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Finally, we have 


7T % (V(x + 2y) - (0,0)) 


{(x,y) x (x : y) : y = -2x, (x, y) £ (0, 0)} 
{(a;, —2x) x ( x : —2x) : x ^ 0} 

{(x,-2x) x (1 : -2) : x £ 0} 


Then as x — > 0, we have 


(x, -2x) x (1 : -2) -J- (0, 0) x (1 : -2), 


giving us our desired third point. 

The original curve, in R 2 , looks like: 



The blow-up looks like: 
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Z 



The previous exercises should convey the idea that if the original curve is sin- 
gular at the origin, then the blow-up seems to be less singular at its point over the 
origin. We currently can’t express precisely what this means, since our definition 
of singularity applies only to curves in the plane, and the blow-up does not lie in 
a plane. Algebraic ideas developed in Chapter 4 will allow us to make this idea 
precise. 

Of course, there is nothing special about the origin in affine space, and we could 
just as easily blow up curves at any other point. Also, the definition of blowing up 
can easily be extended to curves in projective spaces. Blowing up will be discussed 
in full generality in Chapter 4, once we have the necessary algebraic tools. 


CHAPTER 4 

Affine Varieties 

Complied on February 

The goal of this chapter is to start using more algebraic concepts to describe the 4, 2010 
geometry of curves and surfaces in a fairly concrete setting. We will translate the 
geometric features into the language of ring theory, which can then be extended to 
encompass curves and surfaces defined over objects besides the real numbers or the 
complex numbers. You will need to know some basic facts about rings, including 
ideals, prime ideals, maximal ideals, sub-rings, quotient rings, ring homomorphisms, 
ring isomorphisms, integral domains, fields, and local rings. Most undergraduate 
abstract algebra texts include this material, and can be used as a reference. In 
addition, some concepts from topology and multivariable calculus are needed. We 
have tried to include just enough of these topics to be able to work the problems. 


By considering the set of points where a polynomial vanishes, we can see there is 
a correspondence between the algebraic concept of a polynomial and the geometric 
concept of points in the space. This chapter is devoted to understanding that 
connection. Here tools from abstract algebra, especially commutative ring theory, 
will be become key. 

Definition 4.0.1. For a field k, the affine n-space over k is the set 
A"(fc) = {(aq, a-2, . . . , a n ) : a* € k for i = l,...,n}. 

We write simply A™ when the held k is understood. 

For example, A 2 (R) is the familiar Euclidean space R 2 from calculus, and A 1 (C) 
is the complex line. We are interested in subsets of A n that are the zero sets of a 
collection of polynomials over k. 


4.1. Zero Sets of Polynomials 

Recall that k[x 1,2:2,. . . ,x n \ is the commutative ring of all polynomials in the 
variables x\, £2, - • • , x n with coefficients in the held k. Frequently for us, our held 
will be the complex numbers C, with the held of the real numbers M being our 
second most common held. 
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4.1.1. Over C. 

Exercise 4.1.1. Describe or sketch the zero set of each polynomial over C. 

i. {x 2 + 1} 

ii. {y-x 2 } 

Exercise 4.1.2. i. Show that the zero set of x 2 + y 2 — 1 in C 2 is un- 

bounded. Contrast with the zero set of x 2 + y 2 — 1 in R 2 . 

ii. Show that the zero set of any nonconstant polynomial in two variables 
over C is unbounded. 

Exercise 4.1.3. Find a set of polynomials {P±,...,P n }, all of whose coeffi- 
cients are real numbers, whose common zero set is the given set. 

i- {(3,y) : y £ R} in R 2 

ii. {(1, 2)} in R 2 

iii. {(1, 2), (0, 5)} in R 2 

iv. Generalize the method from part ii. to any finite set of points {ai, . . . , a„} 
in R 2 . 

Exercise 4.1.4. Find a set of polynomials {Pi,...,P n }, all of whose coeffi- 
cients are complex numbers, whose common zero set is the given set. 

i. {(3 + 2i, — *)} in C 2 

ii. {(3 + 2 i, —i), (0, 1 — 4 «)} in C 2 

iii. Generalize the method from part ii. to any finite set of points {b±, . . . , b n } 
in C 2 . 

Exercise 4.1.5. i. Is any finite subset of C 2 the zero set of a polynomial 

C[x,y\? Prove or find a counterexample. 

ii. Is there an infinite subset of C 2 that is the common zero set of a finite 
collection of polynomials in C[x, y]? 

iii. Find an infinite set of points in C that is not the common zero set of a 
finite collection of polynomials in C[x]? 

iv. Is there any infinite set of points in C, besides C itself, that is the common 
zero set of a finite collection of polynomials in C[x]? 

4.1.2. Over Z 5 . 

Exercise 4.1.6. Find the zero set of each polynomial in Z 5 . 

a. x 2 + 1 

b. x 2 — 2 

Exercise 4.1.7. Sketch the zero set of each polynomial in A 2 (Z. 5 ). 

a. y — x 2 
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b. y 2 — 2 xy + x 2 

c. xy — 3y — x 2 + 3x 

4.1.3. Over Any Field k. Much of the reason that modern algebraic geome- 
try heavily influences not just geometry but also number theory is that we can allow 
our coefficients to be in any field, even those for which no geometry is immediately 
apparent. 

Exercise 4.1.8. i. Show that if k is an infinite field, and P £ k [ x i, . . . , x n \ 

is a polynomial whose zero set is A n (k), then P = 0. Hint: Use induction 
on n. 

ii. Is there any finite field for which this result holds? 

4.2. Algebraic Sets 

The zero sets of polynomials in affine space are called algebraic sets. 

Definition 4.2.1. Let S C k[x i, . . . ,x n ] be a set of polynomials over k. The 
algebraic set defined by S is 

V(S) = {(ai,a, 2 , . . . ,a n ) £ A n (k) : P(ai,a, 2 , ■ ■ ■ ,a n ) = 0 for all P £ S}. 

Exercise 4.2.1. Sketch the algebraic sets. 

a. V(x 3 + 1) in A 1 (C) 

b. V((y — x 2 )(y 2 — x)) in A 2 (R) 

c. V(y — x 2 ,y 2 — x) in A 2 (R) 

d. V(y 2 — x 3 + x) in A 2 (R) 

e. V(x — 2y + 3 z) in A 3 (R) 

f. V{z - 3, z-x 2 - y 2 ) in A 3 (R) 

g. V(xy — z 2 y) = V{y{x — z 2 )) in A 3 (R) 

h. V{y — x + x 2 ) in A 2 (Z 3 ) 

Exercise 4.2.2. Algebraic Sets in R™ and C n : 

(1) Show that for any a £ R, the singleton {a} is an algebraic set. 

(2) Show that any finite collection of numbers {ai, a^, ■ ■ ■ , a^} in R is an 
algebraic set. 

(3) Show that a circle R 2 is an algebraic set. 

(4) Show that the set { ( — 1/ x/2, l/\/2), (l/\/2, — 1/\/2)} C R 2 is an algebraic 
set. 

(5) Show that any line in R 3 is an algebraic set. 

(6) Give an example of a subset of C 2 that is not an algebraic set. 

(7) Give an example of a nonconstant polynomial P in R[x, y] such that the 
algebraic set X = {(x,y) £ R 2 | P(x,y) = 0} is the empty set. 



308 


Algebraic Geometry: A Problem Solving Approach 


empty set and A~n 


and intersections 


(8) Is there a nonconstant polynomial P in C[x,y] such that the algebraic set 
X = {(a;, y) £ C 2 |P(:r, y) = 0} is the empty set? Explain why or why not. 

(9) Suppose Xi = {(a;, y) £ C 2 |a; + y = 0} and Xi = {(a;, y) £ C 2 |a: — y = 0}. 
Find a polynomial Q £ C[x, y] such that XiUX 2 = {(a;, y) £ C 2 \Q(x, y) = 
0}. 

(10) Suppose Xi = {(xi,x 2 , ■ ■ ■ ,x n ) £ C n \Pi(xi,x 2 , ■ ■ ■ ,x n ) = 0} and X 2 = 
{(xi,x 2 , . . . ,x n ) £ C n \P 2 (xi,x 2 , . . . ,x n ) = 0}. Give a single polynomial 
Q such that X\ U X 2 = {(# 1 , 2 : 2 , . . . , x n ) £ C”|<3(#i, # 2 , . . . , x n ) = 0}. 

Exercise 4.2.3. a. Is any finite subset of A 2 (R) an algebraic set? 

b. Is any finite subset of A 2 (C) an algebraic set? 

Exercise 4.2.4. Show that the set {(x,y) £ A 2 (M) :: 0 < x < l,y = 0} is 
not an algebraic set. (Hint: any one-variable polynomial, that is not the zero 
polynomial, can only have a finite number of roots.) 

Exercise 4.2.5. Show that the empty set and A n (k) are algebraic sets in 
A n (k). 

Exercise 4.2.6. Show that if X = V(fi, . . . , f s ) and W = V(gi,...,g t ) are 
algebraic sets in A n (k), then X U W and X (~l W are algebraic sets in A n {k). 

4.3. Zero Sets via V(I) 

The goal of this section is to start to see how ideals in rings give us algebraic sets. 


Exercise 4.3.1. Let f(x,y),g(x,y) £ C [x,y\. Show that 
V(f,g) = V(f-g,f + g). 

Exercise 4.3.2. Show that V {x+y, x—y, 2 x+y 2 , x+xy+y 3 , y+x 2 y) = V (x, y). 

Thus the polynomials that define a zero set are far from being unique. But 
there is an algebraic object that comes close to be uniquely linked to a zero set. 

The following exercise is key to algebraic geometry. 

Exercise 4.3.3. Let / be the ideal in k[x\, . . . ,x n ] generated by a set S C 
k[x i, . . . ,x n ]. Show that V(S) = V{I). Thus every algebraic set is defined by an 
ideal. 

While it is not quite true that the set V (/) uniquely determines the ideal J, we 
will soon see how to restrict our class of ideas so that the associated ideal will be 
unique. 

Exercise 4.3.4. For f(x,y,z),g(x,y, z) £ C[a;, y, z], let I be the ideal generated 
by / and g and let J be the ideal generated by / alone. 
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i. Show that J C I. 

ii. Show that 

V(I) c V(J). 

Exercise 4.3.5. Show that if I and J are ideals in k[x\, . . . ,x n ] with I C J, 
then V(I) D V(J). 

[unions and intersections 

Exercise 4.3.6. You may find exercise 4.2.6 useful here. 

i. Show that an arbitrary intersection of algebraic sets is an algebraic set. 

ii. Show that a finite union of algebraic sets is an algebraic set. 

|emptyset and A~n 

ii. Use your answers to parts a. and b. and exercise 4.2.5 to conclude that 
the collection of complements of algebraic sets forms a topology on A "(fc). 

4.3.1. Ideals Associated to Zero Sets. 

Definition 4.3.1. Let V be a an algebraic set in A n (k). The ideal of V is 
given by 

I{V) = {P £ k[xi, . . . ,x n ] : P(oi,. . . ,a„) = 0 for all (ai, . . . , a n ) £ V}. 
Similarly, for any set of points X in A n (k), we define 
I(X) = {P £ k[x lt . . . ,x n ] : P{a u . . . ,a n ) = 0 for all (a lt . . . , a n ) G X}. 
Exercise 4.3.7. Show that I(V) is an ideal in the ring k[x i, . . . ,x n ]. 

Exercise 4.3.8. Let A be a set of points in A n (k). 

i. Show that X C V(I(X)). 

ii. Find a set X with X ^ V(I(X)). 

iii. In part b., can you find a set X such that I(X) ^ (0)? 

iv. Show that if X is an algebraic set, then X = V(I(X)). 

Exercise 4.3.9. Let / be an ideal in k[x i, . . . , x n }. 

a. Show that I C /(U(/)). 

b. Find an ideal / with I I(V(I)). 

c. In part b.., can you find an ideal I such that V(I) ^ 0? 

d. Show that if / is the ideal given by an algebraic set, then / = J(U(/)). 

Definition 4.3.2. Let / be an ideal in k[x i, . . . , x n ] . The radical of I is defined 
as 

Rad(/) ={Pe k[x i, . . . , x n \ : P m £ I for some m > 0}. 

An ideal I is called a radical ideal if I = Rad(I). 

Exercise 4.3.10. Let f(x,y) = ( x 2 — y + 3) 2 £ C [x,y]. Show that the ideal I 
generated by / is not radical. Find Rad(/). 
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Exercise 4.3.11. Let f(x,y ) = x 2 + y 2 — 1 £ C [x,y]. Show that the ideal I 
generated by / is radical. 

Exercise 4.3.12. Let I be an ideal in k[x \, . . . , x n ]. Show that Rad(/) is an 
ideal. 

Thus for any algebraic set X , there is the uniquely defined associated radical 
ideal. 

Exercise 4.3.13. Let X be a set of points in A ra (fc). Show that I{X) is a 
radical ideal. 

Exercise 4.3.14. Show that Rad(/) C I(V(I)) for any ideal I in k[x i, . . . , x n \. 

Exercise 4.3.15. Let X and W be algebraic sets in A "(fc). Show that X c W 
if and only if I(X) D I(W). Conclude that X = W if and only if I(X) = I(W). 

4.4. Functions on Zero Sets and the Coordinate Ring 

One of the themes in 20th century mathematics is that it is not clear what 
is more important in geometry: the actual geometric point set or the space of 
functions defined on the geometric point set. So far in this chapter, we have been 
concentrating on the point set. We now turn to the functions on the point sets. 

Let V C A n (k) be an algebraic set. Then it is very natural to consider the set 

0(V) := {/ : V —> k \ f is a polynomial function}. 

Exercise 4.4.1. Show that if we equip k\V] with pointwise addition and mul- 
tiplication of functions, then k[V] is a ring. We will call k\V\ the coordinate ring 
associated to V. 

Given an algebraic set V, recall that by I(V) we mean the vanishing ideal of 
V, i.e. the ideal in k[x i, . . . ,x n \ consisting of polynomial functions / that satisfy 
f{V) = 0 for all x £ V. 

Exercise 4.4.2. Let f{x,y) = x 2 +y 2 — 1 £ C [x,y]. Consider the two polyno- 
mials g{x , y) = y, h{x , y) = x 1 + y 2 + y - 1. 

i. Find a point (a, b ) £ A 2 (C) such that 

g{a,b) ± h(a, b). 

ii. Show for any point (a, b) £ V (/) that 

g{a,b) = h(a,b). 

Thus g and h are different as functions on A 2 (C) but should be viewed as equal on 
algebraic set V(I). 
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Exercise 4.4.3. Let f(x, y) = x 2 + y 2 — 1 £ C[x, y]. Suppose that g,h € C[x, y\ 
such that for all (a, 6) £ V(f) we have g(a, b ) = h(a, b). Show that the polynomial 
9(x, y) - h{ x, y) £< x 2 + y 2 - 1 > . 

Exercise 4.4.4. Let V be an algebraic set in A n (k). Prove that 0(H) is ring- 
isomorphic to k[x i, . . . ,x n ]/I(V). (Here we are using that two functions should be 
viewed as equal if they agree on all points of the domain.) 

Exercise 4.4.5. Let V C k n be an algebraic set. Prove that there is one-to-one 
correspondence from the set of all ideals of k [x \, . . . ,x n ]/I(V) onto the set of all 
ideals of k[x i, . . . , x n \ containing I(V). 

Exercise 4.4.6. Let V C k n and W C k m be algebraic sets. 

(1) Let / : V — > W be a polynomial map, and define </> : k[W } —> k[V] by 
< t>(g ) = jo/. Show that 0 is a fc-algebra homomorphism. 

(2) Show that for each fc-algebra homomorphism (f> : k[W] — > k\V] there exists 
a polynomial map / : V —>■ W such that <j>(g) = go f , for all g £ k[W}. 

4.5. Hilbert Basis Theorem 

The goal of this section is prove the Hilbert Basis Theorem, which has as a conse- 
quence that every ideal in C[a;i, . . . , x n is finitely generated. 


How many polynomials are needed to define an algebraic set bcC"? Is there 
a finite number of polynomials /i, Jg) • ■ • , f m such that 

V = {a £ C" : fi(a) = 0, for alll < i < to}, 

or are there times that we would need an infinite number of defining polynomials? 
By: 

Exercise 4.5.1. Let V = (a; 2 + y 2 — 1 = 0). Show that I(V) contains an 
infinite number of elements. 

We know that there are an infinite number of possible defining polynomials, 
but do we need all of them to define V. In the above exercise, all we need is the 
single x 2 + y 2 — 1 to define the entire algebraic set. If there are times when we 
need an infinite number of defining polynomials, then algebraic geometry would be 
extremely hard. Luckily, the Hilbert Basis Theorem has as its core that we only 
need a finite set of polynomials to generate any ideal. The rest of this section will 
be pure algebra. 

Recall that a (commutative) ring R is said to be Noetherian if every ideal 
I in R is finitely generated. (Recall that all rings considered in this book are 
commutative.) 
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Exercise 4.5.2. Show that every field and every principal ideal domain are 
Noetherian. 

Exercise 4.5.3. Let R be a ring. Prove that the following three conditions are 
equivalent: 

(1) R is Noetherian. 

(2) Every ascending chain I\ C I 2 C • ■ • C I„ C • • • of ideals in R is stationary, 
i.e. , there exists N such that for all n > N , I n = In- 

(3) Every nonempty set of ideals in R has a maximal element (with inclusion 
being the ordering between ideals). 

In what follows, we guide the reader through a proof of the Hilbert Basis 
Theorem. 

Theorem 4.5.4 (Hilbert Basis Theorem). If R is Noetherian, so is R[x\. 

Exercise 4.5.5. Consider the polynomial ring R[x], where R is a Noetherian 
ring. If I C R[x\ is an ideal and n £ N, let I n be the set of leading coefficients of 
elements of I of degree n. Prove that I n is an ideal in R. 

Exercise 4.5.6. Consider the polynomial ring i?[X], where R is a Noetherian 
ring. Show that any ideal / C R[X] is finitely generated. 

The previous exercise establishes the following 

Theorem 4.5.7 (Hilbert Basis Theorem). If R is a Noetherian ring then R[x] 
is also a Noetherian ring. 

Sketch of proof. Let I C f?[a;] be an ideal of R[x]. We show I is finitely generated. 
Step 1 . Let fi be a nonzero element of least degree in /. 

Step 2. For i > 1, let /, be an element of least degree in I \ {/ 1? . . . ,/i_i}, if 
possible. 

Step 3. For each i, write /, = a-iX di + lower order terms. That is, let a ; be the 
leading coefficient of fi- Set J = (ai,a 2 , . . .). 

Step 4. Since R is noetherian, J = (oq, . . . , a m ) for some m. 

Step 5. Claim that I = (/i, . . . , f m ). If not, there is an f m + i, and we can subtract 
off its leading term using elements of (/i, . . . , f m ) to get a contradiction. 

Exercise 4.5.8. Justify Step 4 in the above proof sketch. 

Exercise 4.5.9. Fill in the details of Step 5. 

Exercise 4.5.10. Show that if R is noetherian then R\x \, . . . , x n ] is noetherian. 

Exercise 4.5.11. Let R be a Noetherian ring. Prove that the formal power 
series ring f?[[a;]] is also Noetherian. 
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Exercise 4.5.12. Let R be a ring all of whose prime ideals are finitely gener- 
ated. Prove that R is Noetherian. 

4.6. Hilbert Nullstellensatz 

The goal of this section is to guide the reader through a proof of Hilbert’s Null- 
stellensatz. Hilbert’s Nullstellensatz show there is a one-to correspondence between 
algebraic sets in C" and radical ideals. 


(This section is based on Arrondo’s “Another Elementary Proof of the Null- 
stellensatz,” which appeared in the American Mathematical Monthly on February 
of 2006 .) 

We know, given any ideal I C C[xi,X2, ■ ■ ■ , x n \, that 

v{i) = v(Vi). 

But can there be some other ideal J C C[xi, X2, ■ ■ ■ , x n ), with V (J) = V (/) but 
yfl ^ yfjl The punch line for this section is that this is impossible. 

Exercise 4 . 6 . 1 . Prove that there exist Ai, . . . , A4 € C such that the coefficient 
of £4 in f(x 1 + AiX n , . . . , x n -\ + X n -ix n , x n ) is nonzero, where /(£i, £2, £3, £4) = 

X1X2 + X3X4. 

Exercise 4 . 6 . 2 . Let F be an infinite field and / be a nonconstant polynomial 
in F[x 1, . . . , x n ] (with n > 2 ). Prove that there exist Ai, . . . , \ n in F such that the 
coefficient of x „ in f(x 1 + XiX n , . . . , £„_i + A„_i£ n ,£„) is nonzero, whenever d is 
the total degree of f(x 1 + X\x n , . . . , x n -\ + X n -ix n , x n ). 

Exercise 4 . 6 . 3 . Let I C C[xi, . . . ,£4] be an ideal containing the polynomial 
f(x±, X2, £3, £4) = £i£ 2 + £3£4- Prove that, up to a change of coordinates and 
scaling, / contains a polynomial g monic in the variable £4. (By monic , we mean 
that the coefficient of the highest power for x n is one.) 

Exercise 4 . 6 . 4 . Let I be a proper ideal of F[x \, . . . , x n }. Prove that, up to a 
change of coordinates and scaling, I contains a polynomial g monic in the variable 

x n - 


Exercise 4 . 6 . 5 . Let I be a proper ideal of F[£i, . . . , x n ] and let I' be the set 
of all polynomials in I that do not contain the indeterminate x n . Prove that I' is 
an ideal of F[£i, . . . ,£„_i] and that, modulo a change of coordinates and scaling 
(as in the previous exercise), the ideal /' is a proper ideal. 

Exercise 4 . 6 . 6 . Let I be an ideal of F[x \, . . . , x n \ and let g £ I be a polynomial 
monic in the variable x n . Suppose there exists / € I such that /(ai, . . . , a„_i, x n ) = 
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1. Let R be the resultant of / and g with respect to the variable x n , i.e. let R be 
the polynomial in F[x i, . . . , x n -\ ] given by the determinant 



fo 

h 

fd 

0 

0 


0 

0 

fo 

fd- 1 

fd 

0 


0 

0 


• ’ o 

h 


fd- 1 

fd 

go 

9i 

• • • 9e- 1 

1 

0 


0 

0 

go 

• • • 9e- 2 

9e- 1 

1 

0 ... 

0 

0 


O 

o 

9i 


9e—l 

1 


where / = f 0 +fiX n -\ with all the /» in F[x i, . . . , a: n _i], /i(oi, . . . , a„_i) = 

• • • = f d (ai, . ■ . ,a n _i) = 0, / 0 (ai, . . . ,a„_ i) = 1, and g = g 0 +gix n -\ g e - ix^ l ~ 1 + 

x ® with all the c/j in F[a’i, . . . , x n _i]. Show that (under the current faulty hypothe- 
ses) 

(1) Re I: 

(2) R G 

(3) -R(ou, . • • , u n _i) 1. 

The resultant is 
defined in a previous 

Exercise 4.6.7. Let I be a proper ideal of F\xi, . . . ,x n ]. Prove that, modulo 

section. 

a change of coordinates and scaling, the set 

J — {/(u 1 5 • • • 5 a n — i , Xn) | f G /} 
is a proper ideal of F[x n ]. 

Exercise 4.6.8. Let I be a proper ideal of F[x i, . . . , a; n ]. Prove that if F is 
algebraically closed, then there exists (or, . . . , a n ) in F n such that /(a i, . . . , a„) = 0 
for all / G /. 

Exercise 4.6.9 (Weak Nullstellensatz). Let F be an algebraically closed field. 
Then an ideal / in F\x i, . . . , x n ] is maximal if and only if there are elements G F 
such that I is the ideal generated by the elements Xi — a , ; that is I = {x\ — 

Ul , • - • , X n Un) ■ 

Recall that an ideal / of a ring R is said to be a radical ideal if x n G I for some 
n > 1 implies that x G /. Given an arbitrary ideal I of a ring R, the radical yfl of 
I is the set of all elements x G R such that some positive power of x is in I. 

Exercise 4.6.10. Given a ring R and an ideal / of R, prove that the radical 
Vi of / is an ideal. 
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ble:EX-Al is irreducible 


ate conic is irreducible 


(reducible) is reducible 


ble: EX-prime ideals in Z 


: EX-prime ideals in k[x] 


Exercise 4.6.11. Let F be a field, and let V be an algebraic set in F n for 
some n > 1. Prove that I(V) is a radical ideal in the polynomial ring F[ x \, . . . , x n ]. 
Moreover, prove that V(I(V)) = A for any algebraic set A. (By V{I) we mean the 
vanishing set of I.) 

Exercise 4.6.12. Give an example where \J I £ /(V(vT)), where V(J) denotes 
the vanishing set of J. 

Exercise 4.6.13 (Strong Nullstellensatz). Let F be an algebraically closed field 
and let / be an ideal of the polynomial ring F[x\, . . . ,x n ]. Then I(V(I)) = yfl. 

4.7. Variety as Irreducible: Prime Ideals 

The goal of this section is to define affine varieties and to explore their topology 
and coordinate rings. 


4.7.1. Irreducible components. An algebraic set V is reducible if V = V\ U 
V 2 , where V\ and V 2 are algebraic sets with V\ C V and V 2 C V. An algebraic set 
that is not reducible is said to be irreducible. An affine variety is an irreducible 
algebraic set. 

Exercise 4.7.1. Show that A 1 is irreducible, so A 1 is an affine variety. 

Exercise 4.7.2. Decide if the following algebraic sets in A 2 are reducible or 
irreducible. 

(1) V(x) 

(2) V(x + y ) 

(3) V{xy) 

Exercise 4.7.3. Let / e k[x, y] and set V = V(f). Show that if / factors as a 
product / = gh of nonconstant polynomials g,h £ k[x,y], then V is reducible. 

4.7.2. Prime and non-prime ideals. A proper ideal I C R is a prime ideal 
in R if, whenever ab € I for a,b £ R 1 either a € I or b G I (or both). A proper ideal 
I G R is a maximal ideal in R if I C J c R for some ideal J implies that J = R. 

Exercise 4.7.4. Every ideal I in Z is of the form I = (m) for some m € Z. 

(1) For what values of m is the ideal I = (m) a prime ideal in Z. 

(2) For what values of m is the ideal I = (m) a maximal ideal in Z. 

Exercise 4.7.5. Let f{x,y) = xy € k[x,y\. Show that the ideal (/) is not a 
prime ideal. 

Exercise 4.7.6. Let / £ k[x\ be a nonconstant polynomial. Prove that / is 
an irreducible polynomial if and only if (/) is a prime ideal. 


316 


Algebraic Geometry: A Problem Solving Approach 


ions of prime/max ideals 


rime ideals and radicals 


EX-irreducible iff prime 


ible :EX-irred iff domain 


This is based on 
X-irre|a(«p < Mgofio|mp.'Snsirjas 
Corollary 1.1.6 of 
Hartshorne. 


Exercise 4.7.7. Let / be an ideal in a ring R. 

(1) Show that / C R is a prime ideal if and only if R/I is an integral domain. 

(2) Show that / C R is a maximal ideal if and only if R/I is a field. 

(3) Explain why every maximal ideal in R is prime. 

Exercise 4.7.8. Let / be an ideal in a ring R. Show that 

vi= n p, 

prime pD7 

where Rad(J) = {a £ R : a n £ I for some n > 0}. 

Exercise 4.7.9. Let ip : R — > S be a ring homomorphism. 

(1) Let J C S' be a prime ideal in S. Show that is a prime ideal in R. 

(2) Let J C S be a maximal ideal in S. Is p _1 (J) a maximal ideal in R1 
Prove or find a counterexample. 

4.7.3. Varieties and Prime Ideals. We now reach the key results of this 
section. 

Exercise 4.7.10. Let V c A" be an algebraic set. 

(1) Suppose that V is reducible, say V = V 1 UV 2 where Vi and V 2 are algebraic 
sets with Vi C V and V 2 C V. Show that there are polynomials Pi £ /(Vi) 
and P 2 £ I(V 2 ) such that P 1 P 2 £ I(V) but Pi,P 2 /(V). Conclude that 
I(V) is not a prime ideal. 

(2) Prove that if I{V) is not a prime ideal in k[x 1 , . . . ,x n ], then V is a re- 
ducible algebraic set. 

Exercise 4.7.11. Let V be an algebraic set in A n . Prove that the following 
are equi valent: 

i. V is an affine variety. 

ii. I{V) is a prime ideal in k[x 1 , . . . , x n }. 

iii. The coordinate ring, O(V), of V is an integral domain. 

Exercise 4.7.12. Let G be the collection of nonempty algebraic sets in A n that 
cannot be written as the union of finitely many irreducible algebraic sets. 

(1) Suppose G is not empty. Show that there is an algebraic set Vo in G such 
that Vo does not contain any other set in G. [Hint: If not, construct an 
infinite descending chain of algebraic sets Vi D V 2 D ■ ■ ■ in A" . This 
implies I (Vi) C I(V 2 ) C ••• is an infinite ascending chain of ideals in 
k[x 1 , . . . , x n \. Why is this a contradiction?] 

(2) Show that the result of part (1) leads to a contradiction, so our assumption 
that G is not empty was false. Conclude that every algebraic set in A" 
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can be written as a union of a finite number of irreducible algebraic sets 
in A". 

(3) Let V be an algebraic set in A”. Show that V can be written as a union 
of finitely many irreducible algebraic sets in A” , V = V\ U ■ • • U Vk , such 
that no Vi contains any V 3 . 

(4) Suppose that Vi U - ■ - UVfc = WiU- • - U Wt, where the Vi, Wj are irreducible 
algebraic sets in A" such that no Vi contains any Vj and no Wi contains 
any Wj if i ^ j. Show that k = l and, after rearranging the order, 
V 1 = W 1 ,...,V k = W fc . 

Therefore, every algebraic set in A" can be expressed uniquely as the union of 
finitely many affine varieties, no one containing another. 

4.7.4. Examples. 

ine space is irreducible Exercise 4.7.13. Show that A" is an irreducible algebraic set for every n > 1. 

Thus every affine space is an affine variety. 

le : EX-irreducible curves Exercise 4.7.14. Let f £ k[x, y] be an irreducible polynomial. Show that 

V(f), which is a curve in A 2 , is an irreducible algebraic set. 

4.8. Subvarieties 

The goal of this section is to define subvarieties and see how some of their ideal 
theoretic properties. 


Definition 4.8.1. Let W be an algebraic variety that is properly contained in 
an algebraic variety V C A n [k). Then IT is a subvariety of V. 

Exercise 4.8.1. Let V = (x — y = 0) c A 2 (C). Show that the point p = (1, 1) 
is a subvariety of V, while the point q = (1, 2) is not a subvariety of V. 

Exercise 4.8.2. Still using the notation from the first problem, show that 
I(V) is contained in an infinite number of distinct prime ideals. Give a geometric 
interpretation for this. 

Exercise 4.8.3. From the previous problem, find I(V),I(p) and I(q). Show 

that 

I(V) C I(p) 


Quoting Harris: 

“there is some 
disagreement in the 
literature over the 
definitions of the terms 
‘variety’ and 
‘subvariety’: in many 
sources varieties are 
required to be 
irreducible and in 
others a subvariety is 
defined to be any 
locally closed subset." 


and 


I(V) £ I{q). 
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Exercise 4.8.4. Let W be a subvariety of E. Show that 

I{V ) C I(W). 

Exercise 4.8.5. Let E and W be two algebraic varieties in A n (k). Suppose 

that 

I(V) C I(J). 

Show that IE is a subvariety of E. 

Thus we have an elegant diagram: 

W C E 
I(W) D /(E) 

We now want to explore the relation between the coordinate ring 0(E) and 
any coordinate ring 0(IE) for any subvariety IE of a variety E. 

Exercise 4.8.6. Continue letting V = (x — y = 0) C A 2 (C), with subvariety 
p = (1, 1). Find a polynomial / £ C[x, y\ that is not identically zero on points of E 
but is zero at p, meaning there is a point q € V with f(q) ^ 0 but f(p) = 0. Show 
that 

VU 1) = j, 

where / = /(E) and J = I(p). (Hint: if you choose / reasonably, then the ideal 
(/, /) will itself be equal to the ideal J.) 

We have to worry a bit about notation. For E C A n (k), we know that 
0(E) = k[xi, . . . , x n \/I(V). Then given any / £ k[x \, . . . , x n ], we can think of 
/ as a function on E and hence as an element of 0, but we must keep in mind that 
if we write / £ 0, then / is standing for the equivalence class / + /, capturing that 
if / and g £ k[x i, . . . , x n ]/I( V) agree on all points of E, the / — g £ / and hence 
f + I = g + I, representing the same function in 0. 

We have a ring theoretic exercise first. 

Exercise 4.8.7. Let R be a commutative ring. Let I C J be two ideals in R. 
Show that J/I is an ideal in the quotient ring R/I. Show that there is a natural 
onto map 

R/I R/J 

whose quotient is the ideal J/I. 

Exercise 4.8.8. Continue letting E = (x — y = 0) C A 2 (C), with subvariety 
p = (1,1)- Explicitly check the above exercise for R = C [x,y\,I = (E) and J = 
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For any type of subsets W C E, if / : V — > k, then there is the natural 
restriction map f\w '■ W —> k, which just means for all p G W that we define 

/Mi?) = f(p)- 

Exercise 4.8.9. Let W be a subvariety of a variety E C A n (k). Let / € 0(E). 
Show that the above restriction map sends / to an element of 0(W) and that this 
restriction map is a ring homomorphism. 

Exercise 4.8.10. Show that the kernel of the above restriction map is I(W)/I(V) 
in the ring 0(E). 

Exercise 4.8.11. Discuss why each subvariety W of E should correspond to 
an onto ring homomorphism from the coordinate ring 0(E) to a commutative ring. 

Thus there are three equivalent ways for thinking of subvarieties of an algebraic 
variety E : 

(1) W as an algebraic variety probably contained in an algebraic variety E. 

(2) A prime ideal J properly containing the prime ideal /(E) 

(3) A quotient ring of the ring 0(E) = k[x i, . . . , x n ]/I(V). 

4.9. Function Fields 


The goal of this section is to associate not just a ring to an algebraic variety 
but also a field. This field plays a critical role throughout algebraic geometry. 


Every algebraic variety E corresponds to a prime ideal I C C[xi, . . . , x n \. This 
allowed us to define the ring of functions on E, namely the quotient ring 0y = 
C[xi, . . . ,x n ]/I. But every commutative ring sits inside of a field, much like the 
integers can be used to define the rational numbers. The goal of this subsection is 
to define the function field Xy, which is the smallest field that the quotient ring 
Oy lives in. 

Definition 4.9.1. Given an algebraic variety E corresponding to a prime ideal 
/ C C[xi, . . . , x n \, the function field X y is: 

Xv = {-:/, 9 e(M/ (- = -)} 

l g \a i 92 J) 

where — = — means that 
g i 92 


fi92 - f‘29i e I- 
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maxi 


So far, %y is simply a set. To make it into a field, we need to define how to 
add and multiply its elements. Define addition to be: 

e g _ eh + fg 

f h~ fh 

and multiplication to be 

e g _ eg_ 

/' h~ fh' 

Exercise 4.9.1. Show that addition is well-defined. This means you must 
show that if 

ei _ e2 gi_ _ 52 
fi ~ h' /ii “ h 2 ’ 

then 

eihi + /igi _ e 2 /t 2 + /2g2 

fihi fih-i 

Exercise 4.9.2. Show that multiplication is well-defined. This means you 
must show that if 

ei _ e 2 (h _ g 2 
fi ~ h' h x ~ h 2 ' 

then 

ei 5 i _ e 2 ff 2 
fihi f 2 h 2 ’ 

Under these definitions, 3 Cy is indeed a field. 

Often a slightly different notation used. Just as C[xi, . . . , x n ] denotes the ring 
of all polynomials with complex coefficients and variables X\, . . . x n , we let 

C(xi, . . . ,x„) = : f,g e C[a:i, . ..,x n ] 


subject to the natural relation that U = means that /i<?2 — /2ffi- Then we could 


/l — /2 

91 92 

have defined the function field of a variety V = V(I) to be 
3 <V = : f,g S C[a:i, . . . ,x„]| //. 


4.10. Points as Maximal Ideals 


Definition 4.10.1. Let i? be a ring. Recall that an ideal / C i? is maximal if 
I is proper (/ i?) and any ideal J that contains I is either I or all of R. 

Exercise 4.10.1. Show that for ai,a2, . . . ,a„ e k, the ideal I C k[x 1, . . . , x n ] 
defined as 

I = ( x 1 - ai ,... x n - a n ) 

is maximal. 

[Hint: Suppose J is an ideal with / C J, and show that J contains 1 .] 

Exercise 4.10.2. Show that if an ideal I C k[x 1, • • • , x n \ is maximal, then V (/) 
is either a point or empty. 
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max 15 


max2 


Exercise 4.10.3. Show that /({(ai, . . . , a„)}) = (x\ — ai, . . . , x n — a n ). 

Exercise 4.10.4. Show that if k is an algebraically closed field, then every 
maximal ideal in fcfaq, . . . , x n ] can be defined as 

I = (xx - ax,. . .x n - a n ). 

[Hint: Use Hilbert’s Weak Nullstellensatz.] 

Exercise 4.10.5. Show that the result of the previous exercise is actually 
equivalent to Hilbert’s Weak Nullstellensatz. 

Imaxl Imax2 

Combining exercises 4.10.1 and 4.10.4, we obtain the following important fact. 

Theorem 4.10.6. In an algebraically closed field k, there is a one-to-one cor- 
respondence between points of A n (k) and maximal ideals of k[x i, . . . , x n \. 

Exercise 4.10.7. Find a maximal ideal I C M[xi, . . . ,x n ] for which V(I) = 0. 


4.11. The Zariski Topology 

The goal of this section is to show that there is a quite “algebraic” topology 
for any ring. 


4.11.1. Topologies. The goal of this subsection is to briefly review what it 
means for a set to have a topology, using the standard topology on R. and on C" 
as motivating examples. 


The development of topology is one of the great success stories of early 20th 
century mathematics. With a sharp definition for a topological space, once tricky 
notions such as “continuity” and “dimension” would have rigorous, meaningful 
definitions. As with most good abstractions, these definitions could be applied to 
situations far removed from what its founders intended. This is certainly the case 
in algebraic geometry. 

We start with the definition of a topology on a set X. 

Definition 4.11.1. A topology on the set X is given by specify a collection 11 
of subsets of X having the properties: 

(1) Both the empty set and the entire set X are elements of the collection It. 

(2) The union of any the subsets in IX is also in 11. (It is critical that we allow 
even infinite unions.) 

(3) The finite intersection of any the subsets in 11 is also in It. (Here is it 
critical that we only allow finite intersections.) 
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A set U G IX is said to be open. A set C is said to be closed if its complement X — C 
is open. 

Let us look at few examples. 

Start with the real numbers R. We need to define what subsets will make up 
the collection It. 

Definition 4.11.2. A set U c R will be a standard open set in R is for any 
a GU, there exists a e > 0 such that 

{x € R : \x — a\ < e}. 

PUTINSOMEPICUTRES 

Exercise 4.11.1. (1) Show that in R, 

(a, b) = {x € R : a < x < b} 

is open. 

(2) Show that in R, 

[a, b] = {x € M : a < x < 6} 

is closed. 

(3) Show that in R, 

[a, b) = {x € R : a < x < b} 

is neither open nor closed. (This type of set is often said to be half-open.) 

Exercise 4.11.2. Show that with above definition for open sets in R defines a 
topology on R. 

Let us now put a topology on C n . 

Definition 4.11.3. A set U c C n will be a standard open set in C" is for any 
a GU, there exists a e > 0 such that 

{a; G C" : \x — a| < e}. 

(Note that here a = (a\, . . . , a n ), x = (xi, . . . x n ) and \x — a| < e means 
\Z\x\ - ai| 2 H h \x n a n | 2 < e.) 

Thus a set U will be open in C” is we can put a little open ball around any of 
its points and stay in U. 

Exercise 4.11.3. Show that with above definition for open sets in R defines a 
topology on R. 
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Exercise 4.11.4. In C 2 , show that C 2 — V[x 2 + y 2 — 1) is open. 

Exercise 4.11.5. In C 2 , show that C 2 — V(P) is open, for any polynomial 
P(x,y). 

Exercise 4.11.6. In C 3 , show that C 3 — V(x 2 + y 2 + z 2 — 1) is open. 

Exercise 4.11.7. In C n , show that C™ — V(P) is open, for any polynomial 
P(x i,x 2 , • • .,x n ). 

Exercise 4.11.8. In C n , show that V (P) is closed, for any polynomial P(x i,X 2 , ■ ■ ■ , 
Exercise 4.11.9. In C 2 , show that 

{(x,y)eC 2 :\x\ 2 + \y\ 2 <1} 

is open. 

4.11.2. Spec(l?). The goal of this subsection is define the Zariski topology 
for any ring R 


For the standard topology on C n , defined in the previous subsection, it is 
critical that C" has a natural notion of distance. For fields like Z 5 , there is no such 
distance. Luckily there is still a topology that we can associate to any ring. 

We first have to define what is our set X of points. We will see that our ‘points” 
will be the prime ideals in R 

Definition 4.11.4. Let R be a ring. Recall that a proper ideal I C R is prime 
if the following holds: whenever f,g £ R with fg £ /, then / £ I or g £ I. 

Exercise 4.11.10. Show that any maximal ideal in k[x i,...,x n ] is a prime 
ideal. 

Exercise 4.11.11. Let ip : R — > S be a ring homomorphism. Show that p~ 1 (P) 
is a prime ideal of R for any prime ideal P of S. Is this true for maximal ideals? 

Exercise 4.11.12. (1) Show if / is a prime ideal, then / = Rad(/). 

(2) Show that the arbitrary intersection of prime ideals is a radical ideal. 

Definition 4.11.5. The prime spectrum or spectrum of a ring R , is the collec- 
tion of prime ideals in R, denoted by Spec(i?). 

Thus for any ring R , the set on which we will define our topology is Spec (I?) 

Exercise 4.11.13. Show that 

(1) Spec(Z) corresponds to all prime numbers. 

(2) Spec(R) consists of only two points 
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(3) Spec(fc) for any field k 

Exercise 4.11.14. Show that all prime ideals in C[x] are maximal ideals, except 
for the ideal (0). Show for each point a £ C there is a corresponding prime ideal. 
Show that the ideal (0) is also a prime ideal. Explain why Spec(C[x]) can reasonably 
be identified with C 

Exercise 4.11.15. Show that there are three types of points in Spec(R[x]): 

(1) The zero ideal (0). 

(2) Ideals of the form (x — a) for a real number a. 

(3) Ideals of the form ( x 2 + a) , for positive real numbers a. 

Exercise 4.11.16. Show that (x — y) is a prime ideal in C[x,y] and hence 
is a point in Spec(C[x, y\). For two fixed complex numbers a and b, show that 
(x — a, y — b) is a maximal ideal C[x, y], and is hence also a point in Spec(C[x, y]). 
Show that (x — a,y — b) contains the ideal (x — y). (This means that in Spec(-R), 
one “point” can be contained in another.) 

This problem suggests that not all points in Spec(-R) are created equal. 

Exercise 4.11.17. The geometric points in Spec(i?) are the maximal ideals. 

Exercise 4.11.18. Let (a, b) £ C 2 . Show that (x — a,y — b) is a maximal ideal 
in C[x,y], and hence a geometric point in Spec(C[x, y]). 

Exercise 4.11.19. Let M be a geometric point in Spec(C[x, y]). Show that 
there is an (a, b) € C 2 such that (x — a, y — b) = M. 

Exercise 4.11.20. Show that M is a geometric point in Spec(C[xi, . . . , x n ]). 
if and only if there exists (ai , . . . ,a n ) € C n with (aq — a±, . . . , x n — a n ) = M. 

Definition 4.11.6. Let SCR. Define the Zariski closed set given by S in 
Spec(i?) to be 

Z(S) = {PC Spec (R) :PCS}. 

We say that an ideal / £ Spec(i?) is Zariski closed if Z(I) = {/}. A subset U is 
Zariski open if there is a set SCR with 

U = Spec (R) - Z(S). 

Exercise 4.11.21. (1) For a set S C R, show that Z{S) = Z((S)). 

(2) Show that Z( 0) = Spec(i?), and Z( 1) = 0. 

We want to show that these open sets will make up a topology on Spec(i?). 

Exercise 4.11.22. Let Si and S 2 be two subsets in the ring R. Show 

Z(S 1 )nZ{S 2 ) = Z(SiUS 2 ). 
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Exercise 4.11.23. Using the notation from the previous problem, show that 
Z(S 1 )UZ(S 2 ) = Z(S 1 S 2 ), 

where S\S 2 is all elements of the form S 1 S 2 , for si € S 1 and for S 2 € S' 2 . 

We first do a few set-theoretic exercises. 

Exercise 4.11.24. Let X be a set. Define for any set U in X its complement 
to b e U c = I - U. Show that 

(U c ) c = U. 

Exercise 4.11.25. For any two subsets U\ and U 2 of a set X, let C\ = U c and 
U 2 = U 2 . Show that 

u 1 uu 2 = x-(c 1 n c 2 ). 

Exercise 4.11.26. Keeping with the notation from the previous problem, show 

that 

u 1 nu 2 = x-(c 1 U C 2 ). 

Return to the space Spec(l?). 

Exercise 4.11.27. Let U\ and 2 be Zariski open sets in Spec(-R). Show that 
U\ fl U 2 is also a Zariski open set in Spec(-R). 

Exercise 4.11.28. With the notation of the previous problem, show that U\ fl 
U 2 is a Zariski open set in Spec(i?). 

Exercise 4.11.29. Show that the Zariski open sets in Spec(-R) form a topology. 
I AM NOT SURE ABOUT THE FOLLOWING 

Exercise 4.11.30. Show that the ideal I £ Spec (R) is Zariski closed if and 
only if I is maximal. 

4.12. Points and Local rings 


The goal of this section is show how to link points on an algebraic variety V 
with local rings of 0(V) 


We want to study what is going on around a point p on an algebraic variety. 
One approach would be to understand how the behavior of the functions on V near 
p. If we just want to know what is going on at p , then what a function is doing far 
from p is irrelevant. The correct ring-theoretic concept will be that of a local ring. 

We start with local rings for points on affine varieties V C A n (k). We then see 
how to put this into a much more general language. 

Let us start with a variety V C A n (k). 
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Exercise 4.12.1. Let V = (x 2 + y 2 - 1 = 0) c A n {k). Let p = (1,0) e E. 
Define 

M p = {/ e 0(E ) : /(p) = 0}. 

Show that is not only an ideal in 0)E) but is a maximal ideal. 

Exercise 4.12.2. Let M be a maximal ideal in 0(E), for the variety E in the 
previous problem. Let 

E (M) = {p € V : for all / € M, f(p) = 0}. 

Show that E (M) must be a single point on E. 

Exercise 4.12.3. Let E C A n (k) be an algebraic variety. Let p a point on E. 
Define 

M p = {fe 0(E) : f(p) = 0}. 

Show that is a maximal ideal in 0)E) . 

Exercise 4.12.4. Let M be a maximal ideal in 0(E), for E C A n (k). Let 

E (M) = {p € V : for all / € M, f(p) = 0}. 

Show that E (M) must be a single point on E. 

Thus we can either think of a point p as defining a maximal ideal in the coor- 
dinate ring 0(E) or as a maximal ideal in 0(E) as defining a point on E. 

We want to concentrate on the functions defined near p. Suppose there is a 
g € 0(E) with g(p) ^ 0, say g(p) = 1. Then close to p, whatever that means, the 
function g looks a lot like the constant function 1. This means that we should be 
allowed to look at 1/g, which is certainly not allowed in 0(E) = k[x i, . . . x n ]. We 
want to make this rigorous. 

Let p € V be a point. In the same spirit as the definition of a varieties function 
field, we set up the following equivalence relation. Let /i, Si, / 2 , <72 £ 0(E) with 
the extra condition that g\(p) ^ 0 and < 72 ( 7 ?) 7 ^ 0. Then we say that 

figi ~ /252 
if 

fm - /251 e /(E). 

Definition 4.12.1. Let p be a point on an algebraic variety E. The local ring 
associated to p is 

0 P (E) = { f - : g(p) ± 0 }/((/r/ 5l ) - (/ 2 / 0 O). 

9 
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We now closely follow the analogous steps that we did in showing that the 
function held X(V) is a held. We want to make O p (V) into a ring. . elements. 
Define addition to be: 

e g _ eh + fg 

f h~ fh 


and multiplication to be 


e g_ = eg_ 
f h fh' 


Exercise 4.12.5. 
show that if 


then 


Exercise 4.12.6. 
must show that if 


then 


Show that addition is well-defined. This means you must 

ei _ e2 gi_ _ 32 
fi ~ ti K ~ h 2 ' 

ei hi + figi _ e 2 h 2 + / 2 ff2 
fihi f 2 h 2 

Show that multiplication is well-dehned. This means you 

ei _ e2 (h _ 32 
fi ~ h' hi ~ h 2 ' 


e\ 9 i _ e 2 g 2 

fihi f 2 h 2 

Exercise 4.12.7. Let V = (x 2 + y 2 - 1 = 0) c A n (k) and p = (1,0) e V. 
Show for f(x, y) = x £ O p (V) that there is a element g € 0 P (V) such that / • g = 1 
in O p {V). 


Exercise 4.12.8. Still letting V = (x 2 +y 2 — 1 = 0) C A n (k) andp = (1, 0) e V. 
Show for f(x,y ) = y G O p (V) that there can exist no element g € O p (V) such that 
f -9 = 1 in Q P (V). 


Exercise 4.12.9. Using the above problem, show that the ring O p (U) cannot 
be a field. 


We still have to deal with why we are calling O p (V) a local ring. 

Definition 4.12.2. A ring R is called a local ring if R has a unique maximal 
ideal. 


Exercise 4.12.10. Let 

= {/ G O p (V) : /(p) = 0}. 

Suppose that / ^ M p . Show that there exists an element g £ O p (U) such that 
f ■ g = 1 in O p (V). 


Exercise 4.12.11. Show that M p is the unique maximal ideal in the ring O p (V) 
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We now shift gears and make things quite a bit more abstract. Part of the 
power of algebraic geometry is that we can start with geometric insights, translate 
these into the language of ring theorem, allowing us to think geometrically about 
rings for which there is little apparent geometry. This is not what we are doing in 
this book. The following is just to give a flavor of this. 

First, we can talk about local rings quite generally. For example, every field is 
a local ring. However, as we have seen, not every local ring is a field. 

A nonempty subset S' of a ring R is said to be multiplicatively closed in R if, 
whenever a,b £ S, the product ab £ S. 

Exercise 4.12.12. (1) Show that S = {1, 3, 9, 27, . . . } = {3 k : k > 0} is 

a multiplicatively closed subset of Z. 

(2) Let R be a ring and let a ^ 0 be an element of R. Show that the set 
S = {a k : k > 0} is a multiplicatively closed set in R. 

Exercise 4.12.13. (1) Let p £ Z be a prime number. Show that the set 

Z — (p) is multiplicatively closed. 

(2) Let R be a ring and assume that I C R is a maximal ideal in R. Show 
that S = R — I is multiplicatively closed. 

(3) Let R be a ring and I C R be any ideal. Under what conditions on the 
ideal I will the subset S = R — I be a multiplicatively closed subset of R1 
Prove your answer. 

Let S be a multiplicatively closed set in R. Define an equivalence relation ~ 
on the set R x S as follows: 

(r, s) ~ ( r ', s') 3 t € S such that t(s'r — sr') = 0. 

Exercise 4.12.14. Show that ~ is an equivalence relation on Rx S. 

Exercise 4.12.15. Describe the equivalence relation ~ on R x S if 0 € S. 

Let Rs = R x S/ ~ and let [r, sj denote the equivalence class of (r, s ) with 
respect to ~. Define addition in Rs by 

[fi.si] + [r 2 ,s 2 \ = [ris 2 +r 2 si,sis 2 ]. 

and multiplication by 

[ri,si] ■ [r 2 ,s 2 ] = [rir 2 ,sis 2 ]. 

Exercise 4.12.16. Show that + and • are well-defined binary operations on 

S s 

Rs- 

With a little work checking the axioms, one can show that Rs is a ring under 
the addition and multiplication defined above. This ring is called the localization 
of R at S. 
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Exercise 4.12.17. Let S = Z — {0}. What is Z s? Is it a local ring? derivation 

Exercise 4.12.18. Let R = Z and S = {2 k : k > 0} = {1, 2, 4, 8, . . . }. 

(1) Show that S is multiplicatively closed in R. 

(2) Show that, in Rg = Z g, addition and multiplication of [a,2 m ],[b,2 n ] 
agrees with the addition and multiplication of the fractions a/2 m and 
b/2 n in Q. 

(3) Let S' = (2, 4, 8, . . . } = {2 fc : k > 1}. Show that Z g> — Z g ■ 

The following exercises illustrate geometric and algebraic ways of constructing 
other local rings. 

Exercise 4.12.19. Let p be a point in A n . 

(1) Show that 

O p = : f,g G k[x 1 , and g(p) ± o| 

is a local ring. Describe its unique maximal ideal. 

(2) Let m p = {/ £ k[x 1 , . . . ,x n ] : f(p) = 0}. By Hilbert’s Nullstellensatz, m p 
is a maximal ideal in R = k[x 1 , . . . , x n ]. Prove that the localization of R 
at S = R — trip is isomorphic to 0 P . 

Exercise 4.12.20. Let R be a ring and I C R be a prime ideal. Set S = R — I, 
which is a multiplicatively closed set in R , and consider the ring Rg. 

(1) Show that Rg is a local ring. Describe its unique maximal ideal. 

(2) Show that the proper ideals in Rg correspond to ideals J in R such that 
J CL 

4.12.1. Examples. 


4.13. Tangent Spaces 

The goal of this section is to establish equivalence among several different no- 
tions of the tangent space T p V of a variety V at a point p. 


4.13.1. Intuitive Meaning. There are several equivalent notions of a tangent 
space in algebraic geometry. Before developing the algebraic idea of a tangent space 
we will consider the familiar tangent space as it is usually defined in a multivariable 
calculus course, but we want to be able to work over any field k, not just R and C, 
so we need to generalize our idea of differentiation. To motivate this new definition 
let’s consider the main properties of the derivative map. The derivative is linear, 
the derivative of a constant is zero, and the derivative obeys the Leibnitz rule. The 
derivative map is an example of a derivation. For us a derivation will mean a map 



tangent/space 
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L : R — » R from a fc-algebra R to itself, e.g. R = k[x i, . . . , x n ], with the following 
properties: 

(i) L is fc-linear, i.e. L(af + bg) = aL(f) + bL(g), for all a,b £ k and f,g £ R, 

(ii) L obeys the Leibnitz rule, L(fg ) = gL(f) + fL(g ), for all f,g £ R. 

Exercise 4.13.1 (SIMILAR TO EISENBUD, P. 385). Suppose R is a k- 
algebra. Show that if L : R — > R is a derivation, then L(a) = 0 for all a £ k. 
[Hint: Show that L( 1) = 0 and apply (i).] 

We will first give an extrinsic definition of the tangent space of an affine variety 
at a point. We will identify the tangent space to A" at each point p £ A n with the 
vector space k n . 


Definition 4.13.1. Let I c k[xi, . . . ,x n \ be a prime ideal, 
affine variety, and p = (pi,P 2 , • • • ,p n ) £ V. The tangent space 
p is the linear subspace 

(xi,x 2 ,...,x n ) £ k n | =0, 

i= 1 1 

where — is a derivation defined formally by 

OXi 

A rn = f m.xf- 1 if i = j 
dxi Xj | 0 if i^j 

d 

If k = C or R, then — — can be regarded as the usual partial derivative. 

OXi 

In the special case that V is a hypersurface, V = V(/) for / e k[x i, . . . ,x n ], 
we have that the tangent space of the hypersurface V = V(/) at p is simply 



V = V(J) C A" an 
of the variety V at 

for all / £ 1 1 , 


T P V := 


(x 1 ,X 2 ,...,x n ) £ k n I ^2(xi-Pi)g^-(p) =0 
< 2=1 1 J 


Exercise 4.13.2. In R 2 let f(x, y ) = x 2 + y 2 — 1, consider the curve C = V(/). 
Let p = (a, b) be a point on C. 

a) Find the normal direction to C at p. 

b) How is the normal direction to C at p related to the gradient of / at pi 

Itanspacel 

c) Use Definition 4.13.1 to find T p C. 

d) How is T p C related to V/(p)? 


Exercise 4.13.3. Show that T p V, as defined in Definition 1, is a vector space 
over k by identifying the vector (xi, . . . , x n ) with the vector {x\ — pi, . . . ,x n — p n ). 
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tanspace2 


Next, we consider another definition of an affine tangent space. Recall, the 
definition of the local ring of regular functions of a variety V at p, 

o P (V) = {^| f,gek\V\, g {p)± oj. 

Definition 4.13.2. The tangent space of the variety V at p is the linear space 
TpV := {L : 0 p (V) — > 0 p (V) | L is a derivation} . 


For any point p £ 


f d d 

l , T p A” is the vector space span } — — , . . . , — — where 


' l dxi 


dx r 


— — are defined formally as above. When V = V(/) C A" is an affine variety, 

OXi 

d 

T p V is the subspace of linear combinations of — — that agree on I. In other words 


dxi 


d 


L = ^ suc ^ that L{f)(p) = 0 for all / £ I. 


i=l 


ex: circle2 


Exercise 4.13.4. In R 2 let f(x, y) = x 2 +y 2 — 1, consider the curve C = V(/). 
Let p = (a, b) be a point on C. 

Itanspace2 

a) Use Definition 4.13.2 to find TpV. 

b) Find a vector space isomorphism between T p V found in part b. of Exercise 
L.13.2 and T p V found in part b. of Exercise 4.13.4. 

Itanspace2 

Exercise 4.13.5. Show that TpV as defined in Definition 4.13.2 is a vector 
space over k. 


Exercise 4.13.6. Show that L(f) = L(g) if and only if / — g £ I. 


ex : x4 


la 

2a 


Exercise 4.13.7. In C 2 , consider the complex curve C = V(/) given by 
f(x, y) = x 4 + x V - 2y - 3 = 0 

Itanspacel 

a) Find the tangent line at p = (1, 3) using Definition 4.13.1. 

b) Homogenize / to obtain F(x,y,z) and let C = V(E) C P 2 (C). Use Defini- 

Itanspacel 

tion 4.13.1 to find T p >C at p' = (1 : 3 : 1). 

12 a 

c) Let 2 = 1 to dehomogenize^ the equation in Exercise 4713. 7b and check 
you get the equation in Exercise b~7l3.7a. 

d) Convince yourself that for any C in C 2 given by /(aq,^) = 0, the tangents 

lex : x4 

obtained by the two methods shown in Exercise 4.13.7:a-b agree. 


Exercise 4.13.8. In C 2 , consider the complex curve 
C = {(aq, aq) £ U 2 | a; 2 + x\ = 1} 

Tfi 

At a point (ai,a 2 ) £ C , show that — ^ is a 1-dimensional vector space over C. 

m p l ex : circlel 

Relate this 1-dimensional vector space to the tangent line found in Exercise 4.13.2. 
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|~4~| Exercise 4.13.9. In this problem, let 

Zi = x + iy £ C, (x,y) £ R, 
z 2 = u + iv € C, ( u , v) € R 


Suppose V £ C 2 is defined via F(zi,z 2 ) = z\ — z\ = 0. 

a) Let P 0 = (z lo ,z 2 J = (— 1, *). Is P 0 £ V? 

b) Find the tangent line h{z\,z 2 ) = 0 to Po using 


dF 

dzi 


(Po) = 0 


c) Show that V, viewed as a set Vr £ R 4 is the intersection of two surfaces, 


f(x±,X 2 ,X 3 , x 4 ) = 0, 

g{xi,x 2 ,x 3 ,x i ) = 0 

Find / and g explicitly. Intuitively, what is the real dimension of Vr? 

d) Find the point Q 0 = (xi 0 ,x 2o ,x 3o ,X 4 0 ) £ R 4 to which P 0 = ( zi 0 ,z 2q ) £ C 2 
corresponds. 

Find two normal vectors in R 4 to Vr at Qo via Ni = V/|Qo, -^2 = V g\Qo ■ The 
real tangent space T^q 0 to Vr at Qo is the set of lines through Qo perpendicular 
to Ni , N 2 . Intuitively, what is the real dimension k of 2 r q 0 ? Is 2r q 0 a fc-plane in 
R 4 ? 

e) In Problem tl. 13.9:2, you found the tangent line equation h(z\, z 2 ) to V at 
Po in C 2 . Write the tangent line as a system of 2 equations in R 4 using x,y,u,v. 
These equations correspond to 2 planes Pli,Pl 2 £ R 4 . Let T = Pl\ fl Pl 2 . Find 2 
linearly independent vectors D\,D 2 £ R 4 parallel to T . Show that DiT N\,N 2 and 
D 2 FNi, N 2 . Is T the same as Pr,q 0 ? Does this convince you that if C is a curve 
in C 2 and Tc,p 0 is the tangent line to C at Po, then F<c,p 0 is the usual geometric 
tangent space to C at P 0 when C 2 is thought of as R 4 ? 


5 


Exercise 4.13.10. In P 2 (C), let C be F[xi,x 2 ,x 3 ] = x 2 x 3 — x\ = 0. Verify 
that P = [2, 4, 1] is on C. Suppose you try to define the tangent to C at Q 0 = 
[x\ 0 ,x 2o ,x 3o ] as 


dF 


^2 Q^(Qo)(xi - x io ) = 0 


i= 1 


a. Find the tangent line at P = [1, 2, 4] using equation *. 

b. Find the tangent line at P = [2,4,8] using equation *. 

c. Consider the line 


z £«*)(«) =0 ** 

i— 1 1 

For C and Q 0 = P = [1, 2,4], what is **? 
For C and Qo = P = [2, 4, 8], what is **? 
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In this case do that lines seem to be same regardless of the way you write 
P and whether you use * or **? The actual definition of the tangent is 
**, not *. Does this problem indicate why? 


Exercise 4.13.11. Euler’s formula says that if F[xq,xi, ■ ■ ■ ,x n ] is a homoge- 
neous polynomial of degree d, then 


E 


OF 

dxi 


(Qo)(xi) =d- F[x 0 ,x !,••• 


,x n ] 


Let F[x i,£2, £3] = xf + 5xfx2 + 7X1X2X3. Verify Euler’s formula in this case. 

Exercise 4.13.12. Returning to Problem k.13.10, explain why the tangent 
line is the same whether you use * or ** and does not depend on the A ^ 0 you use 
to define Q 0 = [A®i 0 , Ax 2o , Ax3 0 ]. 


Exercise 4.13.13. This is in C 2 . V is a curve defined by a polynomial equation 
f(x o,xi) = 0. Let P £ V. 

Let L be a line in C 2 through P. L is a tangent to V at P of order at least k. 
if for some parameter a, 3 points Pi(a), ■ ■ ■ ,Pk+ i(a) £ V such that 

a. \/a ^ 0, pi (a), • • • ,pfc(a) are distinct; 

b. \/a y 0, Pi (a), • • • ,Pfc(«) are collinear and lie on a line L a of the form 
A(a) + B(a) + C(a ) = 0; 

c. Asa-i 0, pi (a), • • • ,pfc(a) ->• P; 

d. As a — > 0, L a — > L , meaning A(a) , B (a) , C (a) —> A,B,C where L is 
given by Ax o + Bx\ + C = 0. We further say L is a tangent of order k if 
it is a tangent of order at least k but not at least k + 1. 

In the following P = (0, 0) and V is one of these curves. 


Cl : 

Xl 

= Xo 

C 2 : 

Xl 

= 

C3: 

x\ 

- T 3 

— x 0 

C 4 : 

x\ 

= x$ + X 

C 5 : 

xl 

4 1 

= Xq + X 


Sketch the real parts of each curve near P. 


Exercise 4.13.14. 
• 1 for Ci\ 


a. Show that at P(0, 0), Xi = 0 is a tangent of order 


• 2 for C 2 ; 

• 2 for C3 

b. Show Xi = x$ and xi = —x are tangent of order > 1 for C4, C5. Make a 
guess about their actual order; 
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c. Draw pictures to convince yourself that in C 2 every line through (0, 0) is 
a tangent of order > 1 . 

Exercise 4.13.15. Rewrite curves C\ — C5 in the form g(xo,xi) = 0. Go 
through the list and for each g(x , y ) = 0 , 

a. Write out for Ci — C 5 the equations gotten from only keeping terms of 
degree > k and also terms of degree equal to k; 

b. Then go through that list and modify those in reasonable ways by identi- 
fying groups of terms corresponding to f(x o,x±) = 0 


Exercise 4.13.16. Now for each curve in your list, compute the graded ring, 

n k 


© 


m p 

m k+l 


k> 1 P 

4.14. Singular Points 


4.14.1. Intuitive Meaning. 

4.14.2. Definition in Terms of Generators of Ideal. 

4.14.3. Singularities as Proper Subvarieties. 


4.15. Dimension 
4.15.1. Intuitive Meaning. 


4.16. Zariski Topology 

The main goal of this section is to show that there is a topology on any algebraic 
variety V. 


Let X be a set. A collection r of subsets of X is called a topology on X if 

(1) X and 0 are in r, 

( 2 ) any arbitrary union of elements of r is an element of r, 

(3) any finite intersection of elements of r is an element of r. 

Elements of r are called the open sets of X, and ( X , r) is said to be a topological 
space. Given topological spaces (X, r) and (Y, r'), a function / : X — > Y is said to 
be continuous with respect to (r, t' ) if for each U € t' , the inverse image /” 1 ( t /) of 
U under / is an element of r. 

Exercise 4.16.1. Let B be the collection of all open intervals in R. (Recall 
that an open interval is of the form {x : a < x < b}, for two fixed numbers a and 
b.) Define r to be the closure of B under arbitrary unions. 

(1) Show that (R, r) is a topological space. 
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(2) Let / : K -> R be a function. Show that / is continuous in the traditional 
e-S sense if and only if it is continuous with respect to (r, r). 

Exercise 4.16.2. Let B be the collection of all open discs in R 2 . (Recall that an 
open disc with center (a, b) of radius S > 0 is of the form {(a;, y) : (x— a) 2 + (y— b) 2 < 
5}.) Define r to be the closure of B under arbitrary unions. 

(1) Show that (R, r) is a topological space. 

(2) Let / : R — > R be a function. Show that / is continuous in the traditional 
e-S sense if and only if it is continuous with respect to (r, r). 

Exercise 4.16.3. Finite complement topology on R 1 : On R a set U is open if 
the complement of U is a finite collection of points, i.e. U = R — {p\, . . . ,Pk}- R 
and 0 are also considered to be open sets. 

(1) Verify that any arbitrary union of open sets is again open. 

(2) Verify that any finite intersection of open sets is open. 

(3) Conclude that the open sets defined above form a topology on R. This is 
called the finite complement topology. 

(4) Show that if a set U is open in the finite complement topology, then it is 
open in the standard metric topology on R. 

(5) Give an example of an open set in the metric topology that is not open 
in the finite complement topology. 

(6) Show that any two nonempty open sets in the finite complement topology 
on R must intersect. 

(7) Use the previous problem to show that the finite complement topology on 
R is not Hausdorff. 

Exercise 4.16.4. Zariski Topology: A set X c k n is a Zariski- closed set if X 
is an algebraic set. A set U is Zariski-open if U = k n — X. 

(1) Show that a circle in R 2 is a Zariski-closed set. 

(2) Show that a finite collection of points in R is a Zariski-closed set. 

(3) Show that the finite complement topology on R is the Zariski topology on 
R. 


Exercise 4.16.5. Show that in C, the complement of a finite number of points 
is a Zariski-open set. 

Exercise 4.16.6. Show that a Zariski open set in C is the complement of a 
finite number of points. 

Exercise 4.16.7. Show geometrically that the Zariski topology on C is not 
Hausdorff. 
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Exercise 4.16.8. Show that, in C 2 , the complement of a finite number of 
points and curves is Zariski-open. 

Exercise 4.16.9. Show that a Zariski-open set in C 2 is the complement of a 
finite number of points and curves. 

Exercise 4.16.10. Show geometrically that the Zariski topology on C 2 is not 
Hausdorff. 

Exercise 4.16.11. Show that if X is Zariski-closed, then X = V(I(X)). 

Exercise 4.16.12. Show that if X and Y are Zariski-closed and X C Y C k n , 
then I(Y) C I(X). 

Exercise 4.16.13. Show that if X and Y are Zariski-closed, then XL) Y = 
V(I(X) n I(Y)) and X C\Y = V{I(X) + I(Y)). 

Exercise 4.16.14. Show that the Zariski-closed sets are closed under arbitrary 
intersections. (Hint: Use the fact that if k is a field, then the polynomial ring 
k[x i, . . . ,x n ] is a Noetherian ring, i.e. , it has no infinite ascending chain of ideals.) 

If X C k n can be expressed as a finite Boolean combination (i.e. using union, 
intersection, and complements) of Zariski-closed sets, then we say that X is con- 
structible. 

Exercise 4.16.15. Let C = {(a, 6, c) € C 3 : (3x € C)(ax 2 +bx + c = 0)}. Show 
that C is const ructible. 

A map / : k n — > k m is a polynomial map if there exist polynomials cji , . . . , g m € 
k[x i, . . . , x n ] such that for all (ai, . . . , a n ) € k n , 

f (ill j • • * 5 ®n) = (fjl (dr , . . . , fln)i • * • ) 9 mis^ 1 5 • • • 1 &n))- 

Exercise 4.16.16. Prove or disprove: If / : C" —> C m is a polynomial map 
and V is open in the Zariski topology on C m , then the inverse image / _1 (U) of V 
under / is Zariski open in C m . 

Exercise 4.16.17. Prove or disprove: If / : C" — > C m is a polynomial map 
and U is open in the Zariski topology on C n , then the image f(U) of U under / is 
Zariski open in C m . 

Exercise 4.16.18. Let X C C" be a constructible set. Show that the image 
of X under a polynomial map / : C” — > C m is constructible. (*) 

A set X C R™ is said to be semi-algebraic if it is the intersection of finitely 
many polynomial equations and inequalities. 

Exercise 4.16.19. Let S = {(a, 5, c) £ R 3 : (3x € C)(ax 2 + bx + c = 0)}. Show 
that S is semi-algebraic. 
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4.17. Morphisms 

The goal of this section is to define a natural type of mapping between algebraic 

sets. 


The world of algebraic geometry is the world of polynomials. For example, 
algebraic sets are defined as the set of common zeros of collections of polynomials. 
The morphisms, or mappings, between them should also be given by polynomials. 

Suppose X C A n (k) and Y C A n (k) are algebraic sets. The natural mappings 
( morphisms ) between X and Y are polynomial mappings: 

(f> : X Y 

V (/i(p),...,/ m (p)) 

for some /i, . . . , f m S k[x 1, . . . , x n }. 

The map <j> induces a ring homomorphism 

0 (Y) O(X) 

f focj) 

Exercise 4.17.1. Show that the above map is indeed a ring homomorphism. 
A ring homomorphism 

a : k[y u . . . , y m ]/I(Y) = 0(Y) -»■ 0(X) = k[x u x n ]/I(X) 
induces a morphism 

X -> Y 

P {fi{p),-..,fm(p)) 

where f t =a{y z ). 

Exercise 4.17.2. Let X = V(y — x 2 ), the parabola, and let Y = V(y), the x- 
axis. Then <j> : X — > Y given by (j>(x, y) = x is a morphism. This morphism simply 
projects points on the parabola onto the x-axis. Find the image of y £ 0(Y) in 
0(X) by the above ring homomorphism er : 0(Y) —> 0(X). 

Exercise 4.17.3. Let X = V(v — u 2 ), and let Y = V(z 2 — xy). We may think 
of X as a parabola and Y as a double cone. Define a morphism 

<j) : X Y 

(U,V) (1,W,U) 

Show that the image of <j> is actually in Y. The effect of this morphism is to map 
the parabola into the cone. Show that the corresponding ring homomorphism 

A(Y) = C[x, y, z\/{x 2 — xy) — > A{X) = C[u, v\/(y — u 2 ) 
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is given by 

ar i — >• 1, y H > v, z <— > u. 

Exercise 4.17.4. For each of the polynomial mappings X — > Y, describe the 
corresponding ring homomorphism a : 0(Y) — > 0(X). 

( 1 ) 

<l> : A 2 {k) -> A 3 (fc) 

(x,y) (y - x 2 ,xy,x 3 + 2y 2 ) 

(2) X = A 1 (fc) and Y = V(y — x 3 , z — xy) C A 3 (fc). 

(f>:X Y 

t !->• (t, t 3 ,t 4 ) 

Exercise 4.17.5. For each of the ring homomorphisms a : 0(Y) —> 0(X), 
describe the corresponding morphism of algebraic sets, X — > Y. 

( 1 ) 

a : k[x,y\ — » k[t] 

X !->• t 2 — 1 

y t(t 2 - 1) 

(2) 

er : k[s, t, uw\/{s 2 — w, sw — tu) k[x,y, z\/(xy — z 2 ) 

s i y xy 
t i — yz 

U I — )■ XZ 
W I — z 2 

The morphism constructed here is a mapping of the saddle surface to a 
surface in A 4 (/c). 

(Note: Much of this section was taken from David Perkinson’s lectures at PCMI 
2008.) 


4.18. Isomorphisms of Varieties 

The goal of this problem set is to establish a correspondence between poly- 
nomial maps of varieties V\ = V(h) C A n (k) and Vi = V(Ii) C A m {k) and 
ring homomorphisms of their coordinate rings fc[Vi] = k[x i, . . . , x n \/I\ and k[Vi ] = 
k[y\, . . . ,y m ]/A In particular, we will show that Vi = Vi as varieties if and only if 
k[\ i] = k\Vi] as rings. 
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lines 


4.18.1. Definition. Let V\ = V{I\) C A n (k) and V 2 = V{l 2 ) C A m (k) be al- 
gebraic sets in A n (k) and A m (fc), respectively. We will assume in the following that 
each Ij is a radical ideal. As we have already seen, the ring O(Vi) = k[x 1 , . . . , x n ]/I\ 
is in a natural way the ring of (equivalence classes of) polynomial functions mapping 
V\ to k. We can then define a polynomial map P : V) —> V 2 by P(xi, ... ,x n ) = 
(P 1 (x 1 , . . . , x n ), . . . , P m (x lt . . . , x n )) where P» G k[\ \\. Alternatively, P :V l ^V 2 
is a polynomial map of varieties if Pi = y,; o P G fc[Vi]. (Note: This is to emphasize 
that i/i and Xi are coordinate functions on A m (k) and A n (k), respectively.) 

A polynomial map P : V 1 — > V 2 is an isomorphism of varieties if there exists 
a polynomial map Q : V 2 — > V\ such that Q o P = Id| vy and P o Q = Id|y 2 . Two 
varieties are isomorphic if there exists an isomorphism between them. 


Exercise 4.18.1. Let k = R. Let V) = V(x) c M 1 2 and V 2 = V (x + y) c R 2 . 

(1) Sketch V\ and V 2 . 

(2) Find a one-to-one polynomial map P(x,y) = (P\(x, y), P 2 (x, y)) that 
maps Vi onto V 2 . 

(3) Show Vi = V 2 as varieties by finding an inverse polynomial map Q(x,y) 

and 


for the polynomial map P(x , y) above. Verify that Q o P = Id 
P o Q = Id 


Vi 


sets. 


e 2 

Exercise 4.18.2. Let k = R. Let V\ = R and V 2 = V{x—y 2 ) C R 2 be algebraic 

(1) Sketch V 2 . 

(2) Find a one-to-one polynomial map P(x) that maps Vi onto V 2 . 

(3) Show V\ = V 2 as algebraic sets by finding an inverse Q(x,y) for the 


polynomial map P(x) above. Verify that QoP = Id 


and PoQ = Id 


Ei 


E 2 


Exercise 4.18.3. Let k = C. Let Vi = V(x 2 + y 2 - 1) c C 2 and V 2 = 
V(x 2 — y 2 — 1) C C 2 be varieties. 

(1) Find a one-to-one polynomial map P(x, y) that maps V\ onto V 2 . 

(2) Show Vi = V 2 as varieties by finding an inverse Q(x, y) for the polynomial 


e 2 


map P(x , y) above. Verify that Q o P = Id and P o Q = Id 

Ei 

(3) If k = R, do you think V (x 2 +!/ 2 -l)cR 2 and V ( x 2 — y 2 — 1) C 
isomorphic as varieties? Why or why not? 


are 


Exercise 4.18.4. Let k be any algebraically closed field. Let V\ = V(x + y,z — 
1) C A 3 (k) and V 2 = V(a; 2 — z,y + z) C A 3 (fc) be varieties. 
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(1) Find a one-to-one polynomial map P(x, y,z) that maps V\ onto V 2 . 

(2) Show V\ = Vi as varieties by finding an inverse Q(x,y,z) for the polyno- 
mial map P(x, y, z ) above. Verify that Q o P = Id and P o Q = Id 


v 2 


4.18.2. Link to Ring Isomorphisms. Let’s now consider the relationship 
between the coordinate rings 0(Vi) and 0(V 2 ) of two varieties. We will show that 
there is a one-to-one correspondence between polynomial maps P : V\ Vi of 
varieties and ring homomorphisms </> : 0(V 2 ) — > 0(Vi) of coordinate rings. First 
suppose P : V\ — > Vi is a polynomial map. Define P* : OiYi) — > 0(Vi) by P*(f) = 
foP. Next, if <j> : 0(V 2 ) — > 0(Vi), we can construct a polynomial map P : V\ —> Vi 
such that P* = (j). 

[lines 

Exercise 4.18.5. Consider Exercise 4.18.1. 

(1) Let /, g e R[x, y\ agree on Vi, i.e. / — g € (x + y). Show that P*(f) = 
P*(g) inR^]. 

(2) Show that P* is a ring isomorphism by finding its inverse. 


Exercise 4.18.6. Show R[x] = 'R.[x,y}/(x — y 2 ) as rings. 


Exercise 4.18.7. Show C[x,y]/(x 2 + y 2 — 1} = C [x,y\/(x 2 — y 2 — 1) as rings. 

Exercise 4.18.8. Show k[x, y, z]/(x + y, z — 1} = k[x, y, z]/(x 2 — z,y + z) as 
rings. 


Exercise 4.18.9. Let V = V(h) C A n (k), V 2 = V{I 2 ) c A m (fc), and V 3 = 
V(I 3 ) C A l (k) be varieties and suppose P : V± — > V 2 and Q : V 2 — > V 3 are 
polynomial maps. 

(1) Explain why P* : 0(V2) -4- 0(Vi)], i.e. explain why we define the map 
to go from 0(Vi) —> 0(Vi) and not vice versa. In words, we “pull back” 
functions from 0(y 2 ) to 0(Vi) rather than “push forward” functions from 
0(Vi) to 0 (Vi). 

(2) Show that P* : 0 (^ 2 ) — > 0(Vi) is well-defined, i.e. show that if f = g 
mod J 2 , then P*(f) = P*{g ) mod I\. 

(3) Show {QoP)* =P*oQ*. 

(4) Show that if P is an isomorphism of varieties, then P* is an isomorphism 
of rings. 


Exercise 4.18.10. Let V = V{h) c A n (k) and V 2 = V(J 2 ) C A m {k) be 
varieties. Recall that O(Vi) = k[x 1 , . . . ,x n \/I\ and 0(V 2 ) = k[y\, . . . ,y m ]// 2 . Then 
x, and yj are coordinate functions , so let us consider their images in the quotient 
rings O(Vi) and 0(V 2 ). Let tq denote the image of Xi under the map k[x 1 , . . . , x n ] — > 
k[x 1 , . . . , x n ]/Ji and let Vi denote the image of yi under the map k[y 1 , . . . , y n ] 
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k[yi,...,y n ]/h, i-e. k[V i] = k[ui , . . . , u n ] and k[V 2 ] = k[v In general, 

the UiS are not algebraically independent and neither are the u,.s. 

(1) Let V\ = V(x) C R 2 and V 2 = V(x + y) C R 2 . Find Mi, m 2 , Mi, and u 2 , 
such that k[V i] = k[u\,u 2 ] and k[V 2 ] = k[v \,v 2 \. 

(2) Let Vi = V(x 2 + y 2 — 1) C C 2 and V 2 = V(x 2 — y 2 — 1) cC 2 . Find iti, 
u 2 , v\, and v 2 , such that fc [Vi] = k[u\,u 2 ] and k[V 2 ] = k\v\,v 2 \. 

(3) Let V\ = V(x + y, z— 1) C A 3 (fc) and V 2 = V(x 2 — z,y + z) C A 3 (/c). Find 
Mi, u 2 , M 3 , Mi, v 2 , and M 3 such that O(Vi) = fc[Mi,M 2 ,M 3 ] and 0(V 2 ) = 
k[v i,v 2 ,v 3 \. 

Exercise 4.18.11. Let Vi = V(h) c A n (k) and V 2 = V{I 2 ) c A m (fc) be 
varieties and suppose </> : 0(V 2 ) —> 0(Vi)] is a ring homomorphism. Our goal is 
to construct a polynomial map P : V\ — > V 2 such that P* = <f>. Let Uj and Vj 
denote the coordinate functions as above on fc[Vi] and k[V 2 ], respectively. Define 
P = (Pi, . . . , P m ) : Vi — > V 2 such that Pi = <j) o m*. 

(1) Let Vi = V(x) C R 2 and V 2 = V{x + y) C R 2 . Find the corresponding 
polynomial map for <f) : R[V 2 ] — >• R[Vl] defined by = Mi, 0 (m 2 ) = u 2 . 

(2) Let Vi = V(x 2 + y 2 — 1) C C 2 and V 2 = V(a; 2 — y 2 — 1) C C 2 . Find the 
corresponding polynomial map for <j> : C[V 2 ] — > C[Vi] defined by = 
«i, H v 2 ) = m 2 . 

(3) Let Vi = V[x + y, z — 1) C A 3 (fc) and V 2 = V(a; 2 — + 2 ) C A 3 (fc). 

Find the corresponding polynomial map for <t> : 0(V 2 )] —> 0(Vi) defined 
by 4>(v 1 ) = Mi, 4>(v 2 ) = u 2 , and cj)(v 3 ) = u 3 . 

Exercise 4.18.12. Let V x = V(h) C A n (k) and V 2 = V{I 2 ) c A m (/c) be 
varieties and suppose </> : 0(V 2 ) — > 0(Vi) is a ring homomorphism. Let Uj and Vj 
denote the coordinate functions as above on fc[Vi] and k[V 2 ], respectively. Define 
P = (Pi, . . . , P m ) : Vi — > V 2 such that P, = (j) o Mj. 

(1) Verify that P is a well-defined map from Vi to V 2 . 

(2) Verify that P is a polynomial map. 

(3) Verify that P* = (j). 

(4) Show that if Q is another polynomial map Vi —> V 2 such that Q* = </>, 
then Q = P (in fc[Vi]). 

(5) Show that P : Vi — > V 2 is an isomorphism of varieties if and only if 
P* : 0(V 2 ) — > O(Vi) is an isomorphism of rings. 

Exercise 4.18.13. Let Vi = A 1 (A:) and V 2 = V(x 3 - y 2 ) c A 2 {k). 

(1) Sketch V 2 for the case when k = R. Note the cusp at the point (0,0) in 
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(2) Verify that P(x) = (t 2 ,t 3 ) is a one-to-one polynomial map that maps V\ 
onto Vi. 

(3) Show that P does not have a polynomial inverse. 

(4) Show that the map P does not have a polynomial inverse. 

(5) Show that k[t] ^ k[x,y]/(x 3 — y 2 ) as rings. [Hint: Showing that P* 
is not an isomorphism is not enough. You must show that there is no 
isomorphism between these rings. Show that k[t] = k[t 2 ,t 3 ] and that 
k[t 2 ,t 3 } ? k[t ].] 


4.19. Rational Maps 

The goal of this section is to define a the second most natural type of mapping 
between algebraic sets: rational maps. 


There are two natural notions of equivalence in algebraic geometry: isomor- 
phism (covered earlier in this chapter) and birationality (the topic for this section). 
Morally two varieties will be birational if there is a one-to-one map, with an inverse 
one-to-one map, from one of the varieties to the other, allowing though for the 
maps to be undefined possibly at certain points. Instead of having maps made up 
of polynomials, our maps will be made up of ratios of polynomials; hence the maps 
will not be defined where the denominators are zero. We will first define the notion 
of a rational map, then birationality. 

4.19.1. Rational Maps. 

Definition 4.19.1. A rational map 

F : A n (k) -- A m {k) 

is given by 

p / . ( Pi (x 1 , . . . , Xn) Pm (:£l , • • • , Xn) \ 

lXl ’ ‘ " ’ 1 = Wl • • ■ . *») ’ " ‘ 7 Qm{xi, ■ . . , x n ) J 

where each P, and Qj is a polynomial in k[x \, . . . , x n ] and none of the Qj are 
identically zero. 


It is common to use a ” — ■»” instead of a to reflect that F is not defined 
at all points in the domain. 


Exercise 4.19.1. Let F : C 2 
F(x 1 ,x 2 ) = 


—> C 3 be given by 
Xi + x 2 x\ + X 2 X1X2 


Xi — X 2 Xi X\ + 2 >x 2 


The rational map F is not defined on three lines in C 2 . Find these three lines. 
Draw these three lines as lines in R 2 . 
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Let V = V(I) C A n (k) and W = V(J) C A m (k) be two algebraic varieties, 
with defining prime ideals I C k[x \, . . . , x n \ and J C k[x 1 , . . . , x m \, respectively. 

Definition 4.19.2. A rational map 

F : V W 

is given by a rational map F : A "(fc) — -» A m (fc) with 

p / . ( P\ (*£l , ... , Xn) Pm (xi , . . . , Xu) \ 

such that 

(1) The variety V is not contained in any of the hypersurfaces V(Qi). (This 
means that for almost all points p £ V we have Qi(p) ^ 0 for all i. We 
say that the rational map F is defined at such points p. ) 

(2) For each point p where F is defined, and for all polynomials g{x i, . . . , x m ) £ 
J, we have 

f Pi (x\ , . . . , Xn) Pm (xi , . . . , X n ) \ ^ 

\ Qi (xi , . . . , £ n ) Qm 5 • • • ; •I'n) ) 

Thus a rational map from V to W sends almost all points of V to points in W. 


Exercise 4.19.2. Show that the rational map 


F(t) = 


/ - 2 1 1 -t 2 \ 

{l + ^’T+Pj 


is a rational map from the line C to the circle V (x 2 + y 2 
the line C where F is not well-defined. 


1). Find the points on 


Exercise 4.19.3. The above rational map F(t) = was not made 

up out of thin air but reflects an underlying geometry. Let L be any line in the 
plane C 2 through the point (0, 1) with slope t. Then the equation for this line is 
y = tx + 1. First, draw a picture in M 2 of the circle V(x 2 + y 2 — 1) and the line 
L. Using the quadratic equation, show that the two points of intersection are (0, 1) 
and TTu) > f° r a fi xe d slope t. Explain the underlying geometry of the map 

F for when the slope t is zero. 


4.19.2. Birational Equivalence. 

Definition 4.19.3. An algebraic variety V C A n (k) is birationally equivalent 
to an algebraic variety W C A m (k) if there are rational maps 

F : V — -*■ W 

and 


G:W—*V 



344 


Algebraic Geometry: A Problem Solving Approach 


such that the compositions 

G o F : V — » V 


and 

F o G :W — W 

are one-to-one functions, where defined. We then say that V and W are birational. 
The rational map G is called the inverse of the map F. 

Intuitively two varieties are birational if they are actually isomorphic, save 
possibly off of certain proper subvarieties. 


Exercise 4.19.4. Show that the complex line C is birational to the circle 
V(x 2 + y 2 — l) by finding an inverse to the rational map F(t) = TTf 5 ")- Thus 

you must find a rational map 


G{x,y) 


P{x,y) 

Q(x,y) 


such that for all but finitely many (x,y) £ V(x 2 + y 2 — l),we have 


(x,y) 


o P(x,y) 

z Q(x,y) 


l-( 


l + ( 


PQ,y) 

Q(x,y) 


) 2 ’l + ( 


P(x,y) 

QG,y) 

P(x,y) 

QG,y) 



FoG(x,y) 


and for all but finitely many t we have 


t = 


n 

Q( 


~2t 1-t 2 

1 +t 2 ' 1+t 2 
-2 1 1-t 2 

1+t 2 > 1+t 2 


) 

) 


GoF(x,y) 


As a hint, recall that the map F corresponds geometrically with starting with a 
slope t for the line y = tx + 1 through the point (0, 1) and then finding the line’s 
second point of intersection with the circle. 


Exercise 4.19.5. Consider the curve V(y 2 — a; 3 ) in the plane C 2 . 


Picture 

(1) Show that this curve has a singular point at the origin (0,0) 

(2) Show that the map F(t) = (t 2 ,t 3 ) maps the complex line C to the curve 
V(y 2 - x 3 ). 

(3) Find a rational map G : V(y 2 — x 3 ) ---» C that is the inverse to the map 
F 

Thus C and V(y 2 — x 3 ) are birational, even though C is smooth and V(y 2 — x 3 ) is 
singular. 
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4.19.3. Birational Equivalence and Field Isomorphisms. The goal is 

Theorem 4.19.6. Let V = V(I) C A n (k) and W = W{J) c A m (k) be two 
algebraic varieties. Then V and W are birational if and only if the function fields 
%v and OCw are field isomorphic. 


Fields being isomorphic is a natural algebraic notion of equivalence. Thus the 
intuition behind this theorem is that birational equivalence precisely corresponds 
to the corresponding function fields being isomorphic. 

Exercise 4.19.7. The goal of this exercise is to show that the function fields 
for the line C and the curve V(y 2 — x 3 ) in the plane C 2 are field isomorphic. 

(1) Show that y = (|) 3 and x = (|) 2 in the field C(x,y)/(y 2 — x 3 ). 

(2) Show that for any F(x, y) £ C(x, y)/{y 2 —x 3 ), there exists two one- variable 
polynomials P(t),Q(t ) £ C[f] such that 

p(i) 


F{x,y ) = 


Q(l) 


in the field C(x, y)/(y 2 — x 3 ). 

(3) Show that the map 


T:C(t)^C(x,y)/(y 2 ~x 3 ) 
defined by setting 

T/( t > = /® 

is onto. 

(4) Show that the above map T is one-to-one. This part of the problem is 
substantially harder than the first three parts. Here are some hints. We 
know for a field morphism that one-to-one is equivalent to the kernel being 
zero. Let P(t),Q{t) £ C([f] be polynomials such that 

T m)=o 

in C (x,y)/(y 2 — x 3 ). Now concentrate on the numerator and use that 
(■ y 2 — x 3 ) is a prime ideal in the ring C[x, y\. 

The next series of exercises will provide a proof that algebraic varieties V and 
W are birational if and only if the function fields Xy and %w are isomorphic. 

Exercise 4.19.8. For algebraic varieties V and W, consider the rational map 

F-.V—+W 


given by 


F(x i, . . . ,x n ) 


{ P\ (xi , . . . , X n ) Pm Oi 5 • • • > 3 Cn) \ 

\ Ql (Xl , . . . , X n ) QmiX 1 5 • • • 5 %n) ) 



346 


Algebraic Geometry: A Problem Solving Approach 


Show that there is a natural map 

F*X\y — > Xy. 

Exercise 4.19.9. Let 

F:V—*W and G : W V 

be two rational maps. Then G o F : V ---> V is a rational map from V to V, Show 
that 

(G o F)* :X V ^X V 

equals 

F* o G* -.Xy^Xy. 

Exercise 4.19.10. Let 

F:V—*W and G : W —+ V 
be two rational maps. Suppose that 

(G o F)* = Identity map on Xy 

and 

(F o G)* = Identity map on Xw 

Show that 

F* : X\y ---> Xy 

and 

G* : Xy —+ X w 

are one-to-one and onto. 

4.19.4. Blow-ups and rational maps. In section XXX we saw that the 
blow-up of the origin (0, 0) in C 2 is the replacing the origin by the set of all complex 
lines in C 2 through the origin. In coordinates, the blow-up consists of two copies 
of C 2 that are patched together correctly. This section shows how these patchings 
can be viewed as appropriate birational maps. 

Let U = C 2 , with coordinates u±,U 2 , and V = C 2 , with coordinates Vj , V 2 be the 
two complex planes making up the blow-up. Denote by Z = C, with coordinates 
Zi,Z 2 , the original C 2 whose origin is to be blown- up. 

From section XX, we have the maps polynomial maps 

7 Ti : U —> Z and 7 t 2 : V — > Z 

given by 

7Ti(ui,u 2 ) = («i,uiu 2 ) = (zi,z 2 ) 

and 

7T2(U1,V 2 ) = (viV2,V 2 ) = (zi,Z 2 ). 
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Exercise 4.19.11. Find the inverse maps 

7rj" 1 : Z — -» U and : if ---> V. 

Find the points Z where the maps and are not defined. Show that U and 

Z are birational, as are V and Z . 

Exercise 4.19.12. Find the maps 

o 7n : U — -> V 

and 

7rf 1 o 7T2 : V —+ U. 

Show that U and V are birational. 

4.20. Products of Affine Varieties 

The goal of this section is to show that the Cartesian product of affine varieties 
is again an affine variety. We also study the topology and function theory of the 
product of two affine varieties. 


4.20.1. Product of affine spaces. In analytic geometry, the familiar xy- 
plane, R 2 , is constructed as the Cartesian product of two real lines, RxR, and thus is 
coordinatized by ordered pairs of real numbers. It is natural to ask whether the same 
construction can be used in algebraic geometry to construct higher-dimensional 
affine spaces as products of lower-dimensional ones. 

Clearly we can identify A 2 (k) with A 1 (fc) x A 1 (fc) as sets. However, this iden- 
tification is insufficient to prove that A 2 (fc) is isomorphic to A 1 (k) x A 1 (fc), for 
isomorphisms must also take into account the topologies and functions for each. 


4.20: Products : ??? 


Exercise 4.20.1. Let /c[A"(fc)] = k[x \, . . . , x n ] and k[A m (k)] = k[yi, . . . , y m \. 
Show that fc[A” +m ] = k[x i, . . . ,x n ,y±, . . . ,y m ], where the latter is, by definition, 
the ring of regular functions on the product A n (k) x A m (fc). 


Frequently, when we form the product of topological spaces X and Y , the new 
space X x Y is endowed with the product topology. This topology has as its basis 
all sets of the form U x V where U C X and V C Y are open. In these exercises, the 
Zariski topology on the product X x Y will be compared to the product topology 
to determine if they are the same or different (and if different, which is finer). 

Exercise 4.20.2. (This is very similar to [Hartshornel977], Exercise 1.1.4.) 
In Exercise 1, you have shown that A n (k) x A m (k) = A n+m ( k \ In particular, 
A 1 (k) x A 1 (k) 9* A 2 (/c). 

(1) Describe an open set in the product topology on A 1 (fc) x A 1 (fc). 
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(2) Is an open set in the product topology on A 1 (k) x A 1 (fc) also open in the 
Zariski topology of A 1 (fc) x A 1 (fc) = A 2 (fc)? 

(3) Is every open set of the Zariski topology of A 1 (k) x A 1 (k) = A 2 also open 
in the product topology? 

(4) Conclude that the Zariski topology is strictly finer than the product topol- 
ogy on A 1 (fc) x A 1 (/c) = A 2 (fc). 

4.20.2. Product of affine varieties. Let X C A n (k) and Y C A m (k) be 
affine varieties. The Cartesian product of X and Y, X x Y, can naturally be 
viewed as a subset of the Cartesian product A n (k) x A m (k). 

Exercise 4.20.3. Let X = V(x 2 - xi) c A 2 (fc) and Y = V(yi) C A 2 (fc). 
Describe X x Y and show that it is a closed subset of A 4 (fc). 

Exercise 4.20.4. If X = V(I) C A n (k) and Y = V{J) C A m (k) are algebraic 
sets, show that Ixfc A n+m (k) is also an algebraic set. 

Let X C A n (k) and Y C A m (k) be affine subvarieties. Then X x Y is an 
algebraic subset of A n+m (k). Endow X x Y with the subspace topology for the 
Zariski topology on A n+m (k). This is called the product of the affine varieties X 
and Y. 

We now want to prove that the product of affine varieties is again an affine 
variety, which requires that we prove the product of irreducible sets is irreducible. 

Exercise 4.20.5. Let xo £ X be a (closed) point. Show that {£o} x Y = 
{(£ 0 , 2 /) £ X xY : j/ S 7} is a subvariety of X xY isomorphic to 7 as a variety. 
Similarly, for any closed point y 0 £ Y , X x {z/o } is a subvariety ofXx7 isomorphic 
to X. 

In particular, if X is irreducible, so is X x {z/o} for each y 0 £ Y. 

Exercise 4.20.6. If X and Y are irreducible, show that X x Y is irreducible. 
Thus, if X and Y are affine varieties, so is their product, X xY. 

4.20.3. Products and morphisms. 

Exercise 4.20.7. Let X c A n (k) and Y C A m (k) be affine varieties. 

(1) Show that (x, y) x is a morphism of affine varieties px '■ X x Y — > X, 
called projection on the first factor. 

(2) Similarly, show that (x, y) i — > y is a morphism, which we will denote by 
Py : X x Y — > Y and call projection on the second factor. 
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Exercise 4.20.8. Show that px ■ X x Y — > X and py : X x Y — ► Y are both 
open morphisms, i.e., if C/ C X x Y is an open subset, then px(U) is an open subset 
of X and py{U) is an open subset of Y. 

Must px and py also be closed morphisms, i.e., must the images of a closed set 
C in 1x7 be closed in X and in Y? 

oducts :UniversalProperty Exercise 4.20.9. Suppose ip : Z — >■ X and ip : Z — >■ Y are morphisms of affine 

varieties. Show that there is a well-defined morphism n : Z — > X x Y so that 
<p = Px ° 7i and ip = py on, where px ■ X x Y — > X and py : X x Y — > Y are the 
projection morphisms. 

This is the universal property for the product of varieties: Given X and Y, a 
variety P with morphisms nx : P — > X and ny : P — > Y is the product of X 
and Y if, for any variety Z with morphisms a : Z — > X and (3 : Z — > Y , there is a 
unique morphism 7 : Z — > P so that 


Y 

X 

is a commutative diagram. 

Therefore, if Q is another variety having this property, there are unique maps 
5 : P ^ Q, ( : Q ^ P, n : P ^ P and e : Q — > Q by the universal property. Clearly, 
7 T, e must both be the identity morphisms of P and Q, respectively. However, 
( o S : P — > P also satisfies the property of the arrow from P to itself, so that 
£ o S = n is the identity on P. Similarly, 5 o Q : Q — > Q is the identity morphism 
of Q, so C and <5 are invertible morphisms which establish an isomorphism P = Q. 
Hence the product of two varieties is unique up to isomorphism. 

Exercise 4.20.10. Suppose n : X x Y — > Z is & morphism. Must there be 
morphisms £ : X — > Z and 77 : Y ^ Z such that 7 r = £ o p x and n = 7 ) o p Y ? That 
is, must we always be able to complete the following commutative diagram? 


Py 

X x Y > Y 



X > Z 

t 


Exercise 4.20.11. Suppose £ : X — > Z and 77 :Y^Z are morphisms of affine 
varieties. Is there is a well-defined morphism (:Xx7-iZ induced by £ and 77 ? 





CHAPTER 5 

Projective Varieties 

Compiled on February 

The key to this chapter is that projective space P" is the natural ambient space 4, 2010 
for much of algebraic geometry. We will be extending last chapter’s work on affine 
varieties to the study of algebraic varieties in projective space P". We will see that 
in projective space we can translate various geometric objects into the language 
not of rings but that of graded rings. Instead of varieties corresponding to ideals in 
commutative rings, we will show that varieties in P" will correspond to homogeneous 
ideals. This will allow us to define the notion of “projective isomorphisms.” 


5.1. Definition of Projective n-space P n (k) 

In chapter 1, we saw that all smooth conics in the complex projective plane P 2 
can be viewed as the “same”. In chapter 2, we saw that all smooth cubics in P 2 
can be viewed as describing toruses. In chapter 3, we saw that curves of degree e 
and curves of degree / must intersect in exactly ef points, provided we work in P 2 . 
All of this suggests that A n is not the natural place to study geometry; instead, we 
want to define some notion of projective n- space. 

Let k be a Held. (You can comfortably replace every k with the complex 
numbers C, at least for most of this book.) 

Definition 5.1.1. Let a = (ao, . . . , a n ),b = (bo, • ■ ■ , b n ) € A n (k) — (0, . . . , 0). 
We say that a ~ b if there exists a A ^ 0 in the field k such that 

( 0 .O 5 • ■ • , a n ) — A(&o, • , bn). 

Exercise 5.1.1. In A 5 - (0, . . . ,0), show 

(1) (1, 3, 2,4, 5) ~ (3, 9, 6, 12, 15) 

(2) (1,3, 2, 4)/ (3,9,6,13,15) 

Exercise 5.1.2. Show that the above is an equivalence relation on A n (k) — 
(0, . . . , 0), meaning that for all a, b, c € A n (k) — (0, . . . , 0) we have 

(1) a ~ a. 

(2) If a ~ b then b ~ a. 

(3) If a ~ b and b ~ c, then a ~ c 
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Definition 5.1.2. Projective n-space over the field k is 
P"(fc) = A”(fc) — (0, ... , 0)/ ~ . 

Exercise 5.1.3. Referring back to exercise XXX in chapter one, explain why 
P”(fc) can be thought of as the set of all lines through the origin in A n (k). 

We denote the equivalence class corresponding to some (do, . . . , a n ) by 

(o 0 : oi : ■ • • : a„). 

We call the (do : a\ : ■ • • : a n ) the homogeneous coordinates for P n {k). 

We now want to see how P”(fc) can be covered, in a natural way, by n + 1) 
copies of A n (k). 

Exercise 5.1.4. Let (a 0 , di, d 2 , a 3 , a^, d 5 ) G A 5 . Suppose that a 0 ^ 0. Show 

that 

. . ( di d2 d3 d4 d5 

(do, di, d 2 , d3, d4, as) ~ 1, — , — , — , — , — 

\ do do do do do 

Definition 5.1.3. Let (xq : x\ : ■ ■ ■ : x n ) be homogeneous coordinates on P”. 
Define 

Ui = P ra \V (xi) 

— {(^0 ■ Xl - * * * - Xn) . Xi yf 0}. 

Exercise 5.1.5. Prove that every element in P n (k) is contained in at least one 
Ui- (Thus the (n + 1) sets Ui, for i = 0, . . . , n, will cover P"(/c).) 

Exercise 5.1.6. Show that there is exactly one point in P n {k) that is not in 
U±, U 2 , ■ ■ ■ , U n . Identify this point. 

Exercise 5.1.7. Show that we can map P 1 (fc) to the set of all points in P n (k) 
that are not in U 2 , t/ 3 , • ■ • , U n . 

Exercise 5.1.8. Show that we can map P 2 (fc) to the set of all points in P n (k) 
that are not in U 3 , U 4 , . . . , U n . 

Definition 5.1.4. Define maps fa : Ui —> A n (k) by 

, / \ ( Xo X\ x n 

*Pi \Xq . X\ . • • * . Xfi ) I , , . . . , Xi , . . . , 

V Xi Xi Xi 

where fa means that x t is omitted. 

Exercise 5.1.9. For P n (k), show for each i that fa : Ui —> A" is 

(1) one-to-one 

(2) onto. 
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Since c pi is one-to-one and onto, there is a well- defined inverse 

(j)- 1 : A "(jfe) -► P"(fc). 

Exercise 5.1.10. For q : A 5 (k) P 5 (fc), show that 

<f>2 1 (7, 3, 11, 5, 6) = (14 : 6 : 2 : 22 : 10 : 12). 

Exercise 5.1.11. Define maps ipij '■ <Pj(UinUj) <pi{UiC\Uj) by xpij = (piocpj 1 . 
Explain how this is a map from A" to A". 

Exercise 5.1.12. Show that the map xp 02 : A 2 — > A 2 is 

4>02(xi,x 2 ) = 

Describe the set on which xpo 2 is undefined. 

Exercise 5.1.13. Explicitly describe xp 12 : A 2 — > A 2 . In other words, find 
ipi2(xi,X2)- Describe the set on which xpi2 is undefined. 

Exercise 5.1.14. Write explicitly the map ^02 : <p 2 (Uo fl U2) C A" — > <f>o(Uo fl 
U 2 ) C A" in coordinates (x\,x 2 , ■ ■ ■ ,x n ). Describe the set on which xp 02 is unde- 
fined. 

Exercise 5.1.15. Show that x pij o xpjj- = xp^. 

Exercise 5.1.16. Show that xpij o xpjk 0 V’fei = 1 

For those who have had topology, the above exercises show that P" is a mani- 
fold. 

We are not interested, though, in P”(/c), save as a place in which to do geometry. 
We want to see why we cannot naively look at zero loci of polynomials in P"(fc). 

Exercise 5.1.17. Let 

P(xq, X!,X 2 ,X 3 , £4, £5) = X 0 - X1X2X3X4X5. 


(1) 

Show 

that 






P( 1,1,1, 

1 , 1 , 1 ) = 0 . 

(2) 

Show 

that 






P( 2,2,2, 

2,2,2) ^0. 

(3) 

Show 

that 






(1,1, 1,1, 1,1) 

-(2,2,2, 2, 2, 


and the two points will define the same point in P 5 . 

(4) Conclude that the set {(x 0 , ■ • . , x 5 ) € P 5 : P(x o,...,x 5 ) = 0} is not a 
well-defined set. 


x 2 1 

Xi ’ X\ 
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Exercise 5.1.18. Let 


P{x o, xi, x 2 , x 3 , x 4 , x 5 ) = x 5 0 - XiX 2 x 3 XiX b . 


(1) Show that 

(2) Show that 


P(1,1,1,1,1,1) = 0. 


P( 2, 2, 2, 2, 2, 2) = 0. 

(3) Show that if P(x o, . . . , X5)) = 0, then for all A € C we have 


P( Ax 0 ,...,Ax 5 )) =0. 

(4) Conclude that the set {(xo, . . . , X5) £ P 5 : P(x 0, . . . , X5) = 0} is a well- 
defined set. 


The reason why the zero locus of xjj — X 1 X 2 X 3 X 4 X 5 is a well- define subset of P 5 
is that both terms x§ and X 1 X 2 X 3 X 4 X 5 have degree five. 

Definition 5.1.5. A polynomial for which of its terms has the same degree is 
called homogeneous. 

The next section starts the algebraic development of homogeneous polynomials, 
which will allow us to apply algebra is geometry in projective space. 


5.2. Graded Rings and Homogeneous Ideals 

As we have seen, if / £ k[x 0 , • • • , x„] is a homogeneous polynomial of degree 
d, then /( Axo, Axi, . . . , Ax n ) = A d /(xg, Xi, . . . , x n ) for every A 0 in the base field 
k. Thus even though the value of / at a point P £ P" is not well defined, the 
vanishing of / at P is well defined. Hence we restrict our focus to the zero locus of 
homogeneous polynomials when working in projective space P™. 

We will prove that the polynomial ring k[x 0 , Xi, . . . , x n ] can be broken up in 
a natural way using homogeneous polynomials. Define Rd to be the set of all 
homogeneous polynomials of degree d in fc[xo, Xi, . . . , x n ]. 

Exercise 5.2.1. Let R = k[x,y,z\. 

(1) Let f = x + 2y and g = x — z. Show f + g and / — g are in Pi and 

fg e R 2 ■ 

(2) Let h = x 2 + yz. Show fh and gh are in P 3 and h 2 £ R 3 . 

Exercise 5.2.2. Let R = k[x 0 , xi, . . . , x„]. 

(1) What is Rq? 

(2) Show that if / £ R 0 and g £ then fg £ R d . 

(3) Show that for /, g £ Pi, / + g £ Pi and fg£R 2 . 
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(4) Show that for f,gGR d ,f + gGR d and fg G R 2 d- 

We can generalize the previous exercise to show that fc[xo, x \, . . . , x n ] is a graded 
ring. 

Definition 5.2.1. A graded ring is a ring A together with a collection of 
subgroups Ad, d > 0, of the additive group A, such that A = ® d>0 Ad and for all 
d,e>0, Ad • A e C Ad+e- 

Exercise 5.2.3. As before, let R = k[x 0 , x\, . . . , x n ] with R d the homogeneous 
polynomials of degree d. 

(1) Prove that Rd is a group under addition. 

(2) Prove for any d, e > 0, Rd ■ R e C R d + e - 

(3) Prove k[x 0 , xi, . . . , x n \ = ® d > 0 Rd- 

This notion of grading of a ring extends to ideals in the ring. As we are 
interested in projective space and homogeneous polynomials, we define a related 
notion of grading in an ideal. 

Definition 5.2.2. An ideal / of a graded ring R = ® d>0 Rd is called homo- 
geneous if and only if / = ® (/ fi Rd)- 

Exercise 5.2.4. Determine whether each ideal of k[x,y,z\ is homogeneous. 

(1) I(P) = {f | f(P) = 0} 

(2) ( x-yz ) 

(3) {x 2 - yz ) 

(4) (x - yz, x 2 - yz) 

(5) (x 2 - yz,y 3 - xz 2 ) 

The next exercise gives us two alternate descriptions for a homogeneous ideal. 

Exercise 5.2.5. Prove that the following are equivalent. 

(1) / is a homogeneous ideal of k[x o, • • • , x n \. 

(2) / is generated by homogeneous polynomials. 

(3) If / = fi e -I- where each /,; is homogeneous, then fiGl for each i. 

Exercise 5.2.6. Let I be a homogeneous ideal in R = k[x o, . . . , x n ]. Prove the 
quotient ring R/I is a graded ring. 

Exercise 5.2.7. Let R = k[x, y, z ] and I = (x 2 — yz). Show how to write R/I 
as a graded ring ® S d - 

Exercise 5.2.8. Let R = k[x,y,z,w] and I = (xw — yz). Show how to write 
R/I as a graded ring ® S d - 
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Exercise 5.2.9. Let R = k[x,y,z] and let I = ( x,y }, J = ( x 2 ). Determine 
whether each ideal is homogeneous. 

(1) JflJ 

(2) I + J 

(3) IJ 

(4) Rad(J) 

(Recall that the radical of I is the ideal Rad(7) = {/ : f m £ I for some to > 

We can generalize these results to the intersections, sums, products, and radi- 
cals of any homogeneous ideals. 

Exercise 5.2.10. Let / and J be homogeneous ideals in k[x o, . . . ,x n \. 

(1) Prove / fl J is homogeneous. 

(2) Prove I + J is homogeneous. 

(3) Prove IJ is homogeneous. 

(4) Prove Rad(/) is homogeneous. 

We will see that, as in the affine case, prime ideals correspond to irreducible 
varieties. The next exercise shows that to prove a homogeneous ideal is prime, it 
is sufficient to restrict to homogeneous elements. 

Exercise 5.2.11. Let I be a homogeneous ideal in R = k[x o, . . . , x n \. Prove 
that / is a prime ideal if and only if fg £ I implies / £ I or g £ I for all homogeneous 
polynomials f,g. 


expand this after 
comparing with 
chapter 4 revisions. 


5.3. Projective Varieties 

In this section we will see that the V — I correspondence for affine varieties 
developed in chapter 4 extends to projective varieties. 

5.3.1. Algebraic Sets. To define varieties in P", we start with the zero sets 
of polynomials. 

Definition 5.3.1. Let S' be a set of homogeneous polynomials in k[x o, . . . , x n }. 
The zero set of S is V(S) = {P £ P™ | f(P) = 0 V/ £ S}. A set X in P” is called 
an algebraic set if it is the zero set of some set of homogeneous polynomials. 

Exercise 5.3.1. Describe the zero sets V(S) in P 2 for each set S. 

(1) S = {x 2 + y 2 - z 2 } . 

(2) S = {x 2 ,y}. 

(3) S = {x 2 + y 2 — z 2 ,x 2 — y 2 + z 2 }. 


: EX-algebraic sets in PI 


Exercise 5.3.2. Describe the algebraic sets in P 1 . 
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Exercise 5.3.3. Show that each set of points X is an algebraic set by finding 
a set of polynomials S so that X = V (S) . 

(1) X = {(0 : 1)} C P 1 . 

(2) X = {(0 : 0 : 1), (0 : 1 : 0), (1 : 0 : 0)} C P 2 . 

(3) X = {(1 : 1 : 1 : 1)} C P 3 . 

While in this book we are interested in varieties over C, it is interesting to see 
how the algebraic sets vary when we vary the base field k. 

Exercise 5.3.4. Let I = (x 2 + y 2 ) c k[x,y\. 

(1) Find V(I) for k = C. 

(2) Find V (/) for k = R. 

(3) Find V(I) for k = Z 2 . 

Exercise 5.3.5. Let S' be a set of homogeneous polynomials and let I be the 
ideal generated by the elements in S. Prove that V(I) = V(S). This shows that 
every algebraic set is the zero set of a homogeneous ideal. 

Exercise 5.3.6. Prove that every algebraic set is the zero set of a finite number 
of homogeneous polynomials. (The Hilbert Basis Theorem (check section in chapter 
4) will be useful here.) 

Exercise 5.3.7. We call the ideal (xo, x\, . . . , x n ) c k[x o, xi, . . . , x n ] the “ir- 
relevant” maximal ideal of k[x o, X\, . . . , x n \. Prove that this is a maximal ideal and 
describe V((xq, X\, . . . , x n )). Why do we say that (xq, X\, . . . , x n ) is irrelevant? 

Exercise 5.3.8. Let / and J be homogeneous ideals in R = /c[a;o, x \, . . . , x n \. 

(1) Prove V(I n J) = V(I) U V(J). 

(2) Prove V(I + J) = V(I) D V{J). 

Exercise 5.3.9. Let I be a homogeneous ideal. Prove that V r (Rad(J)) = V(I). 

5.3.2. Ideals of algebraic sets. 

Definition 5.3.2. Let V be an algebraic set in P”. The ideal of V is 

I(V) = {/ e k[x o, . . . , x n ] | / is homogeneous, f(P) = 0 for all P £ V} . 

Exercise 5.3.10. Let V be an algebraic set in P". Prove that I(V) is a 
homogeneous ideal. 

Exercise 5.3.11. Find the ideal I(S) for each projective algebraic set S. 

(1) S= {(1 : 1)} inP 1 . 

(2) S=V{{x 2 )) inP 2 . 

(3) S = V {(x 0 x 2 - X 1 X 3 , x 0 - x 3 )) in P 3 . 
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In chapter 4 we proved Hilbert’s Nullstellensatz: for an affine algebraic variety 
V (I) over an algebraically closed field k, I(V (/)) = Rad(J). To prove the projective 
version of this result, we will compare the corresponding projective and affine ideals 
and varieties. For a homogeneous ideal J C k[xo, ■ ■ ■ , x n ], let 

V a (J) = {Pe A" +1 \{(0, 0, . . . , 0)} : f(P) = 0 V/ g J} , 

the affine zero set of the ideal J. 

Exercise 5.3.12. Let J be a homogeneous ideal in k[x o, . . . , x n ]. 

(1) Let ip : A" +1 \{(0, 0, . . . , 0)} — > P" be the map 

V?((a 0 , . . • ,a„)) = (a 0 : ■ ■ ■ : a n ). 

Describe <p _1 (a o : • ■ ■ : a n ). 

(2) Prove that (ao, . . . , a n ) G V a (J) if and only if (Ado, . . . , Aa ra ) G V a (J) for 
all A G k*. 

(3) Let I(V a {J)) = {/ G k[x $, . . . , x n \ : f(P) = 0 VP G V a (J)} the ideal of 
polynomials vanishing on the affine variety V a (J). Note that we do 
not require the polynomials in I(V a (J)) to be homogeneous, since V a {J) 
is an affine variety. Prove that I(V a {J)) is in fact homogeneous, and 
I(V a (J)) = I(V(J)). 

(4) Use Hilbert’s Nullstellensatz to conclude that I(V(J)) = Rad(J). 

Exercise 5.3.13. Let J = (xo — x\) C k[x o,aq]. 

(1) Find the affine zero set V a (J ) C A 2 . 

(2) Find I(V a (J)) and show that this ideal is homogeneous. 

(3) Show that I(V(J)) = RadJ. 

Exercise 5.3.14. Let J = (xo — x \, aq + x 2 ) C k[x 0 , x\, X 2 ]. 

(1) Find the affine zero set V a {J ) C A 3 . 

(2) Find I(V a (J)) and show that this ideal is homogeneous. 

(3) Show that I(V(J)) = RadJ. 

Exercise 5.3.15. Let J = (xqX 2 ,xoX 2 ,xiX 2 ) C k[. vo,xi,X 2 \- 

(1) Find the affine zero set V a (J) C A 3 . 

(2) Find I(V a (J )) and show that this ideal is homogeneous. 

(3) Show that I(V(J)) = RadJ. 

Exercise 5.3.16. Let I be a homogeneous ideal. Prove that V(I) = 0 if and 
only if (xq, x,\ , . . . , x n ) C Rad(J). 
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5.3.3. Irreducible algebraic sets and projective varieties. As in Chap- 
ter 4, we say that an algebraic set V is reducible if V = V\ U V 2 , where V\ and V 2 
are algebraic sets with V\ C V and V 2 C 7. An algebraic set that is not reducible is 
said to be irreducible. A projective variety is defined to be an irreducible algebraic 
subset of P", for some n. 


Exercise 5.3.17. Determine whether each algebraic set in P" is irreducible 
(and thus a projective variety). 

(1) ^«z 0 » 

( 2 ) V ((xqx\)) 

(3) V((Xi,X2, . . .,X n )) 


EX-irreducible iff prime 


Exercise 5.3.18. Let V C P" be an algebraic set. 

(1) Suppose that V is reducible, say V = V 1 UV 2 where Vi and V 2 are algebraic 
sets with Vi C V and V2 C V. Show that there are polynomials Pi G /(Vi) 
and P 2 G /(V 2 ) such that P 1 P 2 G /(V) but Pi,P 2 ^ /(V). Conclude that 
I(V) is not a prime ideal. 

( 2 ) Prove that if I{V) is not a homogeneous prime ideal in k[x 0 , 24 , . . . ,x n ], 
then V is a reducible algebraic set in P". 


Therefore, a projective variety V in P" corresponds to a homogeneous prime 
ideal / in the graded ring R = k[ xq, X\, . . . , x n ], other than the ideal J = (xq, Xi, . . . , x. 
(Recall that J is called the irrelevant ideal, since V(J) = 0.) 

Exercise 5.3.19. Determine whether each algebraic set V is a projective vari- 
ety in P 2 by determining whether I(V) is prime. 

( 1 ) V^XqXx)) 

(2) V({x 0 x 1 -xf)) 

(3) V{{xD) 

Exercise 5.3.20. Suppose V = Vi U V 2 is a reducible algebraic set. Show that 

i(v) = i(v 1 )ni(v 2 ). 

Exercise 5.3.21. Suppose V is a reducible algebraic set. Show that V is the 
union of a finite number of projective varieties. 


5.3.4. The Zariski topology. As we saw with affine varieties, the collection 
of algebraic sets are the closed sets for a topology on P”, the Zariski topology. 


X-topological properties 


Exercise 5.3.22. (1) Show that 0 and P” are algebraic sets in P". 

(2) Show that the union of a finite number of algebraic sets in P" is again an 
algebraic set. 
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(3) Show that the intersection of an arbitrary collection of algebraic sets in 
P" is again an algebraic set. 

Conclude that the algebraic sets in P" form the collection of closed sets for a 
topology on P". This is the Zariski topology on P". 

Exercise 5.3.23. The Zariski topology on P 1 . 

(1) Show that {(0 : 1), (1 : 0)} is a closed set. 

(2) Find an open neighborhood of {(1 : 1)}. 

(3) Describe the closed sets in P 1 . 

(4) Find a basis of open sets for P 1 

Exercise 5.3.24. The Zariski topology on P". 

(1) Show that the sets P n \V(f), for homogeneous / € k[x o, . . . , x n \, form a 
basis for the Zariski topology on P". 

(2) Show that this topology is not Hausdorff. (Recall that a topological space 
is Hausdorff if for every pair of distinct points there exist disjoint open 
neighborhoods containing them.) 

5.4. Functions on Projective Varieties 

5.4.1. The rational function field and local ring. As we did for curves 
in section 3.12 we now define a field of functions on a projective variety. Suppose 
V C P™ is a projective variety. We’d like to work with functions on V and as we 
have previously seen, polynomial functions are not well-defined on projective space. 
Instead we consider ratios where / and g are homogeneous polynomials 

of the same degree. 

Exercise 5.4.1. Let / and g be homogeneous polynomials of the same degree. 
Show that 

/( \x 0 ,...,\x n ) _ f(x o, . . ,,x„) 
g(\x 0 , . . . , Xx n ) g(x 0 ,...,x n )' 

Thus ^ is a well-defined function at all points P £ P" with g(P) ^ 0. 

Definition 5.4.1. Let V C P" be a projective variety with ideal I(V). The 
function field of V, 3C(V), is the set of all ratios 

f(xp,...,x n ) 
g(x 0 , ■ ■ ■ ,x n ) 

such that 


(1) / and g are homogeneous polynomials of the same degree 

(2) 9 i I(V) 

(3) ^~|if/W2-/25ie/(V). 
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Exercise 5.4.2. Prove that ~ is an equivalence relation and that ^ ~ ^ if 
and only if — and — are identical functions on V. 

J Sl 32 

Exercise 5.4.3. Prove that X(V) is a field. 

Exercise 5.4.4. Let V = V{{x 2 - yz)) in P 2 . 

(1) Show that f = | in X{V). 

(2) Show that - is defined on an open subset U of V, and thus - defines a 
function from U to the base field k. 

Exercise 5.4.5. Let V = V((xqX 2 — xf,x±X 3 — x 2 ,xoX 3 — xix^)) in P 3 . 

(1) Show that |a = in X(V). 

(2) Show that is defined on an open subset U of V, and thus defines a 
function from U to the base field k. 

Exercise 5.4.6. Let V be a projective variety in P" and let h = f( x °'—’ Xn '> 
where / and g are homogeneous polynomials of the same degree. Show that h is 
defined on an open subset U of V, and thus defines a function from U to the base 
field k. 

What we call a function on a projective variety V is often only defined on an 
open subset of V. We also will be interested in functions defined at a particular 
point of our variety, which leads to the next definition. 

Definition 5.4.2. Let V be a projective variety and P £ V. The local ring 

of V at P, Oy p, is the set of all rational functions h £ X(V) such that at P, we 

can write h = ^ where /, g are homogenous polynomials of the same degree and 

g(P) ± o. 

Exercise 5.4.7. Let V = V((xz — y 2 )) and let P = (0 : 0 : 1). Show that the 
rational function h = | is in Oy,p by finding homogeneous polynomials / and g 
with g(P) 7^ 0 and h = 

Exercise 5.4.8. Verify that 0 y,p is a ring. 

Exercise 5.4.9. In abstract algebra a ring is called local if it has a unique 
maximal ideal. In this exercise we will show that Ov,p satisfies this property. 

(1) Let mp = {h £ £>v,p | h(P) = 0}. Prove that Top is a maximal ideal. 

(2) Let / be any ideal in Gyp. Prove that I C mp. 

5.4.2. Rational functions. As we have seen in the previous exercises, an 
element h of X(V) is defined on an open set U of V and defines a function from U 
to k. We will write V — -> k for this function to indicate that h is not defined on all 



362 


Algebraic Geometry: A Problem Solving Approach 


of V. Taking elements ho, hi, . . . , h m € %{V) we can define a function h : V — P m 
by 

h(p) = ( h 0 (p ) : hi(p) : . . . : h m (p)) 

at each point p € V where each hi is defined and at least one of the hi{p) is non-zero. 
We call such a function a rational map on V. 

Exercise 5.4.10. Prove that the above definition of h gives a well-defined 
function from an open subset of V to P m . 

Exercise 5.4.11. Let V = V((xox 2 — £12:3)) in P 3 , and let ho = hi = 
h 2 = —. Determine the domain of the rational map h : V --■» P 2 defined by 

X\ 

Kp) = C h o(P ) : hi (p) : h 2 {p)). 

Exercise 5.4.12. Let h : P 1 — -> P 2 be defined by 

H(Po - Pi)) = (^ = — = l) ■ 

\Pi Pi J 

(1) Determine the domain U of h, that is the points where h is regular. 

(2) Show that the function a((po : pi)) = (pq : poPi : p\) agrees with h on U 
and is defined on all of P 1 . 

Exercise 5.4.13. Let V = V((xq + x\ — x\)) in P 2 , and let ho = hi = 

(1) Determine the domain of the rational map h : V —■* P 1 defined by h(p) = 
0 ho(p ) : hi(p)). 

(2) Show that the function (xo : xi : x 2 ) e->- (xo : Xi) is equal to h. 

Exercise 5.4.14. Let h be a rational map h : V — -> P m , so h is defined as 

h{p) = (h 0 {p) : hi(p) : . . . : h m (p)) 

where hi = ^ with fi,gi homogeneous polynomials of degree di, for 0 < i < m. 

(1) Show that 

(ho(p) ■■ hi{p) : : h m {p)) = ( g{p)h 0 {p ) : g(p)hi(p) : . . . : g(p)h m {p)) 

for any homogeneous polynomial g. 

(2) Prove that any rational map h : V ---> P m can be defined by 

h(p) = ( a 0 (p ) : ai(p) : . . . : a m (p)) 

where 00, 01 , . . . , a m are homogeneous polynomials of the same degree. 

As we see in the previous exercises, a rational function can have more than one 
representation. By changing to an equivalent expression we can often extend the 
domain of our function. 
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A rational function h : V — * P m is called regular at a point P if locally near 
P, h can be represented by rational functions ^ such that gi(P) b 0 for 

each i and /,(P) b 0 for at least one i. A rational function that is regular at all 
points of the variety V is called a morphism. 

Exercise 5.4.15. Let V = V((xox 2 — x\x 3)) in P 3 , and let ho = hi = 
h -2 = Determine the regular points of the rational map h : V --■» P 2 defined by 
h{p) = (/lob) : hi (p) : h 2 {jp)). 

Exercise 5.4.16. Let / : P 2 — -» P 2 be defined by (xqXi : X 0 X 2 : xix 2 ). 

(1) Find all points P where / is regular. 

(2) Describe the pre-images of each of the points (0:0: 1), (0:1: 0), and 
(1:0: 0). 

So far we have considered functions from a variety to projective space, but we 
are often interested in functions to another projective variety. We write 

f:V—*W 

when the image of / lies in the projective variety W. 

Exercise 5.4.17. Prove that the rational map / : P 1 — > P 2 defined by 
/((ao : 01)) = (ao : «i : ai) 

is a morphism and that the image lies in the line Xi — x 2 = 0 in P 2 . 

Exercise 5.4.18. Prove that the rational map / : P 1 — > P 2 defined by 
/((ao : ai)) = (dp : a 0 ai : a\) 

is a morphism and that the image lies in the conic XqX 2 — xf = 0. 

Exercise 5.4.19. Let / : P 1 — •> P 3 be defined by 

/((a 0 : ai)) = (dg : d 2 di : d 0 d 2 : a\). 

Prove that / is a morphism and that the image lies in the variety W = V{{xqX 3 — 
XiX 2 , XqX 2 — xj, X1X3 — X2)). 

Exercise 5.4.20. Let V = V((xoxs — xix 2 )) c P 3 and let f : V — - > P 1 be 
defined by f((x 0 : Xi : x 2 : X3)) = (xq '■ x 2 ). Prove that / is a morphism and that 
the image is all of P 1 . 
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5.4.3. Birationality. 

Definition 5.4.3. Let 4> : V ---> TV be a rational map between projective 
varieties such that there is a rational map if) : W V with the property ipo(f>(P) = 
P for all points P in an open subset of V. We say that <j> is a birational map with 
rational inverse ip, and the varieties V and W are birational. 

Exercise 5.4.21. Let V = V({xq)) C P 2 and let f : V --- > P 1 be defined by 
f((x o : Xi : X 2 )) = (xi : X 2 ). Prove that / is birational. 

Exercise 5.4.22. Let V = V({x$X 2 —x\)) c P 2 and let f : V — -> P 1 be defined 
by f{(x 0 : x\ : X 2 )) = (xo : Xi). Prove that / is birational. 

Exercise 5.4.23. Let V = V((xq + x\ + X 2 + X 3 )) c P 3 . Show that V and P 2 
are birational. 

Exercise 5.4.24. Let V = V((y 2 z — x 3 — xz 2 )) c P 2 . Show that V and P 1 are 
not birational. 

5.5. Examples 

Exercise 5.5.1. Define a rational map ip : P 1 — > P 2 by ip((xo : Xi)) = (x’q : 
x 0 xi : x\). 

(1) Show that the image of ip is a plane conic. 

(2) Find the rational inverse of ip. 

Exercise 5.5.2. Define a rational map ip : P 1 — > P 3 by ip((x 0 : Xi)) = (xq : 

XqXi : xqx\ : xf). 

(1) Find the image V of <p. (This image is called a twisted cubic curve.) 

(2) Find the rational inverse from V to P 1 . 

We now generalize the previous two exercises to construct morphisms from P 1 
to various projective spaces. The next two exercises follows Hartshorne, Exercise 
1 . 2 . 12 . 

Exercise 5.5.3. (1) Fix a degree d > 0. How many monomials in the 

variables Xq and xi of degree d exist? Call this number N and list the 
monomials in some order, mi, . . . , mjv- 

(2) Show that (xo : Xi) i->- (mi : • • • : mjv) is a well defined function from P 1 
to P^. This is called the d-uple embedding of P 1 . 

(3) Let Y be the image of the 4-uple embedding of P 1 . Show that Y is an 
algebraic set. 

isms :EX-d-uple embedding EXERCISE 5.5.4. We generalize further to construct morphisms from P". 
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(1) Fix a degree d > 0. How many monomials in the variables Xo, Xi, . . . , x n 
of degree d exist? Call this number N and list the monomials in some 
order, m i, . . . , m^. 

(2) Show that (xo : x\ : • • • : x„) K > (mi : • • • : mjv) is a well defined function 
from P" to P w . This is called the d-uple embedding of P". 

(3) Let Y be the image of the 2-uple embedding of P 2 in P 5 . This is called 
the Veronese surface. Show that Y is an algebraic set in P 5 . 


In the next two exercises we will show that the product of projective spaces is 
again a projective algebraic set, which in fact is a projective variety. 

Exercise 5.5.5. Define the Segre embedding of the product, P 1 x P 1 , by 

ip : P 1 x P 1 — » P 3 

by ip((a 0 : ai), (b 0 : bi)) = ( a 0 b Q : a 0 bi : aib 0 : aibi). 

(1) Show that ip is well defined. 

(2) Let Y be the image of ip in P 3 . Show that Y is an algebraic set. 


hisms : EX-Segre embedding 


Exercise 5.5.6. We now consider the product of the projective spaces P fc and 
- . Define the Segre embedding of P fc xlK, 

ip : P fc x P^ — » i>( fc + 1 )C+ 1 )- 1 


ip((a 0 : oi : • • • : a k ), (b 0 : h : ■ ■ ■ : be)) = (a 0 b 0 : a 0 &i : • • • : a 0 be : aib 0 : ai&i : • • • : 
a k b e ). 

(1) Show that ip is well defined from P k x P^ to p(*+ 1 )(<+ 1 )-i. 

(2) Let Y be the image of ip in p( fc + 1 )(^+ 1 )~ 1 . Show that Y is an algebraic 
set. 


5.5.1. Proj. We next define the projective counterpart of the prime spectrum 
Spec(-R). The Proj construction is an important initial step in the study of projec- 
tive schemes associated to graded rings. We will only state the definition and look 
at several examples of how this construction relates back to projective varieties. 

Let R be a graded ring, which for our purposes will be mainly k\x o, • • • , x n ] 
or a quotient of this polynomial ring. As before, for projective varieties we are 
interested in homogeneous ideals, apart from the irrelevant ideal. (Recall that the 
irrelevant ideal of k[x o, . . . ,x n ] is (xq,X\, . . . ,x n ); for a general graded ring R we 
call the ideal generated by all elements of positive degree irrelevant.) 

Define Proj(-R) to be the set of all homogeneous prime ideals in R that do not 
contain the irrelevant maximal ideal. This plays the role for projective varieties 
that Spec plays for affine varieties, providing a dictionary between graded rings 
and their homogeneous ideals and the projective varieties and their algebraic sets. 
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The set Proj (I?) is given the Zariski topology as follows. For any homogeneous 
ideal H in i?, define 

V{H) = {I G Proj(-R) :H Cl} 

the set of homogeneous prime ideals containing H (again excluding the irrelevant 
ideal). As in the construction of the Zariski topology on Spec(ii), we say that 
the sets V{H) are closed in Proj (R). Recall then that open sets are dehned to be 
complements of closed sets, thus of the form Proj (R) — V ( H ) for some homogeneous 
ideal H. In the next exercise we show that this defines a topology on Proj (R) . 

Exercise 5.5.7. (1) Show that the empty set and Proj(i?) are open. 

(2) Prove that the arbitrary union of open sets of Proj(i?) is also open. 

(3) Prove that the intersection of a finite number of open sets is also open. 

Exercise 5.5.8. Let R = C[x], Show that Proj (I?) is a point. 

Exercise 5.5.9. In this exercise we show how to obtain the projective line P 1 
as Proj(R) for the ring R = C[xq,x{\. 

(1) Let / be a homogeneous prime ideal in R such that I does not contain 
the irrelevant ideal (xq,xi). Prove that either I = {0} or I is generated 
by one linear polynomial. 

(2) Show how the ideal (xq) corresponds to the point (0 : 1) S P 1 . Prove that 
this ideal is maximal among those in Proj (A). 

(3) Find the prime ideal I that corresponds to the point (1 : 2), and prove 
that the set {/} is closed in Proj(i?). 

(4) Find the prime ideal / that corresponds to the point (a : b), and prove 
that the set {/} is closed in Proj(R). 

(5) Prove that every closed point of Proj (I?) is a prime ideal in R that is 
maximal among those in Proj (I?). 

(6) Show that Proj(-R) corresponds to P 1 . 

Exercise 5.5.10. In this exercise we show how to obtain the projective plane 
P 2 as Proj(i?) for the ring R = C[cco, Xi, x 2 ]- 

(1) Show that the ideal / = {x$,x\) corresponds to the point (0 : 0 : 1) £ P 2 . 
Prove that this ideal is maximal among those in Proj ( R ) , so that V (/) = 

{I}- 

(2) Show that V (I) ^ {/} for the ideal I = (xq + x\ + x%), by finding a point 
P e V{I) with P ± I. 

(3) Find the prime ideal I that corresponds to the point (1:2: 3), and prove 
that the set {/} is closed in Proj(R). 

(4) Find the prime ideal / that corresponds to the point (a : b : c), and prove 
that the set {/} is closed in Proj (R) . 
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(5) Prove that every closed point of Proj (I?) corresponds to a point in P 2 . 

Exercise 5.5.11. In this exercise we show how to obtain P" as Proj (I?) for 
R = C[x 0 , Xi, . . .,x„\. 

(1) Show that the ideal I = (xo,Xi, . . . , x n _i) corresponds to the point (0 : 

0 : : 0 : 1) £ P". Prove that this ideal is maximal among those in 

Proj(i?) , so that V(I) = {/}. 

(2) Show that V (/) ^ {/} for the ideal I = (xq + x\ ^ + a: 2 ), by finding a 

point P GV(I) with P ^ I. 

(3) Find the prime ideal / that corresponds to the point (1 : 2 : ■ ■ ■ : n), and 
prove that the set {/} is closed in Proj(I?). 

(4) Find the prime ideal / that corresponds to the point (ao : a i : •• • : a n ), 
and prove that the set {/} is closed in Proj(i?). 

(5) Prove that every closed point of Proj(l?) corresponds to a point in P". 

As an extension of the previous exercises we next use the Proj construction to 
obtain a description of the parabola xqXi — x\ in P 2 - While this exercise provides 
some practice in using the definitions, it is not a recommended method for studying 
a parabola! 

Exercise 5.5.12. Let S = C[xo,a;i,X 2 ]//, where I = {xqx\ — x|). 

(1) As a brief review of some commutative algebra, prove that the homoge- 
neous ideals of S correspond to homogeneous ideals of C[xo,Xi,X 2 ] con- 
taining I . 

(2) Show that the ideal (xo, x 2 ) C S corresponds to the point (0:1:0) on the 
parabola. Prove that the class of this ideal in Proj (5) is maximal among 
those not containing the irrelevant ideal, so that V(I) = {/}. 

(3) Find the prime ideal J that corresponds to the point (— 1 : — 1 : 1) on the 
parabola, and prove that the set {J} is closed in Proj (5). 

(4) For an arbitrary point (a : b : c) on the parabola, find the corresponding 
prime ideal J in S' and prove that the set {J} is closed in Proj(S). 

(5) Show that the points of the parabola correspond to the closed points of 
Proj(S). 

Exercise 5.5.13. some motivation for studying Proj! 

eventually compare 
with chapter 4 section 
on Spec 




CHAPTER 6 

Sheaves and Cohomology 


In the first three chapters of this book, we developed the theory of algebraic 
curves and presented many of its greatest results: the classification of smooth 
curves of degrees 2 and 3, the group law for cubic curves, Bezout’s Theorem, and 
the Riemann-Roch Theorem. Since then, we have expanded our view of algebraic 
geometry from the special case of curves to a larger realm including affine and 
projective varieties in Chapters 4 and 5. 

It is the goal of this final chapter to develop the tools needed to reach results for 
varieties of similar importance to those we have for curves. In the end, we provide 
an alternative presentation of the Riemann-Roch Theorem, based on sheaves and 
cohomology, that demonstrates the power of modern algebraic geometry and its 
tools. While more abstract, the methods are more general and explain some of the 
seemingly arbitrary spaces and constructions introduced in Chapter 3 when proving 
the theorem the first time. 

To do all of this, we must first introduce sheaf theory (Sections 6.1, 6.2, 6.3), 
then we’ll reintroduce divisors (Sections 6.4 and 6.5) that we had previously encoun- 
tered in Chapter 3, and lastly discuss how to use cohomology to deduce important 
properties of varieties such as the Riemann-Roch Theorem for smooth curves (Sec- 
tions 6.6 and 6.7). 

6.1. Intuition and Motivation for Sheaves 

In Chapter 1, we discussed gluing copies of C together to form a new space, 
the complex projective line, P 1 . When gluing the two copies of C together, we 
needed to describe how they should overlap one another and how they should be 
attached together at these points. We could undertake a more general study of 
gluing algebraic varieties together, forming new and more complicated spaces from 
smaller, simpler parts. 

With sheaves, we will again perform gluing operations, but this time we will 
be gluing functions rather than spaces together. The idea is almost the same. We 
need to describe how the functions overlap and be sure that they agree where they 
do so. One of the roles sheaves will have to play for us is to record how functions 
can be pieced together from local parts to form larger wholes. They will also, as we 
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will see, indicate the obstacles that may prevent us from extending a local function 
to a global one and so keep us from attempting the impossible. 

The Mittag-Leffler Theorem in the first subsection below provides just one 
example of patching locally defined functions together to construct a single globally 
defined function that agrees with each part where it was originally defined. Sheaves 
will enable us to do this and more, as we will see below. 


6.1.1. Motivating Example. We will begin with a motivating example. Sup- 

OO 

pose / is a function whose Laurent series centered at a is given by f(z) = E Ck(z - 

k=— oo 

-1 

The principal part of / at a is Ck(z — a) k . The function / has a pole of order 

k=— oo 


-1 


to at a if the principal part of / at a is Ck(z — a) fc , that is, if the principal 

k——m 

part of / at a is a finite sum. 

Let n be an open subset of C and let {ay} be a sequence of distinct points in 
such that {ay} lias no limit point in f 2. For each integer j > 1 consider the rational 
function 


rrij 

p j ( z ) = E 

k=l 


c j,k 

(z — a j) k ' 


The Mittag-Leffler Theorem states that there exists a meromorphic function / on 
fi, holomorphic outside of {ay}, whose principal part at each ay is Pj(z) and which 
has no other poles in Q. This theorem allows meromorphic functions on C to be 
constructed with an arbitrarily preassigned discrete set of poles. 


Exercise 6.1.1. Find a meromorphic function / that has a pole of order 2 at 
the origin such that the residue of the origin is 0. 

Solution. The function f(z ) = — satisfies the conditions of the exercise. 

z l 

Exercise 6.1.2. Let ui 1,102 G C such that ^ ^ R. Find a meromorphic 
function that has a pole at every point in the lattice A = {tow 1 + nu >2 | to, n € Z}. 

1 1 

tow 1 — noj 2) 2 (muii + 11W2) 2 


Solution. The function 

fW = f 

m,n€.h 

(m,n) #(0,0) 

from Chapter 3 is such a function. 


Since we can construct functions with arbitrarily preassigned discrete sets of 
poles on C, it is natural to ask the same question on a complex curve (which we 
know can be viewed as a real surface). Suppose X is a Riemann surface. Given a 
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discrete set of points {a 3 } and a principal part Pj(z) at each aj, where z is a local 
affine coordinate, does there exist a rational function / on X, defined outside {aj}, 
whose principal part at each a 3 is Pj{z)l Locally, there is such a function provided 
by the Mittag-Lefflcr Theorem, but whether there exists such a function defined 
globally is more subtle. This requires passing from local information to global 
information. The primary virtue of sheaves is that they provide a mechanism to 
deal with problems passing from local information to global information. 

6.1.2. The Sheaf of Regular Functions. Prior to giving the definition of 
sheaves, we will explore a concrete example of a sheaf that has the virtue of its 
ubiquitousness. Later on, the reader will prove that the object we encounter here 
is indeed a sheaf. Let X be an algebraic variety, either affine or projective. There 
is always the sheaf Ox of regular functions on X, defined by setting for each open 
set U in X the ring of functions 

0 x{U) = {regular function on U} 

and letting ry,u, for U C V C X, be the restriction map. In fact, we have already 
been using the notation Ox throughout this book. 

Exercise 6.1.3. Consider the projective line P 1 with homogeneous coordinates 
(xo : Xi). Let U 0 = {(a;o : aq) | xq 0}. Show that the ring Ox(Uq) is isomorphic 
to the ring C[f]. Show that Ox)!” 1 ) is the zero ring. 

Exercise 6.1.4. In P 2 , let 

X = {(a; 0 : aq : x 2 ) : x q + — x\ — 0}, 

and for each i, let Ui = {(a’o : aq : x 2 ) £ X : Xi ^ 0}. Show that Ox(Uo ) 
is isomorphic to the ring C[s,f]/(3s 2 — t 2 + 1), Ox(Ui) is isomorphic to the ring 
C[s,f]/(s 2 — t 2 + 3) and Ox(U 2 ) is isomorphic to the ring C[s,t]/(s 2 + 3t 2 — 1). 


6.2. The Definition of a Sheaf 


Suppose X is a topological space. Being interested in both the local and global 
structure of X, we wish to assign to each open set U of X a collection of data that 
is somehow characteristic of U. Since different kinds of algebraic structures can 
encode geometric information about a topological space, it is useful to introduce 
a concept that encompasses different ways of assigning algebraic structures to the 
space. 


DEF : presheaf 


Definition 6.2.1. A presheaf J of abelian groups (or vector spaces, rings, etc.) 
on X consists of an abelian group (resp. vector space, rings, etc.) r J(U) for every 


presheaf 


Perhaps recall the V-7 
correspondence as 
instance of algebraic 
objects giving 
geometric data? - DM 
(7/3/09) 
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regular 


constant 


continuous 


bounded 


open set U C X and a group homomorphism (resp. linear map, ring homomor- 
phism, etc.) rv,u '■ ^(V) — t T(t7) for any two nested open subsets U C V satisfying 
the following two conditions: 

i) ru,u = id?(«) 

ii) For open subsets U C V C W one has rw,u — i"v,u ° i"w,v- 

The elements of T(t7) are called the sections of T over U and the map ry,u is 
called the restriction map , and ry,u { s ) is often written s| . In this case, the first 
axiom can be interpreted as requiring that the restriction of a function from a space 
to itself always returns the same function. That is, a trivial restriction should not 
change functions. The second axiom, in turn, says that the result of a sequence 
of restrictions should be identical to the single restriction from the initial to the 
final subspace. Again, in the context of restrictions of functions, this axiom is very 
natural and clearly desirable if a presheaf is to help us collect and organize data 
regarding functions on X. 

Exercise 6.2.1. Suppose X is a variety, affine or projective. Show that its 
sheaf of regular functions, Ox, is a presheaf as just defined. 

Exercise 6.2.2. Suppose X is a topological space. For connected U define 
^(U) = {f : U ► Z | / is a constant function} 
and let ry,u{f) be the restriction of / to U. Show that T is a presheaf of rings. 

Exercise 6.2.3. Suppose X is a topological space. Define 
C(U) = {f : U — » C | / is continuous} 

and let ry,u{f) be the restriction of f to U. Show that C is a presheaf of rings. 

Exercise 6.2.4. Suppose X = C. Define 

23(17) = {/ : U — > C | / is a bounded holomorphic function} 
and let ry,u{f) be the restriction of / to U. Show that 23(17) is a presheaf of rings. 

Presheaves enable us to assign to each open set of a topological space X an 
algebraic structure that describes the open set and how it fits inside of X. However, 
presheaves are top-down constructions; we can restrict information from larger to 
smaller sets. The problem of globalizing local data is not within the scope of the 
definition of a presheaf. That is, presheaves do not provide the means to deduce 
global properties from the properties we find locally in the open sets of X. The 
definition of a sheaf below is meant to resolve this, enabling us to pass data from 
global to local settings but also to patch local information together to establish 
global results when possible. 
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DEF : sheaf 


Definition 6.2.2. A presheaf r J of abelian groups is called a sheaf of abelian 
groups if, for every collection Ui of open subsets of X with U = [J Ui, the following 

i 

two additional conditions are satisfied. 


sheaf 


iii) If s,t £ 9 '([/) and ru,uA s ) — r u,Ui(t ) f° r all b then s = t. 

iv) If Si £ 9{Uf) and if for Ui DUj 0 we have 


rUi,UinUj(si) = i’u j ,u i r\u j {sj), 

for all i,j , then there exists s £ 9(U) such that r/j,Ui( s ) = s i- 


In light of the interpretation of functions and their restrictions, the new axioms 
for a sheaf are essential ingredients for inferring global information from local data. 
Axiom (iii) requires that two functions must be the same if they agree everywhere 
locally, i.e., if for every subset W of U, s\ w = t\ w , then s = t. Were this not 
true, then it would be impossible to construct a single global function on U from 
the parts of it we have on each of the Ui. Hence, axiom (iii) has to do with the 
uniqueness of global functions that we might construct from local data. Axiom (iv), 
in turn, has to do with the existence of such functions. Whenever we are given a 
collection of functions defined on various parts of X , we can patch them together 
to form a unique (due to axiom (iii)) function on X so long as this is feasible, i.e., 
two constituent functions s, and Sj must agree wherever both are defined in X. 

Exercise 6.2.5. Show that (iii) is equivalent to the following. If s £ 9{U) such 
that ru,Ui(s) = 0 for all i, then s = 0. 


Exercise 6.2.6. Suppose X is a variety, affine or projective. Show that its 
sheaf of regular functions, O.y, is a sheaf as just defined. 

[ constant 

Exercise 6.2.7. Show that the presheaf 9 from Exercise 6.2.2 is a sheaf. 


Exercise 6.2.8. Show that the presheaf C from Exercise 


continuous 

6.2.3 is a sheaf. 


Exercise 6.2.9. Show that the presheaf T> from Exercise 16.2.4 is not a sheaf. 


[bounded 

K2A 


As we found in the last exercise, not all presheaves are sheaves. There is a 
construction, which we will describe now, that associates a sheaf to any presheaf in 
a universal way. The key distinction between a sheaf and a presheaf is the ability 
with a sheaf to assemble local data together to construct global results. Thus we 
first need to focus on the local data in a presheaf and force the construction of global 
information from it to construct the associated sheaf. To be as local as possible, 
we want to study the essense of a presheaf at a point. 

As in the examples above, let us suppose that the elements of a presheaf 9 on 
X are functions. That is, an element s £ 9(U) is a function on the open set U. 
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sheaf !germ 
sheaf Istalk 
presheaf .'associated 
sheaf 


Suggestions welcome! 

- D M (8/1 4 /09) 

sheaf if icat ion 


Then the value s(a:) alone will not capture the essence of this function at x, for it 
is very likely that several distinct functions may have the same value at x. Hence 
we need to keep track of not only the value of s at x, but all of the values of s near 
x. This can be done by keeping track of the pair ( U,s ), where U is the open set 
containing x and s £ T(f7). However, if V is any other open set containing x, then 
U fl V is one too and ( U fl V, s|[/nv) is really the same function near x that (U, s) 
was. So these two “local functions” at x should be identified with one another. In 
general, the pairs ( U , s) and ( V , t) are equivalent whenever there is a third open set 
W with W C U fl V, x £ W, and s\w = t\w in ^(W). 

Exercise 6.2.10. Let X = C. Let U consist of all nonzero complex numbers 
with 0 < arg(z) < 27 t and let V consist of all nonzero complex numbers with — tt < 
arg (z) < 7 r. Both are clearly open sets in X = C. On U , define f{z) = \fz so that 
0 < arg < 7 r, while on V define g(z) = y/z so that — 7 t/ 2 < arg (g(z)) < n/2. 

(1) Show that the pairs (U, f) and (V,g) are equivalent as “local functions” 
at x = i. 

(2) Show that the pairs (U, /) and (V, g) are not equivalent as “local functions” 
at x = —i. 

While our interpretation of functions and restrictions motivated this definition 
of equivalence, the notion does not require the elements of the presheaf to be func- 
tions at all. If T is any presheaf on an algebraic variety X and x is any point 
in X, the equivalence class of (U,s), where U is an open set of X containing x 
and s £ T(17), is denoted by s x and is called the germ of the section s at x. The 
collection of germs of sections at x make up the stalk of the presheaf, as we now 
define. 

Definition 6.2.3. Let X be an algebraic variety, either affine or projective, 
and let T be a presheaf on X. For a point x £ X, the stalk of 1 at x, denoted r J x , 
consists of the germs s x of sections at x for all open sets U containing x and all 
s £ S(U). 

Exercise 6.2.11. Something with stalks??? 

Definition 6.2.4. Using the stalks of a presheaf 'J on X, we construct the 
sheaf associated to T, denoted T + , as follows. For any open set U, T + (U) consists 
of all functions s from U to the union [j xeU fU- of the stalks of T over points of U 
such that 

(1) for each x £ U, s(x) £ 

(2) for each x £ U, there is a neighborhood V of x, contained in U, and an 
element t £ 3 r (U), such that for all y £ V, the germ t y of t at y is equal 
to s(y). 
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Exercise 6.2.12. Let J be a presheaf on an algebraic variety X. Prove that 
if + is a sheaf of functions on X. 

[bounded 

Exercise 6.2.13. For the presheaf 23 of Exercise 6.2.4, find its associated sheaf, 
23 + , on X = C. 


6.3. The Sheaf of Rational Functions 


Proving T + is 
isomorphic to ft when 
T is a sheaf is likely 
too technical. - DM 
(8/14/09) 


Let X be an algebraic variety, either affine or projective. Then X is equipped 
with its sheaf of regular functions, Ox- 

There is another basic sheaf for every algebraic variety X, namely the function 
field sheaf Xx, which plays the “sheaf-theoretic” role of the function field. We will 
see that its definition is mildly subtle. It is here that we need to use the difference 
between a presheaf and a sheaf. 

We start with defining a presheaf X' x . For each open U in X, let X' x (U) be 
the function field of the ring 0 x(U). The goal of the next series of exercises is to 
see why X' x is only a presheaf and to motivate why we actually want to look at its 
associated sheaf. 


Requires each 0 x(U) 
to be a domain, so 
need irreducibililty! 
How have we defined 
“variety"? Is it 
irreducible? - DM 
(8/6/09) 


Exercise 6.3.1. Let X be an algebraic variety, either affine or projective. 
Verify that X' x is a presheaf of fields on X. 

We concentrate on the space P 1 , which is covered by the two open sets Uq = 
{(zo : x\) \ x± ^ 0} and U\ = {(;ro : x\ ) | xi ^ 0}. Then on Uq we let s = ( x\/xq ) 
be our affine coordinate, and on U\ we let t = {xq/x\) be our affine coordinate. On 
the overlap, Uq 0 U\, we have s = (1 /t). 


Exercise 6.3.2. Show that 3Cpi([/o) is isomorphic to the field C(s) and that 
X' vl (Ui) is isomorphic to the field C(t). Then show that UCp^P 1 ) is isomorphic to 
the zero held. 


K-prime-not-sheaf 


Exercise 6.3.3. Using that (1 /t) € X' V1 {U\) and condition (iii) in the defini- 
tion of a sheaf, show that X' cannot be a sheaf. 

Exercise 6.3.4. In P 1 , show that f{x o : X\) = is well-defined. Here the 
question involves showing that f(x o : x\) is a well-defined number, even though the 
(xq : Xi) represents an equivalence class of ordered pairs. 

K-prime -not -sheaf 

As you found in Exercise 6.3.3, the presheaf X x we defined for any algebraic 
variety need not be a sheaf. However, we prefer to work with sheaves due to the 
ability they give us to reconstruct global information about X from local data. 
Thus let Xx be the sheaf associated to the presheaf X' x as defined in the previous 

[she af i f i c at i on 

section, Definition 6.2.4. 


What is the “zero 
field"? Typical 
convention requires 
0 yf 1 in fields, so that 
the zero ring is not a 
field. - DM 
What happens where 
xo = 0? 

This is only defined on 
Uo- - DM 


Exercise 6.3.5. Show that UCp^P 1 ) is isomorphic to the field C(s). 


Same question as 
before: how does the 


reader know what 
DC P i(P 1 ) means? - PP 
(8/3/09) 
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divisor 


This isn't perfect, but 
will do for now. Have 
we defined "variety"? 

If so, how? In 
particular, is X 
irreducible? - DM 


I'm not sure I agree 
with the explanation 
for the use of the term 
"formal sum.” Once 
one defines a binary 
operation with the 
appropriate properties, 
it does indeed make 
sense to call it a sum. 
As I understand the 
phrase “formal sum,” 
it is used to indicate to 
the reader that one is 
not willing to talk 
about issues of 
convergence in some 
topology. I would 
simply not say 
anything at all about 
the term, but that’s 
just me. - PP 


6.4. Divisors 

In this section, we revisit a familiar tool, divisors, from Chapter 3. We will 
see how divisors are intimately related to the special class of invertible sheaves 
in the next section and how this can be used to give a new presentation of the 
Riemann-Roch Theorem at the end of the chapter. 

Recall from Chapter 3, a divisor D on a curve C is a formal finite linear combi- 
nation of points on 6 with integer coefficients, D = nipi + ri 2 P 2 + • • • + n^Pk with 
ni, . . . , rife £ Z and p\, . . . ,pk £ C. One might think a divisor on a variety X would 
be a formal finite sum of points as before. However, this turns out not to be the 
correct generalization. Recall the purpose of a divisor on a curve was to keep track 
of the zeros and poles of a single function. On a variety X 1 a function’s zeros con- 
stitute an algebraic subvariety usually of dimension one less than the dimension of 
X. Thus, rather than adding points, we should add subsets that look like the zero 
sets of single functions on X. To be precise, we define a codimension- one subvariety 
of a variety X to be a proper irreducible algebraic subset Y C X such that there 
are no other proper irreducible algebraic subsets Z satisfying Y C Z C X. 

Definition 6.4.1. Let X be an algebraic variety. A divisor D on X is a finite 
formal sum over the integers Z of codimension-one subvarieties of X. 

Let X be a curve in P 2 and let p, q,r £ X be points on X. Then an example 
of a divisor is 

D = 3p — 5q + r. 

The coefficients 3, —5, 1 are just integers, while the points p, q, r are the codimension- 
one subvarieties of X. We need to use the term “formal sum” since adding points 
makes no real sense. 

As divisors are formal sums, we should be able to add them. Thus if Di = 
3p — 5q + r and _D 2 = 8q + 4s — At are two divisors on the curve X, define 

D 1 +D 2 = 3p—5q+r+8q+4s—4t = 3p+(— 5+8)g+r+4s— 4t = 3p+3q+r+4s—4t. 

Let Div(X) denote the set of divisors on X with addition of divisors done formally 
as illustrated above. 

Exercise 6.4.1. Let X be an algebraic curve. Let D\ = J2 P ex n pP an d A 2 = 
m pP> where the n p , m p £ Z, be two divisors on X. If we define 

Di + D 2 ( n P + m p)P > 

P ex 

show that Div(X) is an abelian group. (Note in the above sums for the divisors 
D\ and D 2 , that even though the sums are over all points p £ X, we are assuming 
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that n p = rrip = 0 for all but a finite number of points on X ; this is what is meant 
in the definition of a divisor by the phrase “finite formal sum.”) 

Exercise 6.4.2. Let X be an algebraic variety. Let D\ = 'YfnyV and D 2 = 
YfmyV, where the ny,my € Z, be two divisors on X. Here both sums are over 
all codimension-one subvarieties of X. If we define 

D\ + D 2 = ^(riy + rn v )V , , 

show that Div(A) is an abelian group. 

Definition 6.4.2. On an algebraic variety X , let D = be a divisor. 

The degree of D is 

deg(D) =^ny, 

where the sum is over all codimension-one subvarieties of X. (For this to actually 
be a finite sum, we use that ny = 0 for all but a finite number of codimension-one 
subvarieties of X.) 


divisor! degree 

statement than the 
previous one; I might 
replace the part after 
the semicolon by 
something like “Note 
we don’t need to worry 
about issues of 
convergence, because 
all the ‘sums’ we do 
consider turn out to be 
finite. The phrase 
“finite formal sum" is 
a way of indicating to 
the reader that this is 
what is going on. - PP 


Definition 6.4.3. A divisor D = nyV is effective if, for all codimension-one 
subvarieties V of X, we have ny > 0. In this case we write D > 0. 

Exercise 6.4.3. Show that the degree of D = 3p — 5q + r on a complex curve 
X is -1. 

Now we more closely link divisors with geometry. Let A be a curve in P 2 . Let 
C be another curve in P 2 that shares no components with X. Then define 

D = X (1 C = rripP, 

p&xnc 


I don't think it is 
strictly necessary to 
add motivation for the 
definition of ‘degree’ 
but I think it might be 
good to elaborate here 
on why one cares 
about ‘effective 
divisors.' - PP 


where m p is the intersection multiplicity of the intersection point. Since C shares 
no components with X , their intersection is a finite set of points, so D is a divisor 
on X. 


Exercise 6.4.4. Let X = V(x 2 + y 2 — z 2 ) be a conic in P 2 . If C\ 
and C 2 = V(y — z ) . Show that the two corresponding divisors are 


D 1 

D 2 


xnc 1 
inc 2 


J_ J_ i_ i_ 

[ V2 : V2 ) + ( \/2 y/2 

2(0 : 1 : 1 ). 


1) 


V{x-y) 


Give a geometric interpretation for the coefficients in Di and _D 2 . 


Exercise 6.4.5. Recalling Bezout’s theorem, show that if X and C are curves 
in P 2 , then the degree of the divisor D = X D C is deg(X)deg(C). 
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divisor! associated, to 
rational function 
divisor /linearly 
equivalent 


Are /j , g,j linear? Not 
necessarily, so we need 
deg(/»),deg(ffj) added 
below. - DM 


In P 2 , with homogeneous coordinates x,y,z, consider the ratio of two homoge- 
neous polynomials f(x, y, z) and g(x, y, z) of the same degree. Suppose we factor / 
and g into irreducible factors 

f{x,y,z) = Y[fi(x,y,z) ni 

g{x,y,z) = Y[gj{x,y,z) m \ 

We have for all i and j that n* > 0 and rrij > 0. Notice that 

deg(/) = Y n i de S(fi) = Y de ^9j) = deg (g). 


Definition 6.4.4. Let X be a curve in P 2 . Define the divisor associated to the 
rational function (f/g) to be 

= Y n ^ X n V Ui)) ~Y m ^ X n V (9j))- 


Exercise 6.4.6. Let X = V(x 2 + y 2 — z 2 ) be a conic in P 2 . Show that 



1 1 
s/2 ' V2 ' 


1) + ( -7I : 


_ : !) — 2(0 : 1 : i). 


Exercise 6.4.7. Let X be a curve in P 2 . Let f(x,y,z) and g(x,y,z) be two 
homogeneous polynomials of the same degree, neither being identically zero on any 
component of X. Show that 


deg 



= 0 . 


Definition 6.4.5. Let X be a curve in P 2 . If Di and D 2 are two divisors on X , 
we say that they are linearly equivalent if there are two homogeneous polynomials 
/ and g of the same degree such that 


D x + 



= D 2 . 


Exercise 6.4.8. If we define D\ ~ D 2 to mean that D\ and D 2 are linearly 
equivalent, show that is an equivalence relation on the group Div(X). 


Exercise 6.4.9. (This is a much more open ended exercise than most of the 
others.) Let X be a smooth algebraic variety in P". For two homogeneous polyno- 
mials / and g of the same degree in (n+ 1) variables, what should be the associated 
divisor (f/g) on X ? Show that 



Finally, define what “linear equivalence” should mean for two divisors on X . 


Many problems in algebraic geometry involve the study of divisors, but only 
up to linear equivalence. This happens often enough that we make a definition. 
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Definition 6.4.6. The group Div(X) divided out by the equivalence relation 
of linear equivalence is called the Picard group, or the divisor class group, of X. 

Exercise 6.4.10. For the projective line P 1 , show that the divisors D\ = (1 : 
2) + 3(2 : 1) and D 2 = (4 : 5) + (3 : 2) + 2(1 : 1) are linearly equivalent. (Hint: 
find a homogeneous polynomial of degree 4 whose zeros are Di and a homogeneous 
polynomial of degree 4 whose zeros are D 2 .) 

Exercise 6.4.11. Let Di and D 2 be two divisors on P 1 . Show that D\ ~ D 2 
if and only if they have the same degree. 

Exercise 6.4.12. Show that the Picard group for P 1 is the group Z under 
addition. 

Exercise 6.4.13. Let Di and D 2 be two divisors on P". Show that Di ~ D 2 
if and only if they have the same degree. Show that the Picard group for P" is the 
group Z under addition. 

6.5. Invertible Sheaves and Divisors 

In this section we link divisors with sheaves. 

Definition 6.5.1. On an algebraic variety X, an invertible sheaf L is any sheaf 
so that there is an open cover {Ui} of X such that £(/7j) is a rank-one GxifJi)- 
module. 1 

Thus for each open set Ui, we have £(£/;) is isomorphic to 0 x{Uf) as a Ox(Ui)~ 
module. 

We will first see how to intuitively associate a divisor D to an invertible sheaf, 
which we will denote by Ld- Let D = ^nyV be a divisor, where the V are 
codimension-one subvarieties of X. We know that for all but a finite number of V 
that ny = 0. We can cover X by open affine sets U t so that for each i there is a 
rational function /,; £ X(Ui) such that 


(f i ) = Dnu i . 


In other word, the zeros and poles (infinities) of /) agree with the coefficients ny 
of D. 


^Modules are similar to vector spaces, which are always defined over a field of scalars such 
as C. The scalars for modules, however, may be taken from an arbitrary ring, which is the key 

difference in the definition. The notion of dimension translates into that of rank for modules. A 

i pummi|fensttein2 

more detailed account of modules and rank can be found in l[? ] or l[? ] . 


sheaf /invertible 
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DEF :L_D(1) 


What are gi, gp. If 
not related to gij, use 
hi, hj instead. - DM 


Exercise 6.5.1. For the X = V(x 2 + y 2 — z 2 ) be a conic in P 2 , consider the 
divisor 

On the open set U = {(x : y : z) \ z ^ 0}, show that if 

t, \ x y 
f(x,y,z) = 

z z 


then 


(/) = d n u. 


Thus we can write each divisor D not only as a finite formal sum of codimension- 
one subvarieties, but also as some collection ( Ui,fi ), where the {£/*} are an open 
affine cover of X and each f, £ %x(Ui)- Working out that these two methods 
are exactly equivalent when X is a smooth variety but are not necessarily the same 
when singular is non-trivial. We will take them as the same. Further, this definition 
of D depends on the choice of open cover, which is hardly unique. The key is that 
if we write D as some (f/»,/») or as some (' Vj,gj ), for some other open cover {Vj} 
with g 3 € Xx(Vj), we require on the overlaps UiH Vj that & have no zeros or poles. 

Thus write the divisor D as 


D={Ui,fi). 


Definition 6.5.2. Given D = ( Ui , ft), define the invertible sheaf Ld by setting 

Exercise 6.5.2. Suppose that 

£Fi ~r *= £>D(Ui). 

Ji Ji 

Show that 

"7 - + — G 

Ji Ji 

For any a £ 0 x(Ui), show that 

^ G £ D (Ui). 

Ji 

Thus each Ld{Ui) is an Ox (E/j)-module. 

For a divisor D = ([/,,/*), let 



Suppose that the elements 


Fi = ^ £L D {Ui ) 

Ji 

Fj = f£LD(Uj) 
Jj 
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restrict to the same rational function in %x(Ui fl Uj). Then we have 


Fj — 9ijFi 


on Ui fl Uj . 


Exercise 6.5.3. Show that on Ui fl Uj fl U^, we have 

9ij9jk9ki = 1 - 

For those who know about vector bundles, this means that the invertible sheaf 
Ld (or, for that matter, the divisor D) can be though of as a complex line bundle. 

There is another, equivalent, way of associating an invertible sheaf to a divisor 
D. Again let D = ^ nyV , where each V is a codimension-one subvariety of X. 
Let U be an open subset of X. Then we define 

D\ u =Y, n v(VnU). 

For any / £ %x(U), define (/) \ v to be the divisor of zeros and poles of / on the 
open set U. 


DEF :L_D(2) 


Definition 6.5.3. Define a sheaf Ld by setting, for each open set U of X, 
£ D (U) = {f€X x (U) | (/) + £>> 0}. 


More colloquially, Ld(U) consists of those rational functions on U whose poles 
are no worse than —D. 


Exercise 6.5.4. Let D = (Ui, /A be a divisor on X. Let Lp be the invertible 

I DEF :L_D(1) 

sheaf associated to D as constructed in Definition 6.5.2 and let C D be the invertible 

pEF:L_D_( 2) 

sheaf associated to D as described in Definition 6.5.3. Show that for each open set 
U in X, £>d(U) = L' d (U). Thus the definitions give two ways to associate the same 
invertible sheaf to D. 

Exercise 6.5.5. For P 1 with homogeneous coordinates (x : y), let D = (1 : 0). 
Let U = {(a: : y) \ x ^ 0} and V = {(a: : y) \ y ^ 0}. Show that &d(U) is 
isomorphic to all rational functions of the form ^r~, where f(t) £ <C[t]. (Here let 
t = y/x.) By letting s = x/y , show that £>d(V) is isomorphic to C[s]. Finally show 
that ^^(P 1 ) is not empty. 

Exercise 6.5.6. For P 1 with homogeneous coordinates (x : y), let D = — (1 : 0). 
Let U = {(a: : y) | x ^ 0} and V = {(x : y) \ y ^ 0}. Show that Ld(U ) is isomorphic 
to the ideal {f(t) £ C[f] : /( 0) = 0}. (Here let t = y/x.) By letting s = x/y , show 
that Ld(V) is isomorphic to C[s]. Finally show that ^^(P 1 ) is empty. 
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I don’t like having )( 
side-by-side. Can we 
fix it? - DM 
I tried - PP 


6.6. Basic Homology and Cohomology 

Homology and cohomology theories permeate a large part of modern mathe- 
matics. There is a serious start-up cost to understanding this machinery, but it is 
well worth the effort. 

Suppose we have a collection of objects {Mi}, such as a bunch of abelian groups 
or vector spaces, for * = 0,1,2,.... Suppose that we have maps 

d i : Mi — > Mi -i 

where each di is an appropriate map, meaning that if the M, are groups, then the 
di are group homomorphisms and if the Mi are vector spaces, then the di are linear 
transformations. We write these out as a sequence 

•••—>■ Mj + i — > Mi — > Mi_ i —>■■■, 

with the map from Mi — > M;_i given by di. We require for all i that Image(dj) C 
Kernel^.!) - in other words, di - 1 0 ^ = 0 , for all i. We call this a complex. 
Frequently the index i is left off, which leads di - 1 o di = 0 to be written as the 
requirement 

d o d = 0. 

Definition 6.6.1. A sequence 

•••—>■ — > Mi Mi - 1 — > ■ ■ ■ 

is exact if for all i we have 


Image(d i ) = Kernel(<i;_i). 


Exercise 6.6.1. Let 


0 — f A3 — ^ A2 — f A^ — f 0 

be an exact sequence of either rings or vector spaces, with 0 denoting either the 
zero ring or the vector space of one point. Show that the map A3 — > A2 must be 
one-to-one and the map A2 — > Ai must be onto. 

Exercise 6.6.2. Find group homomorphisms so that the corresponding se- 
quence 

0 -» Z ->• Z -> Z/2Z -)> 0 

is exact. 

In the above, Z/2Z denotes the “quotienting” of the integers by the even inte- 
gers, and hence is the group of two elements {0, 1}. 
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Definition 6.6.2. Let 

• • • —} — > Mi i — > ■ ■ ■ 

be a sequence of abelian groups or vector spaces. Then the i-th homology is 

Hi = Kernel((ii_i)/Iinage(c?i). 

Exercise 6.6.3. Show that a sequence of abelian groups or vector spaces is 
exact if and only if for all i we have Hi = 0. (This is just an exercise in applying 
definitions.) 

Thus homology is a way of measuring the exactness of a complex. 


6.7. Cech Cohomology 


In the above section we discussed homology theory. To some extent, there is 
a dual theory called cohomology. It too is a measure of the non-exactness of a 
complex. We will not be concerned with the explicit relation between homologies 
and cohomologies, but will instead just explicitly define the Cech cohomology of an 
invertible sheaf £ on an algebraic variety X. 2 

Start with a finite open affine cover U = {Ui} of X, for i = i, . . . , N. For any 
collection 0 < io < i\ < ■ ■ ■ < i p < N, let 


"-ip — Uio c Ui 1 n • • • n u ip . 

We know that ^{Ui^...^) is isomorphic to a rank-one Ox(bli 0 i 1 ...i p )-module. Then 
for each p, define 

e p cu,£)= L(u ioil 

(0<io<ii<---<i p <N) 

We want to define a map 


d: e p (U,£) e p+ 1 (tt,£) 


such that 

dod: G P (U,L) ->■ e p+ 2 (lt ,£) 

is the zero map, which allows us to form a complex whose exactness we can measure. 

Ih artshorjie 

Following notation in Hartshorne l[Har77], let a £ G P (U,£). This means that a = 
(a,: 0 ,: 1 ...i p ). To define d(a) we need to specify, for each (p + 2)-tuple (*o,ii, • • • ,i p + 1 ) 
with 0 < io < ii < • ■ ■ < i p + 1 < N, what the element d(a)j 0 j 1 ...j p+1 should be. We 
set 

p+i 

d{o:)i 0 i 1 ...i p+1 — ^ ^ (~1) 
k—0 


2 


Ihartshorne 

This whole section is heavily under the influence of Chapter III. 4 in Hartshorne l[Har77], — 
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Cech cohomology where the it means that we delete the ic term. Here a„ , , stands for the 

4 1 " ' 4 k ' ' ‘ fc p+ 1 

restriction map 

I'l ' . Ui , : 

Z 0 z l" z k ' z p+1 ’ z 0 z l ' z k ' z p+l 

which exists since is a sheaf. 

In order to make this a bit more concrete, suppose that IX consists of just three 
open sets U 0 , U±, U 2 . 

Exercise 6.7.1. Show that 

G°(U,£) = L(U 0 ) x £([/i) x L{U 2 ) 

e 1 ^) = £(U 0 i) X L(U 02 ) x L(U 12 ) 

e 2 (u,£) = L{u m2 ). 

Exercise 6.7.2. Show that 

dod: G°(U,£) -)• e 2 (tl,£) 

is the zero map. 

Exercise 6.7.3. Let a = (ao,ai,a 2 ) S G°(U,£) be an element such that 
d(a) = 0. Show that there must be a single element of £(X) that restricts to ao 
on the open set Uq, to a\ on the open set U\ and to a 2 on the open set U 2 . This 
is why we say that something in the kernel of d acting on C°(1X, L) defines a global 
section of the sheaf. 


We return to the more general situation. Now that we have a definition for the 
map d , we have a complex 

o -»• e°(u,£) -> — > g n (u,l) -»• o, 

where the first map 0 — > C°(1X, L) just sends 0 to the zero element of C°(U, L) and 
the last map C N (U,L) —> 0 sends everything in G N (U, L) to zero. 

Definition 6.7.1. Thep-th Cech cohomology group for the sheaf L with respect 
to the open cover IX is 

H p (U,L) = (ker (d : e p (U,£) -)• e p+1 (IX, £))/Im(d : e** _1 (U,/:) -> G P {U,L))) . 


Thus Cech cohomology is a measure of the failure of exactness for the complex 
0 — > C°(IX,C) ->•••—> G n (U,£) 0. This is highly dependent on the choice of 

open cover IX. If this choice really mattered, then Cech cohomology would not be 


that useful. Luckily, if each of the open sets Ui £ IX is affine, we will always find 

f L artshorne 

Har77], 


though if you go to this source directly from this section, it will be rough going, or 
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I grif f ithsharris 

see Griffiths and Harris [Gri94], Chapter 0, section 3, which is still not a “walk in 
the park”.) 

One final theoretical point. It is the case that if D\ and D 2 are linearly equiv- 
alent divisors on X, then the corresponding Cech cohomology groups must be 
isomorphic. This is usually written as 


Theorem 6.7.4. If D i ~ D 2 for divisors on X, then for all d , we have 
H d (X,L Dl ) = H d (X,L D2 ). 

We do not prove this but will have some exercises showing this property. Recall 
that in an earlier exercise that divisors up to linear equivalence on projective space 
P r are classified by degree. It is common to replace Lp, for a divisor D of degree 
n on P r by the notation 

0(n). 

Thus people frequently consider the Cech cohomology groups 

H d (V r ,0{n)) 

which equals H d (f >r , Ljj) for any divisor D of degree n. 

We spend some time on P 1 . Let (xg : Xi) be homogeneous coordinates on P 1 . 
There is a natural open cover U = {Uq, Ui} by setting 

U 0 = {(zo : xi) : x 0 ^ 0} 

U\ = {(x 0 : xi) : xi ^ 0}. 

On Uq, let s = f 1 and on Ui, let t = | a . On the overlap Uq O Ui we have 


1 



Now consider the divisor D = 2(1 : 0). 

Exercise 6.7.5. Show that D (1 Uq is described by F(s 2 ) and that D 0 U\ 
is described by R(l) (which is a fancy way of writing the empty set). Show that 
2(1 : 0) has an equivalent description as {(t/ 0 ,f 2 ), (Ui, 1)}. 


Exercise 6.7.6. Keep with the notation of the above problem. Using that 


£d(U) = U(s) e C(s) I ((/) + D) n u > 0} 


show that 


^2(l:0)(C^o) 

^2(l:0)(t^l) 


f a 0 dr Ol s + • • • + CL n S n ! 

I ^ 1 

{5o + b\s + • • • + b m t m | b 


do 5 • • • 5 & n ^ ^ j 

0 ? • • • 5 bm ^ • 
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and 


On the overlap t/oi = UodUi, we will write the restriction maps as 

ru 0 ,u 01 {f( s )) = / 0 ) 

ruuUoi = 9 Q") • 


Exercise 6 . 7 . 7 . Show that 

d : 6° (It, £2(1:0)) ~ t C 1 (It, £2(1:0)) 

is given by 


ao + ais H + a n s 


, 60 + b\s + • • • + b m t n 


_ a 0 . a l . . . n - 2 . ^1 b m 

— H 1- d2 + «3S + • • • a n s — bo • • • — . 

s * s s s ,n 

Exercise 6 . 7 . 8 . Show that 

'a 0 + dis H + a n s n 


1 bo + b\S + • • • + 

is in the kernel of the map d if and only if dfc = 0 and bk = 0 for k > 2 and 
dO = b2,di = bi, d2 = • 


Exercise 6.7.9. Based on the previous exercise, explain why we can consider 
i7°(P 1 , £ 2 (i:o)) as the set of all degree homogeneous polynomials in Xq and x\, or 
in other words 

H° (P 1 , L 2 (i-.o)) = { ax o + bx 0 X 1 + cx\ | d ,b,cG C}. 

Exercise 6.7.10. By similar reasoning, show that for all d > 0, we have 
JJ°(P 1 , £d(i : o)) = {o-dX 0 + ad-iXd-iXi + • • • + do^i | dfc 6 C}. 

Exercise 6.7.11. By similar reasoning, show that 

tf 0 (P\£-2( 1:0 )) = o. 

Exercise 6.7.12. By similar reasoning, show that for all d > 0, we have 

H°(F\L_ d{ i: 0) ) =0. 

Exercise 6.7.13. By similar reasoning, show that, we have 

#°(P\ £( 1:0 )+( 0 :i)) = {axl + bx 0 xx + cxj \a,b,ce C}. 

Exercise 6.7.14. Let (xo : x± : ■■■ : x r ) be homogeneous coordinates on P r . 
Let H = V(xq) be a divisor. Show that for d > 0, H°(P r , £dH) can be identified 
with the space of all degree d homogeneous polynomials in the variables xq, . . . , x r . 
(This problem is similar to the above ones, but definitely takes some care with the 
notation.) 
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The next step in the development of Cech cohomology for divisors would be 
to put Riemann-Roch Theorem into the this language. We will simply state the 
theorem: 

Theorem 6.7.15 (Riemann-Roch Theorem). Let X be a smooth curve and let 
D be a divisor on X. Then 

dim H°(X,Ld) — dimiT^X, £#) = deg(D) + 1 — g. 


The right hand side is exactly what we had in Chapter 3. The key is showing 
that the left hand side is equivalent to what we had earlier. 

This is admittedly abstract. The power is that many different areas of math 
can be put into this language. I vote against ending 

the book on an 
apologetic note 
followed by a vague 
waving of hands. How 
about something more 
uplifting? Something 
along the lines of "It is 
our hope that the 
reader who manages to 
conquer this last page 
can appreciate the 
strength of the 
abstract machinery we 
have here introduced. 
The beauty of this 
language is that many 
areas of mathematics 
can be put into it and 
when this is done, 
many deep 
results — the original 
proofs of which 
required overcoming 
serious obstacles and 
providing clever and 
seemingly miraculous 
constructions — fall 
swiftly to the ground 
like ripe apples in a 
pleasant orchard, albeit 
an orchard in the 
clouds." (It may be a 
bit corny, I know, but I 
think it might be 
humorous.) - PP 
One serious note is 
this: I think we should 




APPENDIX A 

A Brief Review of Complex Analysis 

complex appendix 

One rationale for this little excursion is the idea behind the saying, “If you 
don’t use it, in this case complex analysis, you lose it.” We would like to make the 
reading of the book as painless as possible. 

A.l. Visualizing Complex Numbers 

A complex number z = a + bi is plotted using rectangular coordinates as dis- 
tance a away (left or right depending on the sign of a) from the the origin and 
distance b away (up or down depending on the sign of b) from the origin. We 
can also graph complex numbers by using polar coordinates where z = re 1 6 = 
r (cos 9 + i sin 9) . This means that the equations a = r cos 9 and b = r sin 9 facilitate 
an easy conversion from polar to rectangular and vice versa. 

A. 2. Power Series 

A power series about a, is any series that can be written in the form, 


y ^c n (x-a) n 

n — 0 

where c n are called the coefficients of the series. 

Once we know that a power series has a radius of convergence, we can use it 
to define a function. 


A. 3. Residues 

Let C be a Jordan curve about 0. Now, consider the contour integral 



A. 4. Liouville’s Theorem 

A bounded entire function is constant, i.e. , a bounded complex function / : 
C — > C which is holomorphic on the entire complex plane is always a constant 
function. Let us define in a very brief and hopefully intuitive manner some of the 


389 




390 


Algebraic Geometry: A Problem Solving Approach 


words used in Liouville’s Theorem. “Bounded” means that the function / satisfies 
the so-called polynomial bound condition, 

1/001 = c|*"| 

for some c £ I, n £ Z, and all z £ C with sufficiently large. 

Holomorpliic functions” are complex functions defined on an open subset of 
the complex plane which are differentiable, in fact infinitely differentiable. 
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parabola, 2 
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cubic, 141 
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point national, 155 
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associated sheaf, 374 
projective 
line, 40 
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Pythagorean Theorem, 49 
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quotient group, 181 

resultant, 222 
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root, 87 

multiplicity, 87 

sheaf, 373 
germ, 374 
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torus, 187 
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